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Preface

Purpose: This volume is devoted to the study of feedback control of so-called linear
plant/nonlinear instrumentation (LPNI) systems. Such systems appear naturally in
situations where the plant can be viewed as linear but the instrumentation, that
is, actuators and sensors, can not. For instance, when a feedback system operates
effectively and maintains the plant close to a desired operating point, the plant
may be linearized, but the instrumentation may not, because to counteract large
perturbations or to track large reference signals, the actuator may saturate and
the nonlinearities in sensors, for example, quantization and dead zones, may be
activated.

The problems of stability and oscillations in LPNI systems have been studied
for a long time. Indeed, the theory of absolute stability and the harmonic balance
method are among the best known topics of control theory. More recent literature
has also addressed LPNI scenarios, largely from the point of view of stability and anti-
windup. However, the problems of performance analysis and design, for example,
reference tracking and disturbance rejection, have not been investigated in sufficient
detail. This volume is intended to contribute to this end by providing methods for
designing linear controllers that ensure the desired performance of closed loop LPNI
systems.

The methods developed in this work are similar to the usual linear system
techniques, for example, root locus, LQR, and LQG, modified appropriately to
account for instrumentation nonlinearities. Therefore, we refer to these methods as
quasilinear and to the resulting area of control as quasilinear control.

Intent and prerequisites: This volume is intended as a textbook for a graduate course
on quasilinear control or as a supplementary textbook for standard graduate courses
on linear and nonlinear control. In addition, it can be used for self-study by practic-
ing engineers involved in the analysis and design of control systems with nonlinear
instrumentation.

The prerequisites include material on linear and nonlinear systems and control.
Some familiarity with elementary probability theory and random processes may also
be useful.

xiii
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Figure 0.1. Linear plant/nonlinear instrumentation control system

Problems addressed: Consider the single-input single-output (SISO) system shown
in Figure 0.1, where P(s) and C(s) are the transfer functions of the plant and the
controller; f (·), g(·) are static odd nonlinearities characterizing the actuator and the
sensor; and r, d, u, y, and ym are the reference, disturbance, control, plant output,
and sensor output, respectively. In the framework of this system and its multiple-
input multiple-output (MIMO) generalizations, this volume considers the following
problems:

P1. Performance analysis: Given P(s), C(s), f (·), and g(·), quantify the quality
of reference tracking and disturbance rejection.

P2. Narrow sense design: Given P(s), f (·), and g(·), design a controller C(s)
so that the quality of reference tracking and disturbance rejection meets
specifications.

P3. Wide sense design: Given P(s), design a controller C(s) and select instru-
mentation f (·) and g(·) so that the quality of reference tracking and
disturbance rejection meets specifications.

P4. Partial performance recovery: Let C�(s) be a controller, which is designed
under the assumption that the actuator and the sensor are linear and which
meets reference tracking and disturbance rejection specifications. Given
C�(s), select f (·) and g(·) so that the performance degradation is guaranteed
to be less than a given bound.

P5. Complete performance recovery: Given f (·) and g(·), modify, if possible,
C�(s) so that performance degradation does not take place.

This volume provides conditions under which solutions of these problems exist
and derives equations and algorithms that can be used to calculate these solutions.

Nonlinearities considered: We consider actuators and sensors characterized by
piecewise continuous odd scalar functions. For example, we address:

• saturating actuators,

f (u) = satα(u) :=


α, u > +α,
u, −α ≤ u ≤ α,

−α, u < −α,
(0.1)

where α is the actuator authority;
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• quantized sensors,

g(y) = qn�(y) :=
{

+��+y/��, y ≥ 0,
−��−y/��, y < 0,

(0.2)

where � is the quantization interval and �u� denotes the largest integer less
than or equal to y;

• sensors with a deadzone,

g(y) = dz�(y) :=


y −�, y > +�,

0, −� ≤ u ≤ +�,
y +�, y < −�,

(0.3)

where 2� is the deadzone width.

The methods developed here are modular in the sense that they can be modified
to account for any odd instrumentation nonlinearity just by replacing the general
function representing the nonlinearity by a specific one corresponding to the actuator
or sensor in question.

Main difficulty: LPNI systems are described by relatively complex nonlinear differ-
ential equations. Unfortunately, these equations cannot be treated by the methods
of modern nonlinear control theory since the latter assumes that the control signal
enters the state space equations in a linear manner and, thus, saturation and other
nonlinearities are excluded. Therefore, a different approach to treat LPNI control
systems is necessary.

Approach: The approach of this volume is based on the method of stochastic lin-
earization, which is applicable to dynamical systems with random exogenous signals.
Thus, we assume throughout this volume that both references and disturbances are
random. However, several results on tracking deterministic references (e.g., step,
ramp) are also included.

According to stochastic linearization, the static nonlinearities are replaced by
equivalent or quasilinear gains Na and Ns (see Figure 0.2, where û, ŷ, and ŷm replace
u, y, and ym). Unlike the usual Jacobian linearization, the resulting approximation
is global, that is, it approximates the original system not only for small but for large
signals as well. The price to pay is that the gains Na and Ns depend not only on the
nonlinearities f (·) and g(·), but also on all other elements of Figure 0.1, including
the transfer functions and the exogenous signals, since, as it turns out, Na and Ns

are functions of the standard deviations, σû and σŷ, of û and ŷ, respectively, that is,
Na = Na(σû) and Ns = Ns(σŷ). Therefore, we refer to the system of Figure 0.2 as a
quasilinear control system. Systems of this type are the main topic of study in this
volume.

Thus, instead of assuming that a linear system represents the reality, as in linear
control, we assume that a quasilinear system represents the reality and carry out
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Figure 0.2. Quasilinear control system

control-theoretic developments of problems P1–P5, which parallel those of linear
control theory, leading to what we call quasilinear control (QLC) theory.

The question of accuracy of stochastic linearization, that is, the precision with
which the system of Figure 0.2 approximates that of Figure 0.1, is clearly of impor-
tance. Unfortunately, no general results in this area are available. However, various
numerical and analytical studies indicate that if the plant, P(s), is low-pass filtering,
the approximation is well within 10% in terms of the variances of y and ŷ and u and
û. More details on stochastic linearization and its accuracy are included in Chapter 2.
It should be noted that stochastic linearization is somewhat similar to the method of
harmonic balance, with Na(σû) and Ns(σŷ) playing the roles of describing functions.

Book organization: The book consists of eight chapters. Chapter 1 places LPNI
systems and quasilinear control in the general field of control theory. Chapter 2
describes the method of stochastic linearization as it applies to LPNI systems and
derives equations for quasilinear gains in the problems of reference tracking and
disturbance rejection. Chapters 3 and 4 are devoted to analysis of quasilinear con-
trol systems from the point of view of reference tracking and disturbance rejection,
respectively (problem P1). Chapters 5 and 6 also address tracking and disturbance
rejection problems, but from the point of view of design; both wide and narrow
sense design problems are considered (problems P2 and P3). Chapter 7 addresses
the issues of performance recovery (problems P4 and P5). Finally, Chapter 8
includes the proofs of all formal statements included in the book.

Each chapter begins with a short motivation and overview and concludes with
a summary and annotated bibliography. Chapters 2–7 also include homework
problems.

Acknowledgments: The authors thankfully acknowledge the stimulating environ-
ment at the University of Michigan, which was conducive to the research that led
to this book. Financial support was provided for more than fifteen years by the
National Science Foundation; gratitude to the Division of Civil, Mechanical and
Manufacturing Innovations is in order.

Thanks are due to the University of Michigan graduate students who took
a course based on this book and provided valuable comments: these include
M.S. Holzel, C.T. Orlowski, H.-R. Ossareh, H.W. Park, H.A. Poonawala, and
E.D. Summer. Special thanks are due to Hamid-Reza Ossareh, who carefully read
every chapter of the manuscript and made numerous valuable suggestions. Also, the
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The authors are also grateful to Peter Gordon, Senior Editor at Cambridge
University Press, for his support during the last year of this project.

Needless to say, however, all errors, which are undoubtedly present in the
book, are due to the authors alone. The list of corrections is maintained at
http://www.eecs.umich.edu/∼smm/monographs/QLC/.

Last, but not least, we are indebted to our families for their love and support,
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1 Introduction

Motivation: This chapter is intended to introduce the class of systems addressed
in this volume – the so-called Linear Plant/Nonlinear Instrumentation (LPNI)
systems – and to characterize the control methodology developed in this book –
Quasilinear Control (QLC).

Overview: After introducing the notions of LPNI systems and QLC and listing the
problems addressed, the main technique of this book – the method of stochastic lin-
earization – is briefly described and compared with the usual, Jacobian, linearization.
In the framework of this comparison, it is shown that the former provides a more
accurate description of LPNI systems than the latter, and the controllers designed
using the QLC result, generically, yield better performance than those designed using
linear control (LC). Finally, the content of the book is outlined.

1.1 Linear Plant/Nonlinear Instrumentation Systems
and Quasilinear Control

Every control system contains nonlinear instrumentation – actuators and sensors.
Indeed, the actuators are ubiquitously saturating; the sensors are often quantized;
deadzone, friction, hysteresis, and so on are also encountered in actuator and sensor
behavior.

Typically, the plants in control systems are nonlinear as well. However, if a con-
trol system operates effectively, that is, maintains its operation in a desired regime,
the plant may be linearized and viewed as locally linear. The instrumentation, how-
ever, can not: to reject large disturbances, to respond to initial conditions sufficiently
far away from the operating point, or to track large changes in reference signals – all
may activate essential nonlinearities in actuators and sensors, resulting in fundamen-
tally nonlinear behavior. These arguments lead to a class of systems that we refer to
as Linear Plant/Nonlinear Instrumentation (LPNI).

The controllers in feedback systems are often designed to be linear. The main
design techniques are based on root locus, sensitivity functions, LQR/LQG, H∞,
and so on, all leading to linear feedback. Although for LPNI systems both linear and

1



2 Introduction

nonlinear controllers may be considered, to transfer the above-mentioned techniques
to the LPNI case, we are interested in designing linear controllers. This leads to closed
loop LPNI systems.

This volume is devoted to methods for analysis and design of closed loop LPNI
systems. As it turns out, these methods are quite similar to those in the linear case.
For example, root locus can be extended to LPNI systems, and so can LQR/LQG,
H∞, and so on. In each of them, the analysis and synthesis equations remain prac-
tically the same as in the linear case but coupled with additional transcendental
equations, which account for the nonlinearities. That is why we refer to the resulting
methods as Quasilinear Control (QLC) Theory. Since the main analysis and design
techniques of QLC are not too different from the well-known linear control theoretic
methods, QLC can be viewed as a simple addition to the standard toolbox of control
engineering practitioners and students alike.

Although the term “LPNI systems” may be new, such systems have been consid-
ered in the literature for more than 50 years. Indeed, the theory of absolute stability
was developed precisely to address the issue of global asymptotic stability of linear
plants with linear controllers and sector-bounded actuators. For the same class of
systems, the method of harmonic balance/describing functions was developed to
provide a tool for limit cycle analysis. In addition, the problem of stability of systems
with saturating actuators has been addressed in numerous publications. However,
the issues of performance, that is, disturbance rejection and reference tracking, have
been addressed to a much lesser extent. These are precisely the issues considered in
this volume and, therefore, we use the subtitle Performance Analysis and Design of
Feedback Systems with Nonlinear Actuators and Sensors.

In view of the above, one may ask a question: If all feedback systems include
nonlinear instrumentation, how have controllers been designed in the past, lead-
ing to a plethora of successful applications in every branch of modern technology?
The answer can be given as follows: In practice, most control systems are, indeed,
designed ignoring the actuator and sensor nonlinearities. Then, the resulting closed
loop systems are evaluated by computer simulations, which include nonlinear instru-
mentation, and the controller gains are readjusted so that the nonlinearities are
not activated. Typically, this leads to performance degradation. If the performance
degradation is not acceptable, sensors and actuators with larger linear domains
are employed, and the process is repeated anew. This approach works well in
most cases, but not in all: the Chernobyl nuclear accident and the crash of a YF-
22 airplane are examples of its failures. Even when this approach does work, it
requires a lengthy and expensive process of simulation and design/redesign. In
addition, designing controllers so that the nonlinearities are not activated (e.g.,
actuator saturation is avoided) leads, as is shown in this book, to performance
losses. Thus, developing methods in which the instrumentation nonlinearities are
taken into account from the very beginning of the design process, is of signif-
icant practical importance. The authors of this volume have been developing
such methods for more than 15 years, and the results are summarized in this
volume.
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As a conclusion for this section, it should be pointed out that modern Nonlin-
ear Control Theory is not applicable to LPNI systems because it assumes that the
control signals enter the system equations in a linear manner, thereby excluding
saturation and other nonlinearities in actuators. Model Predictive Control may also
be undesirable, because it is computationally extensive and, therefore, complex in
implementation.

1.2 QLC Problems

Consider the closed loop LPNI system shown in Figure 1.1. Here the transfer func-
tions P(s) and C(s) represent the plant and controller, respectively, and the nonlinear
functions f (·) and g(·) describe, respectively, the actuator and sensor. The signals r,
d, e, u, v, y, and ym are the reference, disturbance, error, controller output, actuator
output, plant output, and measured output, respectively. These notations are used
throughout this book. In the framework of the system of Figure 1.1, this volume
considers the following problems (rigorous formulations are given in subsequent
chapters):

P1. Performance analysis: Given P(s), C(s), f (·), and g(·), quantify the perfor-
mance of the closed loop LPNI system from the point of view of reference tracking
and disturbance rejection.

P2. Narrow sense design: Given P(s), f (·), and g(·), design, if possible, a
controller so that the closed loop LPNI system satisfies the required performance
specifications.

P3. Wide sense design: Given P(s), design a controller C(s) and select the instru-
mentation f (·) and g(·) so that the closed loop LPNI system satisfies the required
performance specifications.

P4. Partial performance recovery: Assume that a controller, Cl(s), is designed
so that the closed loop system meets the performance specifications if the actuator
and sensor were linear. Select f (·) and g(·) so that the performance degradation of
the closed loop LPNI system with Cl(s) does not exceed a given bound, as compared
with the linear case.

P5. Complete performance recovery: As in the previous problem, let Cl(s) be a
controller that satisfies the performance specifications of the closed loop system with
linear instrumentation. For given f (·) and g(·), redesign Cl(s) so that the closed loop
LPNI exhibits, if possible, no performance degradation.

C(s) P(s)f (·)

g(·)

d

r
–

+u y

ym

ve

Figure 1.1. Closed loop LPNI system.
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The first two of the above problems are standard in control theory, but are
considered here for the LPNI case. The last three problems are specific to LPNI
systems and have not been considered in linear control (LC). Note that the last
problem is reminiscent of anti-windup control, whereby Cl(s) is augmented by a
mechanism that prevents the so-called windup of integral controllers in systems with
saturating actuators.

1.3 QLC Approach: Stochastic Linearization

The approach of QLC is based on a quasilinearization technique referred to as
stochastic linearization. This method was developed more than 50 years ago and
since then has been applied in numerous engineering fields. Applications to feed-
back control have also been reported. However, comprehensive development of a
control theory based on this approach has not previously been carried out. This is
done in this volume.

Stochastic linearization requires exogenous signals (i.e., references and distur-
bances) to be random. While this is often the case for disturbances, the references
are assumed in LC to be deterministic – steps, ramps, or parabolic signals. Are these
the only references encountered in practice? The answer is definitely in the negative:
in many applications, the reference signals can be more readily modeled as random
than as steps, ramps, and so on. For example, in the hard disk drive control problem,
the read/write head in both track-seeking and track-following operations is affected
by reference signals that are well modeled by Gaussian colored processes. Similarly,
the aircraft homing problem can be viewed as a problem with random references.
Many other examples of this nature can be given. Thus, along with disturbances,
QLC assumes that the reference signals are random processes and, using stochastic
linearization, provides methods for designing controllers for both reference tracking
and disturbance rejection problems. The standard, deterministic, reference signals
are also used, for example, to develop the notion of LPNI system types and to define
and analyze the notion of the so-called trackable domain.

The essence of stochastic linearization can be characterized as follows: Assume
that the actuator is described by an odd piecewise differentiable function f (u(t)),
where u(t) is the output of the controller, which is assumed to be a zero-mean wide
sense stationary (wss) Gaussian process. Consider the problem: approximate f (u(t))
by Nu(t), where N is a constant, so that the mean-square error is minimized. It turns
out (see Chapter 2) that such an N is given by

N = E

[
df (u)

du

∣∣∣∣
u=u(t)

]
, (1.1)

where E denotes the expectation. This is referred to as the stochastically linearized
gain or quasilinear gain of f (u). Since the only free parameter of u(t) is its standard
deviation, σu, it follows from (1.1) that the stochastically linearized gain depends on
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a single variable – the standard deviation of its argument; thus,

N = N(σu). (1.2)

Note that stochastic linearization is indeed a quasilinear, rather than linear,
operation: the quasilinear gains of αf (·) and f (·)α, where α is a constant, are not the
same, the former being αN(σu) the latter being N(ασu).

In the closed loop environment, σu depends not only on f (u) but also on all
other components of the system (i.e., the plant and the controller parameters) and
on all exogenous signals (i.e., references and disturbances). This leads to transcen-
dental equations that define the quasilinear gains. The study of these equations in
the framework of various control-theoretic problems (e.g., root locus, sensitivity
functions, LQR/LQG, H∞) is the essence of the theory of QLC.

As in the open loop case, a stochastically linearized closed loop system is also
not linear: its output to the sum of two exogenous signals is not equal to the sum of
the outputs to each of these signals, that is, superposition does not hold. However,
since, when all signals and functional blocks are given, the system has a constant gain
N , we refer to a stochastically linearized closed loop system as quasilinear.

1.4 Quasilinear versus Linear Control

Consider the closed-loop LPNI system shown in Figure 1.2(a). If the usual Jacobian
linearization is used, this system is reduced to that shown in Figure 1.2(b), where
all signals are denoted by the same symbols as in Figure 1.2(a) but with a ~. In this

C(s) f (·) P(s)r
u v y

g(·)

e

ym

−

(a) LPNI system

C(s) P(s)r
ũ ṽ ỹẽ

ỹm

N J
a = d

dũ f (ũ)
ũ *

N J
s = d

dỹ g(ỹ)
ỹ *

−

(b) Jacobian linearization

C(s) P(s)r
û v̂ ŷê

ŷm

Na = E [ d
dû f (û)]

Ns = E [ d
dŷ g(ŷ)]

−

(c) Stochastic linearization

Figure 1.2. Closed loop LPNI system and its Jacobian and stochastic linearizations.



6 Introduction

system, the actuator and sensor are represented by constant gains evaluated as the
derivatives of f (·) and g(·) at the operating point:

NJ
a = df (ũ)

dũ

∣∣∣∣
ũ=ũ∗

, (1.3)

NJ
s = dg(ỹ)

dỹ

∣∣∣∣
ỹ=ỹ∗

. (1.4)

Clearly, this system describes the original LPNI system of Figure 1.2(a) only locally,
around the fixed operating point.

If stochastic linearization is used, the system of Figure 1.2(a) is reduced to the
quasilinear one shown in Figure 1.2(c), where all signals are again denoted by the
same symbols as in Figure 1.2(a) but with a ;̂ these notations are used throughout this
book. As it is indicated above and discussed in detail in Chapter 2, here the actuator
and sensor are represented by their quasilinear gains:

Na(σû) = E
[

df (û)

dû
|û=û(t)

]
, (1.5)

Ns(σŷ) = E
[

dg(ŷ)

dŷ
|ŷ=ŷ(t)

]
. (1.6)

Since Na(σû) and Ns(σŷ) depend not only on f (·) and g(·) but also on all elements
of the system in Figure 1.2(c), the quasilinearization describes the closed loop LPNI
system globally, with “weights” defined by the statistics of û(t) and ŷ(t).

The LC approach assumes the reduction of the original LPNI system to that of
Figure 1.2(b) and then rigorously develops methods for closed loop system analysis
and design. In contrast, the QLC approach assumes that the reduction of the original
LPNI system to that of Figure 1.2(c) takes place and then, similar to LC, develops
rigorous methods for quasilinear closed loop systems analysis and design. In both
cases, of course, the analysis and design results are supposed to be used for the actual
LPNI system of Figure 1.2(a).

Which approach is better, LC or QLC? This may be viewed as a matter of belief
or a matter of calculations. As a matter of belief, we think that QLC, being global,
provides a more faithful description of LPNI systems than LC. To illustrate this,
consider the disturbance rejection problem for the LPNI system of Figure 1.2(a) with

P(s) = 1
s2 + s + 1

, C(s) = 1, f (u) = satα(u), g(y) = y, r(t) = 0 (1.7)

and with a standard white Gaussian process as the disturbance at the input of the
plant. In (1.7), satα(u) is the saturation function given by

satα(u) =


α, u > +α,
u, −α ≤ u ≤ α,

−α, u < −α.
(1.8)
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Figure 1.3. Comparison of stochastic linearization, Jacobian linearization, and actual system
performance.

For this LPNI system, we construct its Jacobian and stochastic linearizations and
calculate the variances, σ 2

ỹ and σ 2
ŷ , of the outputs ỹ(t) and ŷ(t) as functions of α.

(Note that σ 2
ỹ is calculated using the usual Lyapunov equation approach and σ 2

ŷ is
calculated using the stochastic linearization approach developed in Chapter 2.) In
addition, we simulate the actual LPNI system of Figure 1.2(a) and numerically eval-
uate σ 2

y . All three curves are shown in Figure 1.3. From this figure, we observe the
following:

• The Jacobian linearization of satα(u) is independent of α, thus, the predicted
variance is constant.

• When α is large (i.e., the input is not saturated), Jacobian linearization is
accurate. However, it is highly inaccurate for small values of α.

• Stochastic linearization accounts for the nonlinearity and, thus, predicts an
output variance that depends on α.

• Stochastic linearization accurately matches the actual performance for all
values of α.

We believe that a similar situation takes place for any closed loop LPNI sys-
tem: Stochastic linearization, when applicable, describes the actual LPNI system
more faithfully than Jacobian linearization. (As shown in Chapter 2, stochastic
linearization is applicable when the plant is low-pass filtering.)
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As a matter of calculations, consider the LPNI system of Figure 1.2(a) defined
by the following state space equations:

[
ẋ1

ẋ2

]
=
[

−1 −1
1 0

][
x1

x2

]
+
[

1
0

]
satα(u)+

[
1
0

]
w

y =
[

0 1
][ x1

x2

]
, (1.9)

with the feedback

u = Kx, (1.10)

where x =[x1,x2]T is the state of the plant and w is a standard white Gaussian process.
The problem is to select a feedback gain K so that the disturbance is rejected in the
best possible manner, that is, σ 2

y is minimized. Based on Jacobian linearization,
this can be accomplished using the LQR approach with a sufficiently small control
penalty, say, ρ = 10−5. Based on stochastic linearization, this can be accomplished
using the method developed in Chapter 5 and referred to as SLQR (where the “S”
stands for “saturating”) with the same ρ. The resulting controllers, of course, are
used in the LPNI system. Simulating this system with the LQR controller and with
the SLQR controller, we evaluated numerically σ 2

y for both cases. The results are
shown in Figure 1.4 as a function of the saturation level. From this figure, we conclude
the following:
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Figure 1.4. Comparison of LQR, SLQR, and actual system performance.
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• Since ρ is small and the plant is minimum phase, LQR provides a high gain
solution that renders the output variance close to zero. Due to the underlying
Jacobian linearization, this solution is constant for all α.

• Due to the input saturation, the performance of the actual system with the
LQR controller is significantly worse than the LQR design, even for relatively
large values of α.

• The SLQR solution explicitly accounts for α and, thus, yields a nonzero output
variance.

• The performance of the actual system with an SLQR controller closely
matches the intended design.

• The actual SLQR performance exceeds the actual LQR performance for all
values of α.

As shown, using LQR in this situation is deceiving since the actual system
can never approach the intended performance. In contrast, the SLQR solution is
highly representative of the actual system behavior (and, indeed, exceeds the actual
LQR performance). In fact, it is possible to prove that QLC-based controllers (e.g.,
controllers designed using SLQR) generically ensure better performance of LPNI
systems than LC-based controllers (e.g., based on LQR).

These comparisons, we believe, justify the development and utilization of QLC.

1.5 Overview of Main QLC Results

This section outlines the main QLC results included in this volume.
Chapter 2 describes the method of stochastic linearization in the framework of

LPNI systems. After deriving the expression for quasilinear gain (1.1) and illustrat-
ing it for typical nonlinearities of actuators and sensors, it concentrates on closed
loop LPNI systems (Figure 1.2(a)) and their stochastic linearizations (Figure 1.2(c)).
Since the quasilinear gain of an actuator, Na, depends on the standard deviation of
the signal at its input, σû and, in turn, σû depends on Na, the quasilinear gain of the
actuator is defined by a transcendental equation. The same holds for the quasilinear
gain of the sensor. Chapter 2 derives these transcendental equations for various sce-
narios of reference tracking and disturbance rejection. For instance, in the problem
of reference tracking with a nonlinear actuator and linear sensor, the quasilinear
gain of the actuator is defined by the equation

Na = F
(∥∥∥∥ F�r (s)C(s)

1 + P (s)NaC (s)

∥∥∥∥
2

)
, (1.11)

where

F (σ ) =
∞∫

−∞

[
d
dx

f (x)

]
1√
2πσ

exp

(
− x2

2σ 2

)
dx. (1.12)

Here, F�r (s) is the reference coloring filter, f (x) is the nonlinear function that
describes the actuator, and || · ||2 is the 2-norm of a transfer function. Chapter 2
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provides a sufficient condition under which this and similar equations for other per-
formance problems have solutions and formulates a bisection algorithm to find them
with any desired accuracy. Based on these solutions, the performance of closed loop
LPNI systems in problems of reference tracking and disturbance rejection is inves-
tigated. Finally, Chapter 2 addresses the issue of accuracy of stochastic linearization
and shows (using the Fokker-Planck equation and the filter hypothesis) that the error
between the standard deviation of the plant output and its quasilinearization (i.e., σy

and σŷ) is well within 10%, if the plant is low-pass filtering. The equations derived
in Chapter 2 are used throughout the book for various problems of performance
analysis and design.

Chapter 3 is devoted to analysis of reference tracking in closed loop LPNI sys-
tems. Here, the notion of system type is extended to feedback control with saturating
actuators, and it is shown that the type of the system is defined by the plant poles
at the origin (rather than the loop transfer function poles at the origin, as it is in
the linear case). The controller poles, however, also play a role, but a minor one
compared with those of the plant. In addition, Chapter 3 introduces the notion of
trackable domains, that is, the ranges of step, ramp, and parabolic signals that can be
tracked by LPNI systems with saturating actuators. In particular, it shows that the
trackable domain (TD) for step inputs, r(t) = r01(t), where r0 is a constant and 1(t)
is the unit step function, is given by

TD = {r0 : |r0| <
∣∣∣∣ 1
C0

+ P0

∣∣∣∣α}, (1.13)

where C0 and P0 are d.c. gains of the controller and plant, respectively, and α is
the level of actuator saturation. Thus, TD is finite, unless the plant has a pole at the
origin.

While the above results address the issue of tracking deterministic signals,
Chapter 3 investigates also the problem of random reference tracking. First, lin-
ear systems are addressed. As a motivation, it is shown that the standard deviation
of the error signal, σe, is a poor predictor of tracking quality since for the same σe

track loss can be qualitatively different. Based on this observation, the so-called
tracking quality indicators, similar to gain and phase margins in linear systems, are
introduced. The main instrument here is the so-called random sensitivity function
(RS). In the case of linear systems, this function is defined by

RS(�) = ||F�(s)S(s)||2, (1.14)

where, as before, F�(s) is the reference signal coloring filter with 3dB bandwidth
� and S(s) is the usual sensitivity function. The bandwidth of RS(�), its d.c. gain,
and the resonance peak define the tracking quality indicators, which are used as
specifications for tracking controller design.

Finally, Chapter 3 transfers the above ideas to tracking random references
in LPNI systems. This development is based on the so-called saturating random
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sensitivity function, SRS(�,σr), defined as

SRS(�,σr) = RS(�)

σr
, (1.15)

where RS(�) is the random sensitivity function of the stochastically linearized version
of the LPNI system and σr is the standard deviation of the reference signal. Using
SRS(�,σr), an additional tracking quality indicator is introduced, which accounts for
the trackable domain and indicates when and to what extent amplitude truncation
takes place. In conclusion, Chapter 3 presents a diagnostic flowchart that utilizes
all tracking quality indicators to predict the tracking capabilities of LPNI systems
with saturating actuators. These results, which transfer the frequency (ω) domain
methods of LC to the frequency (�) domain methods of QLC, can be used for
designing tracking controllers by shaping SRS(�,σr). The theoretical developments
of Chapter 3 are illustrated using the problem of hard disk drive control.

Chapter 4 is devoted to analysis of the disturbance rejection problem in closed
loop LPNI systems. Here, the results of Chapter 2 are extended to the multiple-
input-multiple-output (MIMO) case. In addition, using an extension of the LMI
approach, Chapter 4 investigates fundamental limitations on achievable disturbance
rejection due to actuator saturation and shows that these limitations are similar to
those imposed by non-minimum-phase zeros in linear systems. The final section of
this chapter shows how the analysis of LPNI systems with rate saturation and with
hysteresis can be reduced to the amplitude saturation case.

Chapter 5 addresses the issue of designing tracking controllers for LPNI systems
in the time domain. The approach here is based on the so-called S-root locus, which
is the extension of the classical root locus to systems with saturating actuators. This
is carried out as follows: Consider the LPNI system of Figure 1.5(a) and its stochastic
linearization of Figure 1.5(b). The saturated root locus of the system of Figure 1.5(a)
is the path traced by the poles of the quasilinear system of Figure 1.5(b) when K
changes from 0 to ∞. If N were independent of K, the S-root locus would coincide
with the usual root locus. However, since N(K) may tend to 0 as K → ∞, the
behavior of the S-root locus is defined by limK→∞KN(K). If this limit is infinite,
the S-root locus coincides with the usual root locus. If this limit is finite, the S-root
locus terminates prematurely, prior to reaching the open-loop zeros. These points

FΩ(s) C(s) P(s)sat�(u)wr
−

y
K

uer

(a) LPNI system with saturating actuator and gain K

FΩ(s) C(s) P(s)N(K)wr
−

ŷ
K

ûêr

(b) Stochastically linearized version with the equivalent gain KN(K)

Figure 1.5. Systems for S-root locus design.
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Figure 1.6. Saturated root locus.

are referred to as termination points, and Chapter 5 shows that they can be evaluated
using the positive solution, β∗, of the following equation:

β −
∥∥∥∥∥∥ F� (s)C (s)

1 +
(

α
√

2/π
β

)
P (s)C (s)

∥∥∥∥∥∥
2

= 0, (1.16)

where, as before, F�(s), P(s), and C(s) are the reference coloring filter, the plant and
the controller, respectively. An example of the S-root locus (SRL) and the classical
root locus (RL) is shown in Figure 1.6, where the termination points are indicated
by white squares, the shaded area is the admissible domain, defined by the tracking
quality indicators of Chapter 3, and the rest of the notations are the same as in the
classical root locus.

In addition, Chapter 5 introduces the notion of truncation points, which indi-
cate the segments of the S-root locus corresponding to poles leading to amplitude
truncation. These points are shown in Figure 1.6 by black squares; all poles beyond
these locations result in loss of tracking due to truncations. To “push” the truncation
points in the admissible domain, the level of saturation must be necessarily increased.
These results provide an approach to tracking controller design for LPNI systems in
the time domain.

Chapter 6 develops methods for designing disturbance rejection controllers for
LPNI systems. First, it extends the LQR/LQG methodologies to systems with saturat-
ing actuators, resulting in SLQR/SLQG. It is shown that the SLQR/SLQG synthesis
engine includes the same equations as in LQR/LQG (i.e., the Lyapunov and Riccati
equations) coupled with additional transcendental equations that account for the
quasilinear gain and the Lagrange multiplier associated with the optimization prob-
lem. These coupled equations can be solved using a bisection algorithm. Among
various properties of the SLQR/SLQG solution, it is shown that optimal disturbance
rejection indeed requires the activation of saturation, which contradicts the intuitive
opinion that it should be avoided. So the question “to saturate or not to saturate” is
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answered in the affirmative. Another technique developed in Chapter 6 is referred
to as ILQR/ILQG, where the “I” stands for “Instrumented.” The problem here is
to design simultaneously the controller and the instrumentation (i.e., actuator and
sensor) so that a performance index is optimized. The performance index is given by

J = σ 2
ŷ +ρσ 2

û + W(α,β), (1.17)

whereρ > 0 is the control penalty and W models the “cost” of the instrumentation as a
function of the parameters α of the actuator and β of the sensor. Using the Lagrange
multipliers approach, Chapter 6 provides a solution of this optimization problem,
which again results in Lyapunov and Riccati equations coupled with transcendental
relationships. The developments of Chapter 6 are illustrated by the problem of ship
roll stabilization under sea wave disturbance modeled as a colored noise.

Chapter 7 is devoted to performance recovery in LPNI systems. The problems
here are as follows: Let the controller, Cl(s), be designed to satisfy performance
specifications under the assumption that the actuator and sensor are linear. How
should the parameters of the real, that is, nonlinear, actuator and sensor be selected
so that the performance of the resulting LPNI system with the same Cl(s) will not
degrade below a given bound? This problem is referred to as partial performance
recovery. The complete performance recovery problem is to redesign Cl(s) so that
the LPNI system exhibits the same performance as the linear one. The solution of
the partial performance recovery problem is provided in terms of the Nyquist plot
of the loop gain of the linear system. Based on this solution, the following rule of
thumb is obtained: To ensure performance degradation of no more than 10%, the
actuator saturation should be at least twice larger than the standard deviation of the
controller output in the linear system, that is,

α > 2σul . (1.18)

The problem of complete performance recovery is addressed using the idea of
boosting Cl(s) gains to account for the drop in equivalent gains due to actuator and
sensor nonlinearities. The so-called a- and s-boosting are considered, referring to
boosting gains due to actuator and sensor nonlinearities, respectively. In particular,
it is shown that a-boosting is possible if and only if the equation

xF
(

x

∥∥∥∥ P (s)C(s)
1 + P (s)C (s)

∥∥∥∥
2

)
= 1 (1.19)

with F defined in (1.12) has a positive solution. Based on this equation, the following
rule of thumb is derived: Complete performance recovery in LPNI systems with
saturating actuators is possible if

α > 1.25σul , (1.20)

where all notations are the same as in (1.18). Thus, if the level of actuator saturation
satisfies (1.20), the linear controller can be boosted so that no performance degra-
dation takes place. A method for finding the boosting gain is also provided. The
validation of the boosting approach is illustrated using a magnetic levitation system.
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The final chapter of the book, Chapter 8, provides the proofs of all formal
statements included in the book.

As it follows from the above overview, this volume transfers most of LC to
QLC. Specifically, the saturating random sensitivity function and the tracking qual-
ity indicators accomplish this for frequency domain techniques, the S-root locus
for time domain techniques, and SLQR/SLQG for state space techniques. In addi-
tion, the LPNI-specific problems, for example, truncation points of the root locus,
instrumentation selection, and the performance recovery, are also formulated and
solved.

1.6 Summary

• The analysis and design of closed loop linear plant/nonlinear instrumentation
(LPNI) systems is the main topic of this volume.

• The goal is to extend the main analysis and design techniques of linear control
(LC) to the LPNI case. Therefore, the resulting methods are referred to as
quasilinear control (QLC).

• The approach of QLC is based on the method of stochastic linearization.
According to this method, an LPNI system is represented by a quasilinear one,
where the static nonlinearities are replaced by the expected values of their
gradients. As a result, stochastic linearization represents the LPNI system
globally (rather than locally, as it is in the case of Jacobian linearization).

• Stochastic linearizations of LPNI systems represent the actual LPNI systems
more faithfully than Jacobian linearization.

• Starting from stochastically linearized versions of LPNI systems, QLC devel-
ops methods for analysis and design that are as rigorous as those of LC (which
starts from Jacobian linearization).

• This volume transfers most LC methods to QLC: The saturated random
sensitivity function and the tracking quality indicators accomplish this for
frequency domain techniques; S-root locus – for time domain techniques; and
SLQR/SLQG – for state space techniques.

• In addition, several LPNI-specific problems, for example, truncation points
of the root locus, instrumentation selection, and the performance recovery,
are formulated and solved.
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2 Stochastic Linearization of LPNI Systems

Motivation: This chapter is intended to present the main mathematical tool of this
book – the method of stochastic linearization – in terms appropriate for the sub-
sequent analysis and design of closed loop LPNI systems. Those familiar with
this method are still advised to read this chapter since it derives equations used
throughout this volume.

Overview: First, we present analytical expressions for the stochastically linearized
(or quasilinear) gains of open loop systems. Then we derive transcendental equations
that define the quasilinear gains of various types of closed loop LPNI systems.
Finally, we discuss the accuracy of stochastic linearization in predicting the standard
deviations of various signals in closed loop LPNI systems.

2.1 Stochastic Linearization of Open Loop Systems

2.1.1 Stochastic Linearization of Isolated Nonlinearities

Quasilinear gain: Consider Figure 2.1, where f (u) is an odd piece wise differentiable
function, u(t) is a zero-mean wide sense stationary (wss) Gaussian process,

v(t) = f (u(t)), (2.1)

N is a constant, and

v̂(t) = Nu(t). (2.2)

The problem is to approximate f (u) by Nu(t) so that

ε (N) = E
[(

v(t)− v̂(t)
)2] (2.3)

is minimized, where E denotes the expectation. The solution of this problem is given
by the following theorem:

20
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f (u)

N

u(t)

v(t)

v̂(t)

Figure 2.1. Stochastic linearization of an isolated nonlinearity.

Theorem 2.1. If u(t) is a zero-mean wide sense stationary Gaussian process and
f (u) is an odd, piecewise differentiable function, (2.3) is minimized by

N = E

[
df (u)

du

∣∣∣∣
u=u(t)

]
. (2.4)

Since the proof of this theorem is simple and instructive, we provide it here,
rather than in Chapter 8.

Proof. Rewriting (2.3) as

ε (N) = E
[
(f (u)− Nu)2

]
(2.5)

and differentiating with respect to N , results in the following condition of optimality:

dε

dN
= E [2 (f (u)− Nu)u] = 0. (2.6)

It is easy to verify that this is, in fact, the condition of minimality and, therefore, the
minimizer of (2.3) is given by

N = E [f (u)u]
E
[
u2
] . (2.7)

Taking into account that for zero-mean wss Gaussian u(t) and piecewise
differentiable f (u),

E [f (u)u] = E
[
u2
]

E

[
df
du

∣∣∣∣
u=u(t)

]
, (2.8)

(2.4) follows immediately from the last two expressions.

�

It turns out that (2.4) holds for a more general approximation of f (u). To show
this, let n(t) be the impulse response of a causal linear system and, instead of (2.2),
introduce the approximation

v̂(t) = n(t)∗ u(t), (2.9)

where ∗ denotes the convolution. The problem is to select n(t) so that the functional

ε (n(t)) = E
[
(f (u(t))− n(t)∗ u(t))2

]
(2.10)

is minimized.
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Theorem 2.2. Under the assumptions of Theorem 2.1, ε(n(t)) is minimized by

n(t) = E

[
df (u)

du

∣∣∣∣
u=u(t)

]
δ(t), (2.11)

where δ(t) is the δ-function.

Proof. See Section 8.1.

Thus, in this formulation as well, the minimizer of the mean square error is a
static system with gain

N = E

[
df (u)

du

∣∣∣∣
u=u(t)

]
. (2.12)

The gain N is referred to as the stochastic linearization or the quasilinear gain of f (u).
Unlike the local, Jacobian, linearization of f (u), that is,

NJ = df (u)

du

∣∣∣∣
u=u∗

, (2.13)

where u∗ is an operating point, N of (2.12) is global in the sense that it characterizes
f (u) at every point with the weight defined by the statistics of u(t). This is the main
utility of stochastic linearization from the point of view of the problems considered in
this volume.

Since the expectation in (2.12) is with respect to a Gaussian probability den-
sity function (pdf) defined by a single parameter – the standard deviation, σu, the
quasilinear gain N is, in fact, a function of σu, that is,

N = N (σu). (2.14)

With this interpretation, the quasilinear gain N can be understood as an analogue
of the describing function F(A) of f (u), where the role of the amplitude, A, of the
harmonic input

u(t) = Asinωt

is played byσu. It is no surprise, therefore, that the accuracy of stochastic linearization
is similar to that of the harmonic balance method.

As follows from (2.12), N is a linear functional of f (u). This implies that if N1

and N2 are quasilinear gains of f1(u) and f2(u), respectively, then N1 + N2 is the
quasilinear gain of f1(u) + f2(u). Note, however, that the quasilinear gain of γ f (·),
where γ is a constant, is not equal to the quasilinear gain of f (·)γ : if, in a serial
connection, γ precedes f (·) the quasilinear gain of f (·)γ is N(γ σu); if f (·) precedes
γ the quasilinear gain of γ f (·) is γ N(σu). In general, of course,

γ N(σu) �= N(γ σu). (2.15)

This is why N is referred to as the quasilinear, rather than the linear, gain of f (·).
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Examples: The stochastic linearization for typical nonlinearities of actuators and
sensors is carried out below. The illustrations are provided in Table 2.1.

Saturation nonlinearity: Consider the saturation function defined by

f (u) = satα(u) :=


+α, u > +α,

u, −α ≤ u ≤ +α,
−α, u < −α,

(2.16)

where α > 0. Since

f ′(u) =
{

1, −α < u < +α,
0, u > +α or u < −α,

(2.17)

and u is zero-mean Gaussian, it follows that

N =
+∞∫

−∞

d
du

satα (u)
1√

2πσu
exp

(
− u2

2σ 2
u

)
du

Table 2.1 Common nonlinearities and their stochastic linearizations
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Table 2.1 (continued)

Nonlinearity Quasilinear Gain
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Table 2.1 (continued)

Nonlinearity Quasilinear Gain

Piecewise-linear
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=
+α∫

−α

1√
2πσu

exp

(
− u2

2σ 2
u

)
du

= erf
(

α√
2σu

)
, (2.18)

where erf(x) is the error function defined by

erf(x) = 1√
π

+x∫
−x

exp(−t2)dt. (2.19)

Note that, as it follows from (2.18), N = P{|u| ≤ α}, that is, N is the proba-
bility that no saturation takes place. Clearly, N(σu) is a decreasing function of σu.
Moreover, when σu is small, N ≈ 1, and when σu is large, N ≈ √

2/π(α/σu).
When α = 1, the function sat1(u) is referred to as the standard saturation and

denoted as sat(u).
Relay nonlinearity: For the relay function,

f (u) = relα(u) :=


+α, u > 0,

0, u = 0,
−α, u < 0,

(2.20)

the derivative of f (u) is

f (u) = 2αδ(u). (2.21)

Hence, taking the expectation in (2.12), it follows that

N =
√

2
π

α

σu
. (2.22)

Clearly, the quasilinear gain is infinite at σu = 0 and decreases to zero hyperbolically
as σu → ∞.

Deadzone nonlinearity: Consider the deadzone nonlinearity,

f (u) = dz�(u) :=


u −�, u > +�,

0, −� ≤ u ≤ +�,
u +�, u < −�.

(2.23)

Writing dz�(u) as

dz�(u) = u − sat�(u), (2.24)

we obtain

N = 1 − erf
(

�√
2σu

)
. (2.25)
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Note that N = P{|u| ≥ �}. Obviously, for σu << �, N ≈ 0, while N → 1 as
σu → ∞.

Saturation with deadzone nonlinearity: Consider the saturated deadzone nonlin-
earity,

f (u) = satα(dz�(u)) :=



+α, u > +α +�,
u −�, +� ≤ u ≤ +α +�,

0, −� < u < +�,
u +�, −α −� ≤ u ≤ −�,

−α, u < −α −�.

(2.26)

Since

f ′(u) =
{

1, � < |u| < α +�,
0, otherwise,

(2.27)

it follows that

N =
−�∫

−α−�

1√
2πσu

exp

(
− u2

2σ 2
u

)
du +

+α+�∫
+�

1√
2πσu

exp

(
− u2

2σ 2
u

)
du

= erf
(

α +�√
2σu

)
− erf

(
�√
2σu

)
. (2.28)

A characteristic feature of this nonlinearity is that N is a nonmonotonic function
of σu: increasing for small σu and decreasing for large ones.

Friction nonlinearity: Consider the friction nonlinearity,

f (u) = friα(u) :=


u +α, u > 0,

0, u = 0,
u −α, u < 0.

(2.29)

Since

friα(u) = u + relα(u), (2.30)

it follows that

N = 1 +
√

2
π

α

σu
. (2.31)

Again, N = ∞ for σu = 0 and decreases to 1 hyperbolically as σu → ∞.
Piecewise-linear function: For the piecewise-linear function,

f (u) = pwlα(u) :=


m2u + (m1 − m2)α, u > +α,

m1u, −α ≤ u ≤ +α,
m2u + (m2 − m1)α, u < −α,

(2.32)
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the derivative of f (u) is

f ′(u) =
{

m1, |u| < α,
m2, |u| > α.

(2.33)

Thus,

N = m2 + (m1 − m2)erf
(

α√
2σu

)
. (2.34)

Note that N = m2 + (m1 − m2)P{|u| ≤ α}.
Quantization nonlinearity: The quantization nonlinearity is defined as

f (u) = qn�(u) :=
{

+��+u/��, u ≥ 0,
−��−u/��, u < 0,

(2.35)

where � is the quantizer step size and �u� denotes the largest integer less than or
equal to u. Clearly,

f ′(u) =
+∞∑

k=−∞
k �=0

�δ(u − k�). (2.36)

Hence,

N = 2�√
2πσ 2

u

∞∑
k=1

exp

(
− �2

2σ 2
u

k2

)
. (2.37)

For σu < �, N is akin to the deadzone and approaches 1 as σu → ∞.
Saturation with quantization nonlinearity: The saturated quantization is defined

as

f (u) = satα(qn�(u)) :=


+α, u ≥ +α,

+��+u/��, 0 ≤ u < α,
−��−u/��, −α ≤ u < 0,

−α, u < −α,

(2.38)

where it is assumed that α = m� for a positive integer m. The derivative of f (u) is

f ′(u) =
+m∑

k=−m
k �=0

�δ(u − k�). (2.39)

Thus,

N = 2�√
2πσ 2

u

m∑
k=1

exp

(
− �2

2σ 2
u

k2

)
. (2.40)

Here, again, N is nonmonotonic in σu.
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(a) Open loop LPNI system
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Figure 2.2. Open loop LPNI system and its quasilinearization.

2.1.2 Stochastic Linearization of Direct Paths of LPNI Systems

Quasilinear gain: Consider the open loop LPNI system shown in Figure 2.2(a), where
F�r (s), P(s), and C(s) are transfer functions with all poles in open left half plane
(OLHP) representing the coloring filter with the 3dB bandwidth�r , the plant, and the
controller, respectively, f (u) is the actuator nonlinearity, and wr and r are standard
white noise and the reference signal.

Since, in such a system, the steady state input to the nonlinearity is still a zero-
mean wss Gaussian process, its stochastically linearized gain remains the same as in
Subsection 2.1.1, and the corresponding quasilinear system is shown in Figure 2.2(b).
Since the standard deviation σu is given by the 2-norm of the transfer function from
wr to u, that is,

σu = ‖F�r (s)C(s)‖2 =

√√√√√ 1
2π

+∞∫
−∞

|F�r (jω)|2|C(jω)|2 dω,

the stochastically linearized gain in Figure 2.2(b) is

Na (σu) = F (‖F�r (s)C(s)‖2
)
, (2.41)

where

F (σ ) =
+∞∫

−∞

[
d
dx

f (x)

]
1√
2πσ

exp

(
− x2

2σ 2

)
dx. (2.42)

Computational issues: To evaluate the standard deviation of the signal at the input
of the actuator in Figure 2.2(b), one has to evaluate the 2-norm of a transfer function.
A computationally convenient way to carry this out is as follows:

Let {A,B,C} be a minimal realization of the strictly proper transfer function G(s)
with all poles in the open left half plane. Consider the Lyapunov equation

AR + RAT + BBT = 0. (2.43)
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Figure 2.3. Quasilinear gain as a function of α in Example 2.1.

Then it is well known that its solution, R, is positive definite symmetric and, moreover,

‖G(s)‖2 =
[
tr
(
CRCT

)]1/2
. (2.44)

Clearly, this provides a constructive way for calculating ‖G(s)‖2. In the
MATLAB computational environment, the function norm can be used for this
purpose.

Example 2.1. Consider the system of Figure 2.2(a), with

P(s) = 10
s(s + 10)

, C(s) = 5, F�r (s) =
√

3
s3 + 2s2 + 2s + 1

, f (u) = satα(u). (2.45)

The closed loop version of this system is a servomechanism with the reference signal,
r, defined by a 3rd order Butterworth filter with bandwidth �r = 1 and d.c. gain
selected so that σr = 1.

For this system, taking into account (2.18), from (2.41),

Na = erf

 α√
2
∥∥∥ 5

√
3

s3+2s2+2s+1

∥∥∥
2

. (2.46)

The behavior of Na as a function of α is illustrated in Figure 2.3. From this figure we
conclude the following:

• For α ∈ (0,2), Na(α) is practically linear with slope 0.3.
• For α > 7, Na(α) is practically 1, that is, the effect of saturation may be ignored.

2.2 Stochastic Linearization of Closed Loop LPNI Systems

2.2.1 Notations and Assumptions

The block diagram of the LPNI feedback systems studied in this volume is shown in
Figure 2.4. As in Figure 2.2, P(s) and C(s) are the plant and controller, f (·) and g(·) are
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Figure 2.4. Closed loop LPNI system.

the actuator and sensor, F�d(s) and F�r (s) are coloring filters with 3dB bandwidths
�d and �r , respectively, wr , wd are independent standard Gaussian white noise
processes, and the scalars r, d, y, ym, u, v, and e denote the reference, disturbance,
plant output, sensor (or measured) output, control signal, actuator output, and error
signal, respectively.

Let the quasilinear gains of f (·) and g(·) in isolation be denoted as Na and Ns,
respectively. Assume that the range of Na is Na, the range of Ns is Ns, and the range
of NaNs is Nas. For instance, if f (·) and g(·) are standard saturation functions, then
Na = Ns = Nas = [0,1]. Using these notations, introduce the following:

Assumption 2.1.

(i) P(s) has all poles in the closed left half plane;
(ii) C(s) has all poles in the closed left half plane;
(iii) 1 + γ P(s)C(s) has all zeros in the open left half plane for γ ∈ Nas.

This assumption, as it is shown below, is a sufficient condition for the existence
of variances of various signals in the stochastically linearized versions of LPNI sys-
tems under consideration. Therefore, unless stated otherwise, it is assumed to hold
throughout this volume.

Under Assumption 2.1, we discuss below stochastic linearization of the closed
loop system of Figure 2.4. First, we address the case of nonlinear actuators and
sensors separately and then the case of nonlinearities in both actuators and sensors
simultaneously.

2.2.2 Reference Tracking with Nonlinear Actuator

Quasilinear gain: Consider the closed loop system of Figure 2.5(a), where all func-
tional blocks and signals remain the same as in Figure 2.4. The goal is to obtain its
quasilinear approximation shown in Figure 2.5(b).

The situation here is different from that of Figure 2.2 in two respects. First, the
signal u(t) at the input of the nonlinearity is no longer Gaussian. Second, the signals
u(t) and û(t) are not the same. Therefore, the quasilinear gain (2.12) is no longer
optimal. Nevertheless, proceeding formally, we view the system of Figure 2.5(b) with

Na = E

[
df (û)

dû

∣∣∣∣
û=û(t)

]
(2.47)

as the stochastic linearization of Figure 2.5(a).
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Figure 2.5. Reference tracking closed loop LPNI system with nonlinear actuator and its
quasilinearization.

Although the accuracy of this approximation is discussed in Section 2.3, we note
here that the first of the above obstacles to optimality is alleviated by the fact that, if
the plant is low-pass filtering, the signal u(t) is close to Gaussian, even if v(t) is not.
The second obstacle, however, is unavoidable. Nevertheless, as shown in Section
2.3 and numerous previous studies, stochastic linearization of closed loop systems
results in accuracy well within 10%, as far as the difference between the standard
deviations of the outputs, σy and σŷ, is concerned.

Since the standard deviation of û is

σû =
∥∥∥∥ F�r (s)C(s)

1 + P (s)NaC (s)

∥∥∥∥
2
,

it follows from (2.12) that the quasilinear gain of Figure 2.5(b) is defined by

Na = F
(∥∥∥∥ F�r (s)C(s)

1 + P (s)NaC (s)

∥∥∥∥
2

)
, (2.48)

where

F (σ ) =
∞∫

−∞

[
d
dx

f (x)

]
1√
2πσ

exp

(
− x2

2σ 2

)
dx. (2.49)

Thus, Na is a root of the equation

x −F
(∥∥∥∥ F�r (s)C(s)

1 + xP (s)C (s)

∥∥∥∥
2

)
= 0, (2.50)

which is referred to as the reference tracking quasilinear gain equation. This equation
is used in Chapters 3 and 5 for analysis and design of LPNI systems from the point
of view of reference tracking.
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Note that, as indicated in Chapter 1, the quasilinear system of Figure 2.5(b)
with Na defined by (2.50) is a global approximation of the LPNI system of Figure
2.5(a). In comparison with the local, Jacobian, linearization, the price to pay is that
the linearized gain depends not only on the nonlinearity but on all other functional
blocks of the system, that is, F�r (s), C(s), P(s), as well as on the exogenous signal wr .

Equation (2.50) defines Na as an implicit function of P(s), C(s), and F�r (s). A
sufficient condition for the existence of its solution is given by the following theorem:

Theorem 2.3. Under Assumption 2.1, the transcendental equation (2.50) has a
solution.

Proof. See Section 8.1.

Computational issues: The solution of (2.50) amounts to finding intersections of the
linear function x with the nonlinear function

F
(∥∥∥∥ F�r (s)C(s)

1 + xP (s)C (s)

∥∥∥∥
2

)
.

Although various algorithms can be used for this purpose, we found it convenient
to use a bisection approach. To accomplish this, assume that Na(σû) is bounded for
σû ∈ [0,∞) and the solution of (2.50) is unique. Then, to find the solution, x∗, when
F(x) > x for x < x∗, we formulate the following:

Bisection Algorithm 2.1. Given a desired accuracy ε > 0:

(a) Set the variables

N− = min
σû∈[0,∞)

Na (σû)

N+ = max
σû∈[0,∞)

Na (σû)

(b) If |N+ − N−| < ε, go to step (f)
(c) Let N = (N− + N+)/2
(d) Evaluate the left-hand side of (2.50) with x = N , call it δ

(e) If δ < 0, let N− = N , else let N+ = N , and go to step (c)
(f) N is an ε-precise solution of (2.50).

To find the solution, x∗, when F(x) < x for x < x∗, we use the same algorithm
but with the step (e) substituted by the following step:

(e’) If δ < 0, let N+ = N , else let N− = N , and go to step (2.1)

If Na(σû), σû ∈ [0,∞) is unbounded and/or (2.50) has multiple solutions, one can
attempt to find them by repeated applications of Bisection Algorithm 2.1 choosing
different initial conditions.
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Figure 2.6. Quasilinear gain and tracking performance in Example 2.2.

Example 2.2. Consider the system of Figure 2.5(a) with all elements defined as
in (2.45). For this system, (2.50) becomes

x − erf

 α
√

2
∥∥∥ 5

√
3s(s+10)

(s3+2s2+2s+1)(s2+10s+50x)

∥∥∥
2

= 0. (2.51)

Using Bisection Algorithm 2.1, we solve this equation for α ∈ [0,3]. Then, using the
Lyapunov equation (2.43), we calculate the standard deviation of the tracking error
σê. The results are shown in Figure 2.6. From this figure we conclude (compare with
the open-loop case of Figure 2.3) the following:

• For α ∈ (0,0.5), Na(α) is practically linear with slope 0.2. With these α’s, the
tracking error, σê, is decreasing, also in a practically linear manner, with slope
(−0.7).

• For α > 2, Na(α) is practically 1, and the tracking error is the same as in the
corresponding linear system (i.e., when the saturation is ignored): σê = 0.142.

The graphs of Figure 2.6 characterize the tracking performance of the quasilinear
system of Figure 2.5(b). To illustrate how this performance compares with that of
the original nonlinear system of Figure 2.5(a), Figure 2.7 shows traces of r(t), y(t),
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Figure 2.7. Illustration of reference tracking in Example 2.2 in time domain.
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and ŷ(t) obtained by simulations. Clearly, as exhibited by both LPNI and quasilinear
systems,

• For α = 0.5, the tracking performance is poor: y(t) exhibits an effect, which
can be characterized as rate saturation, while ŷ(t) approximates it (in a linear
manner) as lagging.

• For α = 1, the same phenomena take place but in a less pronounced manner.
• For α = 2, the tracking performance of both y(t) and ŷ(t) is similar and good.

These interpretations and those of the subsequent examples in this section are
for illustrative purposes only. Complete control-theoretic implications of nonlinear
instrumentation are given in Chapters 3–7.

2.2.3 Disturbance Rejection with Nonlinear Actuator

While in linear systems, the problems of reference tracking and disturbance rejection
can be viewed as equivalent, in the nonlinear system of Figure 2.4 this is not the case.
Therefore, we address here the disturbance rejection problem illustrated in Figure
2.8(a), where F�d(s) is the coloring filter with 3dB bandwidth �d.

Quasilinear gain: Since σû in this case is given by

σû =
∥∥∥∥ F�d(s)P(s)C(s)

1 + NaP (s)C (s)

∥∥∥∥
2
,

following the same arguments as in the previous subsection, we conclude that the
quasilinear gain in the system of Figure 2.8(b) is defined by

x −F
(∥∥∥∥F�d(s)P(s)C(s)

1 + xP (s)C (s)

∥∥∥∥
2

)
= 0. (2.52)
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Figure 2.8. Disturbance rejection closed loop LPNI system with nonlinear actuator and its
quasilinear approximation.
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This is referred to as the disturbance rejection quasilinear gain equation. The existence
of its solution can be guaranteed by a theorem similar to Theorem 2.3, and the
solution can be found using Bisection Algorithm 2.1. We use this equation in Chapters
4 and 6 for analysis and design of LPNI systems from the point of view of disturbance
rejection.

Example 2.3. Consider the system of Figure 2.8(a) with the same parameters as
in (2.45), that is,

P(s) = 10
s(s + 10)

, C(s) = 5, F�d(s) =
√

3
s3 + 2s2 + 2s + 1

, f (u) = satα(u). (2.53)

For this system, (2.52) becomes

x − erf

 α√
2
∥∥∥ 50

√
3

(s3+2s2+2s+1)(s2+10s+50x)

∥∥∥
2

= 0. (2.54)

Using Bisection Algorithm 2.1, we solve this equation for α ∈ [0,3] and then
calculate the disturbance rejection performance in terms of the output standard
deviation σŷ. The results are shown in Figure 2.9. From this figure we conclude the
following:

• The quasilinear gains of the disturbance rejection problem and reference
tracking problem are quite different, even when all functional blocks remain
the same (compare Figures 2.6(a) and 2.9(a)). Namely, in this example, Na

for the disturbance rejection problem is smaller than Na for the reference
tracking problem.

• For α ∈ (0,0.5], Na(α) is practically linear with the slope 0.025. With these α’s,
disturbance rejection is poor: σŷ ranges from 50 to 2 (recall that σd = 1).

• For α > 2.5, Na(α) is practically 1 and σŷ takes values close to those when the
saturation is ignored: σŷ = 0.2.

The traces of d(t), y(t), and ŷ(t) obtained by simulations are shown in Figure
2.10. Clearly, the disturbance rejection improves with an increasing α, and ŷ(t)
approximates y(t) sufficiently well.

2.2.4 Reference Tracking and Disturbance Rejection with Nonlinear Sensor

The quasilinear gain of the system of Figure 2.11 is defined by

Ns = E

[
dg(ŷ)

dŷ

∣∣∣∣
ŷ=ŷ(t)

]
. (2.55)

Similar to the previous two subsections the following equations for Ns can be derived:
Reference tracking quasilinear gain equation:

x −G
(∥∥∥∥F�r (s)C(s)P(s)

1 + xP (s)C (s)

∥∥∥∥
2

)
= 0. (2.56)
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Figure 2.9. Quasilinear gain and disturbance rejection performance in Example 2.3.

Note that this equation has the same structure as the disturbance rejection quasilinear
gain equation with nonlinear actuator, where

G (σ ) =
+∞∫

−∞

[
d
dx

g (x)

]
1√
2πσ

exp

(
− x2

2σ 2

)
dx. (2.57)

Disturbance rejection quasilinear gain equation:

x −G
(∥∥∥∥ F�d(s)P(s)

1 + xP (s)C (s)

∥∥∥∥
2

)
= 0. (2.58)

Solutions of these equations can be found using Bisection Algorithm 2.1 of
Subsection 2.2.2.

Example 2.4. Consider the system of Figure 2.11(b) with all linear blocks as in
(2.45), that is,

P(s) = 10
s(s + 10)

, C(s) = 5, F�d(s) =
√

3
s3 + 2s2 + 2s + 1

, (2.59)
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Figure 2.10. Illustration of disturbance rejection in Example 2.3 in time domain.
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Figure 2.11. Closed loop LPNI systems with nonlinear sensor.

but with a linear actuator and quantized sensor, that is,

f (u) = u, g(y) = qn�(y). (2.60)

For this system, using (2.58) and (2.37), the quasilinear gain equation becomes

x − Q

 �∥∥∥ F�d (s)P(s)
1+xP(s)C(s)

∥∥∥
2

= 0, (2.61)

where

Q(z) =
√

2z√
π

∞∑
k=1

exp

(
−z2

2
k2

)
. (2.62)

Using Bisection Algorithm 2.1, we solve this equation for �∈ [0,5] and then calculate
the disturbance rejection performance in terms of the output standard deviation σŷ.
The results are shown in Figure 2.12. From this figure we conclude the following:

• Ns(�) is monotonically decreasing, while σŷ(�) is practically linearly increas-
ing.

• For � = 0.5, the disturbance rejection capabilities reduce by a factor of
approximately 2, as compared to a linear sensor.

• For � = 2, practically no disturbance rejection takes place (σŷ ≈ 1).
• For � > 2, σŷ > 1, that is, feedback leads to amplification of noise.

Time traces of r(t) and y(t), ŷ(t) are shown in Figure 2.13.

2.2.5 Closed Loop LPNI Systems with Nonlinear Actuators and Sensors

Reference tracking: The block diagram of such a system for reference tracking and
its quasilinear approximation are shown in Figure 2.14, where the two quasilinear
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Figure 2.12. Quasilinear gain and disturbance rejection performance in Example 2.4.

gains, Na and Ns, are defined by

Na = E

[
d
dû

f (û)

∣∣∣∣
û=û(t)

]
, (2.63)

Ns = E

[
d
dŷ

g(ŷ)

∣∣∣∣
ŷ=ŷ(t)

]
. (2.64)

Following the same procedure as above, we obtain

Na = F
(∥∥∥∥ F�r (s)C(s)

1 + P (s)NsC (s)Na

∥∥∥∥
2

)
, (2.65)

Ns = G
(∥∥∥∥ F�r (s)C(s)NaP(s)

1 + P (s)NsC (s)Na

∥∥∥∥
2

)
, (2.66)
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Figure 2.13. Illustration of disturbance rejection in Example 2.4 in time domain.

where

F (σ ) =
∞∫

−∞

[
d
dx

f (x)

]
1√
2πσ

exp

(
− x2

2σ 2

)
dx, (2.67)

G (σ ) =
∞∫

−∞

[
d
dx

g (x)

]
1√
2πσ

exp

(
− x2

2σ 2

)
dx. (2.68)
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Figure 2.14. Reference tracking closed loop LPNI system with nonlinear instrumentation and
its quasilinear approximation.

Accordingly, the task of finding the quasilinear gains Na and Ns is a two-variable
root-finding problem for equations (2.65) and (2.66). Alternatively, an elimina-
tion procedure can be used to formulate an equivalent single-variable problem.
Specifically, multiplying (2.65) and (2.66) results in

Nas = F
(∥∥∥∥ F�r (s)C(s)

1 + NasP (s)C (s)

∥∥∥∥
2

)
G


∥∥∥∥∥∥∥
F
(∥∥∥ F�r (s)C(s)

1+NasP(s)C(s)

∥∥∥
2

)
F�r (s)P(s)C(s)

1 + NasP (s)C (s)

∥∥∥∥∥∥∥
2

 ,

(2.69)

where Nas = NaNs. Clearly, Nas is a root of the equation

x −F
(∥∥∥∥ F�r (s)C(s)

1 + xP (s)C (s)

∥∥∥∥
2

)
G


∥∥∥∥∥∥∥
F
(∥∥∥ F�r (s)C(s)

1+xP(s)C(s)

∥∥∥
2

)
F�r (s)P(s)C(s)

1 + xP (s)C (s)

∥∥∥∥∥∥∥
2

= 0.

(2.70)

With Nas known, Na is determined from (2.65). In turn, with Nas and Na known,
(2.66) determines Ns. The computational issues for solving (2.70) remain the same
as in the previous subsection.

Example 2.5. Consider the LPNI system of Figure 2.14(a), with all elements as
in Example 2.2, that is,

P(s) = 10
s(s + 10)

, C(s) = 5, F�r (s) =
√

3
s3 + 2s2 + 2s + 1

, f (u) = satα(u) (2.71)

and with

g(y) = dz�(y). (2.72)
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For this system, (2.70) becomes

x − erf

 α
√

2
∥∥∥ 5

√
3s(s+10)

(s3+2s2+2s+1)(s2+10s+50x)

∥∥∥
2

×


1 − erf



�

√
2

∥∥∥∥∥∥∥∥∥∥∥
50

√
3erf

 α√
2
∥∥∥∥ 5

√
3s(s+10)

(s3+2s2+2s+1)(s2+10s+50x)

∥∥∥∥
2


(s3+2s2+2s+1)(s2+10s+50x)

∥∥∥∥∥∥∥∥∥∥∥
2




= 0. (2.73)

Using Bisection Algorithm 2.1, it is possible to evaluate Na and Ns as functions
of α and �. Then, we evaluate the variance of the tracking error, êtr(t), defined as

êtr(t) = r(t)− ŷ(t). (2.74)

Figure 2.15 illustrates Na, Ns, and σêtr as functions of α for � = 1. Similarly, Figure
2.16 illustrates Na, Ns, and σêtr as functions of � for α = 1. Time traces of r(t), y(t),
and ŷ(t) are shown in Figure 2.17. From these figures, we conclude the following:

• The quasilinear gains Na and Ns are coupled. In other words, a change in
actuator authority α changes not only Na but also Ns. Similarly, changing the
sensor deadzone changes both Ns and Na.

• Ns is monotonically increasing as a function of α; Na is monotonically
decreasing as a function of �.

• The quality of reference tracking is nonmonotonic with respect to α (see
Figure 2.15(c)).

• The quality of reference tracking may degrade dramatically if the sensor has
a deadzone (compare Figures 2.6(b) and 2.15(c)).

Disturbance rejection: For the case of the disturbance rejection problem of Figure
2.18, the equations for Na and Ns become

Na = F
(∥∥∥∥ F�d(s)P(s)NsC(s)

1 + P (s)NsC (s)Na

∥∥∥∥
2

)
, (2.75)

Ns = G
(∥∥∥∥ F�d(s)P(s)

1 + P (s)NsC (s)Na

∥∥∥∥
2

)
. (2.76)
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Figure 2.15. Quasilinear gains and tracking performance in Example 2.5 for � = 1.

Thus, using an elimination procedure, NaNs can be obtained from the equation

x −F


∥∥∥∥∥∥∥
G
(∥∥∥ F�d (s)P(s)

1+xP(s)C(s)

∥∥∥
2

)
F�d(s)P(s)C(s)

1 + xP (s)C (s)

∥∥∥∥∥∥∥
2

G
(∥∥∥∥ F�d(s)P(s)

1 + xP (s)C (s)

∥∥∥∥
2

)
= 0.

(2.77)
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Figure 2.16. Quasilinear gains and tracking performance in Example 2.5 for α = 1.

Equations (2.70) and (2.77) are used in subsequent chapters for analysis and
design of LPNI systems with nonlinearities in both sensors and actuators.

2.2.6 Multiple Solutions of Quasilinear Gain Equations

In all examples considered above, the equations for the quasilinear gain had a unique
solution. In general, this may not be the case, and in some cases multiple solutions
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Figure 2.17. Illustration of reference tracking in Example 2.5 in time domain.

may exist. For instance, consider the LPNI system of Figure 2.8(a) with

P(s) = s2 + 8s + 17
s3 + 4.2s2 + 0.81s + 0.04

, C(s) = 1, f (u) = sat1.5(u), (2.78)

F�d(s) = 0.3062
s3 + s2 + 0.5s + 0.125

.
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Figure 2.18. Disturbance rejection closed loop LPNI system with nonlinear instrumentation
and its quasilinear approximation.

Here, the disturbance rejection quasilinear gain equation is

Na = erf

 1.5

√
2

∥∥∥∥∥
(

s2+8s+17
s3+4.2s2+0.81s+0.04

)(
0.3062

s3+s2+0.5s+0.125

)
1+Na

(
s2+8s+17

s3+4.2s2+0.81s+0.04

)
∥∥∥∥∥

2

. (2.79)

As shown in Figure 2.19, the left- and right-hand sides of this equation intersect three
times on the interval [0,1]. Thus, (2.79) admits three solutions, denoted as

N(1)
a = 0.034, N(2)

a = 0.1951, N(3)
a = 0.644. (2.80)

This implies that the quasilinear system of Figure 2.8(b) has three sets of closed loop
poles, defined by N(1)

a , N(2)
a , and N(3)

a , respectively. It can be argued that the solution
N(2)

a is “unstable,” in the sense that it does not lead to a sustainable steady state
behavior. In this situation, the LPNI system of Figure 2.8(a) at times is represented
by the set of quasilinear poles resulting from N(1)

a , and at other times by that from
N(3)

a , with random time moments when the transitions occur. Accordingly, the LPNI
system of Figure 2.8(a) is said to exhibit a jumping phenomenon, since the behavior of
the system “jumps” between the possible regimes. For the system defined by (2.78),
this is illustrated in Figure 2.20.

Although the average residence time in each set of the poles can be evaluated
using the large deviations theory, it is not pursued here since, from the control point
of view, the LPNI behavior under multiple Na’s can be characterized by the set of
closed loop poles, which results in the largest σŷ, thereby providing the lower bound
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Figure 2.19. Multiple intersections of the left- and right-hand sides of (2.79) with α = 1.5.
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Figure 2.20. Jumping phenomenon in system (2.78) with α = 1.5.

of the LPNI system performance. Thus, for the example of (2.78), the standard
deviation of the output is not worse than σŷ = 35.24 (which corresponds to N(1)

a ).
As mentioned, multiple solutions are rare in stochastic linearization and some

effort is required to find a system that exhibits such behavior. Indeed, by slightly
modifying (2.78) so that α = 2, we find that the left- and right-hand sides of (2.79)
exhibits a unique intersection, as shown in Figure 2.21, and the output does not
exhibit the jumping behavior, as shown in Figure 2.22.
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Figure 2.22. Absence of jumping phenomenon in system (2.78) with α = 2.

2.2.7 Stochastic Linearization of State Space Equations

Stochastic linearization is readily applicable to problems formulated in state space
form. Indeed, consider the LPNI system of Figure 2.4 and assume that {Ap,Bp,Cp},
{Ac,Bc,Cc}, {Ar ,Br ,Cr}, and {Ad,Bd,Cd} are minimal realizations of P(s), C(s),
F�r (s), and F�d(s), respectively. Then, the closed loop LPNI system can be
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represented as 
ẋp

ẋc

ẋr

ẋd

=


Apxp + Bpf (Ccxc)+ BpCdxd

Acxc − Bcg(Cpxp)+ BcCrxr

Arxr + Brwr

Adxd + Bdxd

,

[
u
y

]
=
[

Ccxc

Cpxp

]
,

(2.81)

where xp, xc, xr , and xd are the states of the plant, controller, reference coloring
filter, and disturbance coloring filter, respectively. Applying stochastic linearization
to (2.81) results in the following quasilinear system:

˙̂xp˙̂xc˙̂xr˙̂xd

=


Ap BpNaCc 0 BpCd

−BcNsCp Ac BcCr 0
0 0 Ar 0
0 0 0 Ad




x̂p

x̂c

x̂r

x̂d

+


0 0
0 0

Br 0
0 Bd


[

wr

wd

]
,

[
û
ŷ

]
=
[

0 Cc 0 0
Cp 0 0 0

]
x̂p

x̂c

x̂r

x̂d

, (2.82)

where

Na = F(σû), (2.83)

Ns = G(σŷ), (2.84)

and F(·) and G(·) are given in (2.67) and (2.68). Defining

A =


Ap BpNaCc 0 BpCd

−BcNsCp Ac BcCr 0
0 0 Ar 0
0 0 0 Ad

,

B =


0 0
0 0

Br 0
0 Bd

,

C =
[

0 Cc 0 0

Cp 0 0 0

]
,

(2.85)

it follows that the variances of û and ŷ can be calculated using CR(Na,Ns)CT , where
R(Na,Ns) is a positive definite solution of the Lyapunov equation

AR(Na,Ns)+ R(Na,Ns)AT + BBT = 0. (2.86)
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Specifically, with

C1 =
[

0 Cc 0 0
]

(2.87)

and

C2 =
[

Cp 0 0 0
]
, (2.88)

it is easy to see that

σ 2
û = C1R(Na,Ns)CT

1 (2.89)

and

σ 2
ŷ = C2R(Na,Ns)CT

2 . (2.90)

Thus, the quasilinear gain equations (2.83) and (2.84) become

Na = F
(√

C1R(Na,Ns)CT
1

)
(2.91)

and

Ns = G
(√

C2R(Na,Ns)CT
2

)
. (2.92)

Under Assumption 2.1, R(Na,Ns) is defined for every pair (Na,Ns) ∈ Na × Ns, and
(2.91), (2.92) can be solved using Bisection Algorithm 2.1.

The general equations (2.85)–(2.92) can be readily specialized to particular cases
of reference tracking and disturbance rejection problems discussed in Subsections
2.2.2–2.2.5. Indeed, consider the reference tracking LPNI system with nonlinear
actuator of Figure 2.5. For this case, Ns = 1 and F�d(s) = 0. Thus, the matrices of
(2.85) reduce to

Ar
a =

 Ap BpNaCc 0
−BcCp Ac BcCr

0 0 Ar

,

Br
a =

 0
0

Br

,

Cr
a =

[
0 Cc 0

Cp 0 0

]
.

(2.93)

Moreover, the reference tracking quasilinear gain equation becomes

Na = F
(√

Cr
1aRr

a(Na)CrT
1a

)
, (2.94)
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where

Cr
1a =

[
0 Cc 0

]
(2.95)

and Rr
a(Na) is a positive definite solution of

Ar
aRr

a(Na)+ Rr
a(Na)ArT

a + Br
aBrT

a = 0. (2.96)

For the disturbance rejection problem with nonlinear sensor of Figure 2.11(b),
Na = 1 and F�r (s) = 0. Thus, the matrices (2.85) become

Ad
s =

 Ap BpCc BpCd

−BcNsCp Ac 0
0 0 Ad

,

Bd
s =

 0
0

Bd

,

Cd
s =

[
0 Cc 0

Cp 0 0

]
,

(2.97)

and the disturbance rejection quasilinear gain equation is

Ns = G
(√

Cd
2sR

d
s (Ns)CdT

2s

)
, (2.98)

where

Cd
2s =

[
Cp 0 0

]
(2.99)

and Rd
s (Ns) is a positive definite solution of

Ad
s Rd

s (Ns)+ Rd
s (Ns)AdT

s + Bd
s BdT

s = 0. (2.100)

All other special cases of Subsections 2.2.3–2.2.5 can be obtained from (2.85)–
(2.92) similarly.

2.3 Accuracy of Stochastic Linearization in Closed Loop LPNI Systems

In this section, we quantify the accuracy of stochastic linearization using both
analytical and numerical techniques.

2.3.1 Fokker-Planck Equation Approach

Consider the disturbance rejection problem in the LPNI system shown in Figure
2.8(a). Assume that

P(s) = 1
s + 1

, C(s) = 1, F�d(s) = 1, f (·) = sat(·). (2.101)
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Clearly, the behavior of this system is described by the following differential
equation:

ẏ = −y +w − sat(y). (2.102)

Our goal is to calculate the steady state standard deviation of y. Since the system
is one-dimensional, this can be accomplished analytically using the Fokker-Planck
equation. Indeed, for (2.102) the stationary Fokker-Planck equation is

1
2

d2π(y)

dy2 +[y + sat(y)]dπ(y)

dy
+[1 + sat′(y)]π(y) = 0, (2.103)

where π(y) is the steady state pdf of y. The solution of (2.103) is given by

π(y) = κ exp
[
−y2 − 2�(y)

]
, (2.104)

where

�(y) =
∫ y

0
f (u)du =

{
y2/2, |y| ≤ 1,
|y|− 1/2, |y| > 1,

(2.105)

and the normalization constant κ is calculated, using∫ +∞

−∞
π(y)dy = 1, (2.106)

to be κ = 0.7952. From the pdf (2.104), the standard deviation of y is

σy = 0.5070.

Now, we estimate this standard deviation using the quasilinear system of Figure
2.8(b). For this system with functional blocks defined by (2.101), the quasilinear gain
equation (2.52) becomes

x − erf

 1√
2
∥∥∥ 1

s+1+x

∥∥∥
2

= 0.

Its solution, using Bisection Algorithm 2.1, is determined to be x = 0.9518. Thus,
Na = 0.9518 and

σŷ =
∥∥∥∥ 1

s + 1.9518

∥∥∥∥
2
= 0.5061.

Clearly, the error between σy and σŷ, defined as

ε =
∣∣σy −σŷ

∣∣
σy

× 100%, (2.107)

is 0.18%.
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Figure 2.23. Standard deviations of y, ŷ, and ỹ as functions of the controller gain K.

To further characterize the accuracy of stochastic linearization, consider the
system with all elements as in (2.101), but C(s) = K ∈ (0,10], and calculate σy and
σŷ using the Fokker-Planck equation and stochastic linearization, respectively. The
result is shown in Figure 2.23. Clearly, for all K, the accuracy is quite high, with
a maximum error of 2.81%. For comparison, Figure 2.23 also shows the standard
deviation σỹ obtained using the Jacobian linearization. The maximum error in this
case is about 50%.

2.3.2 Filter Hypothesis Approach

In this subsection, we show by simulations and a statistical experiment that low-pass
filtering properties of the plant bring about Gaussianization of the signal at the plant
output, which leads to high accuracy of stochastic linearization.

Simulation approach: Consider the reference tracking LPNI system shown in Figure
2.5, with all elements as in (2.101) but

f (u) = sat10(u).

Using the reference tracking quasilinear gain equation (2.50), we determine that N =
0.076. This indicates that the actuator saturates practically always. This is confirmed
by simulations. Indeed, simulating this system for a sufficiently long time, we obtain
the histogram of the signal at the output of the saturation, v, as shown in Figure
2.24(a). The histogram of the signal at the output of the plant, y, is shown in Figure
2.24(b). Clearly, the filtering properties of the plant “Gaussianizes” the distribution
of y. The pdf’s of v̂ and ŷ are shown in Figures 2.24(c) and (d), respectively. Note
that while the distributions of v and v̂ are quite different, the distributions of y and
ŷ are quite similar.
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Figure 2.24. Histograms of v and y in comparison with pdf’s of v̂ and ŷ.

Statistical experiment approach: To further illustrate the accuracy of stochastic lin-
earization, the following Monte Carlo experiment is performed: We consider 5000
disturbance rejection LPNI systems of Figure 2.8(a) with

C(s) = K, f (·) = satα(·).

In 2000 of these systems we assume that

P(s) = 1
Ts + 1

(2.108)

and in the remaining 3000,

P(s) = ω2
n

s2 + 2ζωns +ω2
n

. (2.109)

The parameters of these systems are randomly and equiprobably selected from the
following sets:

T ∈ [0.01,10], ωn ∈ [0.01,10], ζ ∈ [0.05,1], K ∈ [1,20], α ∈ (0.1,1]. (2.110)

For each of these systems, we evaluate σy and σŷ using simulations and stochastic
linearization, respectively. The accuracy is quantified by (2.107), the histogram of
which is shown in Figure 2.25. Clearly, accuracy is high: 71.4% of the systems yield
ε < 5% and only 9.2% of systems yield ε > 10%. Further analysis reveals that these
latter cases occur when the signals u and y are highly non-Gaussian, when either
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Figure 2.25. Histogram of ε for the Monte Carlo accuracy experiment.

T << 1 or ζ << 1 (i.e., when low-pass filtering does not take place and, therefore,
Gaussianization does not occur).

2.4 Summary

• Stochastic linearization of an isolated odd nonlinear function is the expected
value of its derivative with respect to the Gaussian distribution of its argu-
ment. As a result, unlike the Jacobian linearization, stochastic linearization
represents a nonlinear function globally.

• Stochastically linearized gains of actuators and sensors in closed loop LPNI
systems are defined by transcendental equations, which can be solved using a
bisection algorithm.

• The stochastically linearized gains of actuators and sensors depend not only
on the shape of the nonlinearities involved but also on all other elements of
the closed loop LPNI system, including the functional blocks and exogenous
signals.

• Using its stochastically linearized version, standard deviations of all signals in
a closed loop LPNI system can be evaluated.

• If the plant of an LPNI system is low-pass filtering, accuracy of stochastic
linearization is quite high – well within 10% as far as the standard deviation
of the output is concerned.

2.5 Problems

Problem 2.1. Consider two odd piecewise differentiable nonlinear functions
f1(u) and f2(u) and assume that u(t) is a zero-mean wss Gaussian process. Let the
quasilinear gains of these functions be denoted as N1 and N2, respectively.
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(a) Is the quasilinear gain of the parallel connection of f1 and f2, that is, f1(u)+
f2(u), equal to N1 + N2?

(b) Interpret the result in terms of system-theoretic properties.

Problem 2.2. Consider a gain k and an odd piecewise differentiable nonlinear
function f (·).

(a) Compute the quasilinear gain of their serial connection in two configura-
tions: when the gain is before the nonlinearity and when it is after, assuming
that in both cases the input is a zero-mean Gaussian process. Are the
quasilinear gains equal?

(b) Interpret the result in terms of system-theoretic properties.

Problem 2.3. Consider two odd piecewise differentiable functions f1(u) and
f2(u), where u(t) is a zero-mean wss Gaussian process. Let the quasilinear gains
of these functions be denoted as N1 and N2, respectively.

(a) Is the quasilinear gain of the serial connection of f1 and f2, that is, f2(f1(u)),
equal to N1N2? (Give “physical” arguments why this may or may not be
true.)

(b) If this is, in general, not true, find a class of functions for which this property
holds.

(c) Derive a general expression for the quasilinear gain of f2(f1(u)).

Problem 2.4. Consider the saturation function satβα(u(t)), where α is the level of
saturation, β is the slope of the linear part, and u(t) is a zero-mean wss Gaussian
process (see Figure 2.26).

(a) For α = 1 and β = 5, calculate and plot the quasilinear gain of this nonlin-
earity as a function of the standard deviation σu. Compare the result with
that of Table 2.1.

(b) For α = 1 and σu = 1, calculate and plot the quasilinear gain as a function
of β.

(c) Formulate your conclusion as to the effect of β.

Problem 2.5. Consider the deadzone function dzβ
�(u(t)), where, as before, � is

a half of the deadzone, β is the slope of the linear part, and u(t) is a zero-mean wss
Gaussian process (see Figure 2.27).

v

u

a

b

−a

Figure 2.26. Problem 2.4.
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Figure 2.27. Problem 2.5.

(a) For � = 1 and β = 5, calculate and plot the quasilinear gain of this nonlin-
earity as a function of the standard deviation σu. Compare the result with
that of Table 2.1.

(b) For � = 1 and σu = 2, calculate and plot the quasilinear gain as a function
of β.

(c) Formulate your conclusion as to the effect of β.

Problem 2.6. Consider an odd piecewise differentiable nonlinearity f (u), where
u(t) is a zero-mean wss Gaussian process, and let N(σ ) be its quasilinear gain.

(a) Show that
N(0) = f ′(0)

(b) Do you expect a similar relation hold away from the origin?

Problem 2.7. Consider an odd nonlinearity f (u), where u(t) is a zero-mean wss
Gaussian process. Assume that f (u) is linear in the vicinity of the origin, that is,
f (u) = mu for |u| ≤ �, and let N(σ ) be its quasilinear gain. Show that

N(σ ) ≈ m

in the vicinity of the origin, that is, on an interval whose length is of the order �.

Problem 2.8. Consider a sector-bounded nonlinearity f (u), where u(t) is a zero-
mean wss Gaussian process, and let N(σ ) be its quasilinear gain. Show that the latter
is bounded by the magnitude of the sector, that is, for all σ ≥ 0,

N (σ ) ≤ sup
u>0

∣∣∣∣ f (u)

u

∣∣∣∣ .
Problem 2.9. Consider the serial connection of two blocks, where the first one

is a linear dynamical system with transfer function

G(s) = 1
s + 1

and the second is defined by
f (·) = satα(·).

The input to this system is a standard white Gaussian process.
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Along with this system consider its reverse, that is, the first block is f (·) and the
second G(s), with the input to f (·)being the same standard white Gaussian process.

(a) Calculate and plot the stochastically linearized gains of the original system
and its reverse as a function of α for α ∈ [0,3].

(b) Using the stochastic linearization, calculate the variance at the output of
the original system and its reverse for α ∈ [0,3].

(c) Interpret the results from the point of view of the effects of the nonlinearity
and its position in this system (i.e., either before or after G(s)).

Problem 2.10. Figure 2.3 shows how the quasilinear gain of the saturation non-
linearity in Figure 2.2(a) depends on its authority α when the coloring filter and
controller are given in (2.45).

(a) For the coloring filter

F�r = 4
s + 8

and the controllers listed below, draw a plot, similar to Figure 2.3, showing
how the quasilinear gain of the saturation nonlinearity depends on α.
(i) C(s) = 1;

(ii) C(s) = 1
s + 1

;

(iii) C(s) = 1
0.1s + 1

.

(b) Interpret how the time constant of the controller affects the quasilinear
gain of the nonlinearity.

Problem 2.11. Consider the system of Figure 2.5(a) with coloring filter F�r (s)
given in (2.45) and with plant, controller, and nonlinearity given below:

(i) P(s) = 1
s(s + 1)

,C(s) = 5, f (u) = satα(u);

(ii) P(s) = 1
s(0.1s + 1)

,C(s) = 1, f (u) = satα(u);

(iii) P(s) = 1
s(0.01s + 1)

,C(s) = 5, f (u) = satα(u).

(a) For each instance, draw a plot showing how the quasilinear gain behaves
as a function of the authority of the saturation.

(b) Interpret how the time constant of the plant and the gain of the controller
affect the quasilinear gain of the nonlinearity.

Problem 2.12. Consider the system of Figure 2.28, where r(t) is a zero-mean wss
Gaussian process and

P1(s) = 1
s + 1

, P2(s) = 2
s + 1

, C(s) = 3
s + 3

, f (u) = satα(u).

For this system, compute the quasilinear gain of the nonlinearity and plot it as a
function of α.
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Figure 2.28. Problem 2.12.
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Figure 2.29. Problem 2.13.

Problem 2.13. Sketch the nonlinearities whose quasilinear gains are shown in
Figures 2.29(a) and 2.29(b).

Problem 2.14. Consider the disturbance rejection closed loop LPNI system of
Figure 2.8(a) with the plant

P(s) = 1
s + 1

,

the actuator

f (u) = satα (u)

and the disturbance being standard white Gaussian process.

(a) Ignoring the actuator saturation, design a static linear controller that results
in the standard deviation of the output of this system σy = 0.1.
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(b) Using stochastic linearization, investigate the performance of this system
with the controller designed in (a) and the saturating actuator having α ∈
[0.1,3].

(c) Evaluate the performance degradation due to saturation for the α’s
investigated.

(d) Select the level of saturation, which you would view as reasonable in light
of the performance specification given in (a).

(e) Simulate the original LPNI system and its stochastically linearized version
for the α you selected and comment on the accuracy of the approximation.

Problem 2.15. Consider the standard closed loop LPNI system with the actuator
f (u) and sensor g(y) (see Figure 2.4). Address the problem of simultaneous reference
tracking and disturbance rejection. In other words, assume that both reference r(t)
and disturbance d(t) are acting simultaneously, and the goal of control is to reject
the disturbance and track the reference.

(a) Derive the equations for the quasilinear gains of the sensor and actuator
in this system.

(b) Assume that

P(s) = 1
s + 1

, C(s) = 10, f (u) = satα(u), g(y) = y,

F�r (s) = 1
10s + 1

, F�d(s) = 1.

Evaluate σê, where ê(t) = r(t)− ŷ(t), for α ∈ [0.1,3].
(c) Repeat the same calculation for F�d = 0 (i.e., tracking problem only).
(d) Compare the results of (b) and (c) and comment on the effect of the

disturbance in the problem of reference tracking.

Problem 2.16. Consider the LPNI system of Figure 2.14(a) with

P(s) = 1
s + 1

, C(s) = 1, F�r (s) =
√

3
s3 + 2s2 + 2s + 1

,

f (u) = satα (u) , g (y) = dz� (y) .

(a) Using the elimination procedure of (2.70), compute the quasilinear gains
of the two nonlinearities.

(b) For a fixed value of α, plot the quasilinear gains as functions of �.
(c) For a fixed value of �, plot the quasilinear gains as functions of α.

Problem 2.17. Demonstrate the Gaussianization property of filtering plants. To
accomplish this:

(a) Select any sufficiently filtering transfer function.
(b) Select the input of this transfer function as any non-Gaussian stationary

random process; plot the histogram of this process.
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(c) Simulate this (open loop) system and plot the histogram of the output
process; observe a “more Gaussian” nature of this histogram as compared
with the one at the input.

(d) Repeat the same procedure for a less filtering transfer function and observe
that the Gaussianization takes place to a lesser extent (if any).

Problem 2.18. This problem is intended to investigate stochastic linearization
of non-odd nonlinearities. Specifically, assume that the actuator is given by (see
Figure 2.30)

satαβ (u) =


α, u > α,
u, −β ≤ u ≤ α,

−β, u < −β.

(a) Derive the expression for the quasilinear gain of satαβ (u), where u(t) is
zero-mean wss Gaussian process.

(b) Plot the quasilinear gain as a function of α for β = 1.
(c) Plot the quasilinear gain as a function of β for α = 1.
(d) Interpret the results.

Problem 2.19. Investigate the performance of LPNI system with non-odd actu-
ator in the problem of reference tracking. For this reason, consider the system of
Figure 2.5(a) with

P(s) = 10
s + 10

, C(s) = 5, F�r (s) =
√

3
s3 + 2s2 + 2s + 1

and f (·) given in Figure 2.30 with α = 2 and β = 1.

(a) Evaluate the expected value and standard deviation of the error signal in
the stochastically linearized system (i.e., E(ê),σê ).

(b) Compare the result with that obtained in Example 2.2.

Problem 2.20. Investigate the performance of LPNI system with non-odd actu-
ator in the problem of disturbance rejection. For this reason, consider the system of
Figure 2.8(a) with

P(s) = 10
s + 10

, C(s) = 5, F�d (s) =
√

3
s3 + 2s2 + 2s + 1

and f (·) given in Figure 2.30 with α = 2 and β = 1.

v

u

a

−b

Figure 2.30. Problem 2.18.
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(a) Evaluate the expected value and standard deviation of the error signal in
the stochastically linearized system (i.e., E(ŷ),σŷ ).

(b) Compare the result with that obtained in Example 2.3.
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3 Analysis of Reference Tracking in LPNI Systems

Motivation: This chapter is intended to quantify steady state errors and transient
performance of LPNI systems in the problem of tracking reference signals.

For linear systems, the steady state error in tracking deterministic references is
characterized by the notion of system type, defined by the poles of the loop gain
at the origin. This definition is not applicable to LPNI systems since, if the actua-
tor saturates, controller poles at the origin play a different role than those of the
plant and, thus, the loop gain does not define the system type. This motivates the
first goal of this chapter, which is to introduce the notion of system type for LPNI
systems.

Also in contrast with the linear case, LPNI systems with saturating actuators are
not capable of tracking steps with arbitrary amplitudes. This motivates the second
goal of this chapter: to introduce and quantify the notion of trackable domains, that
is, the sets of step (or ramp, or parabolic) input magnitudes that can, in fact, be
tracked by an LPNI system.

As far as the transients are concerned, the usual step tracking measures, such as
overshoot, settling time, and so on, are clearly not appropriate for random references.
The variance of tracking errors, as it turns out, is not a good measure either, since for
the same variance, the nature of tracking errors can be qualitatively different. This
motivates the third goal of this chapter: to introduce novel transient tracking quality
indicators and utilize them for analysis of random reference tracking in both linear
and LPNI closed loop systems.

Overview: For deterministic references, the notions of LPNI system type and track-
able domain are introduced and analyzed in Section 3.1. For random references, the
notions of random sensitivity function and saturating random sensitivity function as
well as tracking quality indicators are introduced in Sections 3.2 and 3.3, respectively.
It is shown that the tracking quality indicators can be used for LPNI systems anal-
ysis and design in the same manner as settling time and overshoot are used in the
linear case.

66
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3.1 Trackable Domains and System Types for LPNI Systems

3.1.1 Scenario

The material of this section is somewhat different from the rest of this book in that it
does not deal with random reference signals and does not use the method of stochastic
linearization. Nevertheless, it is included here for two reasons: First, the notions of
LPNI system type and trackable domain, introduced and investigated here, are useful
by themselves when one deals with systems having saturating and other nonlinear
actuators. Second, the notion of trackable domain is used elsewhere in this volume
(including later on in this chapter) to characterize tracking qualities of closed loop
LPNI systems with random reference signals.

It is intuitively clear that the notion of system type in LPNI systems must depend
on the nonlinearities involved. Indeed, saturating actuators and actuators with dead-
zone respond to step inputs in a qualitatively different manner, leading to different
notions of system type. Therefore, to be specific, we center here on LPNI systems
with a ubiquitous nonlinearity – saturating actuators.

In LPNI systems with saturating actuators, loop gain does not define the quality
of reference tracking. Indeed, consider, for example, the two systems of Figure 3.1,
which have identical loop gain and system type if the saturation is ignored. However,
in the presence of saturation, they have qualitatively different tracking capabilities.
Namely, the system of Figure 3.1(a) can track ramps with a finite steady state error,
but that of Figure 3.1(b) cannot track ramps at all (see Figure 3.2). Thus, the notion
of system type has to be modified, and this is carried out in this section.

Specifically, we show that the LPNI system type is defined by only plant poles.
The controller poles, however, also play a role but it is limited to affecting the
steady state errors, while not enlarging the class of trackable references. This class is
characterized by a new notion of trackable domain, which quantifies the size of steps
or the slope of ramps, that can be tracked when saturation is present.

3.1.2 Trackable Domains and Steady State Errors

Step input: Consider the reference tracking LPNI system of Figure 3.3, where P(s)
and C(s) are the plant and the controller, respectively, and satα(·) is the saturating

1 1 y

–

–

u vr

r

e

yu ve 1
s

1
s+1

sat(u)
s(s+1)

(a) Pole of the plant at the origin

sat(u)

(b) Pole of the controller at the origin

Figure 3.1. Motivating example.
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Figure 3.2. Ramp tracking by systems of Figure 3.1.
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Figure 3.3. LPNI system with saturating actuator.

actuator of authority α. Assume that

r(t) = r01(t), (3.1)

where 1(t) is the unit step function and r0 ∈ R. Define the steady state tracking error:

estep
ss = lim

t→∞[r01(t)− y(t)]. (3.2)

Let C0 and P0 be the d.c. gains of the controller and plant, respectively, that is,

C0 = lim
s→0

C(s), (3.3)

P0 = lim
s→0

P(s). (3.4)

Theorem 3.1. Assume that a unique estep
ss exists. Then,

(i) estep
ss = r0

1 + C0P0
, (3.5)

if

|r0| <
∣∣∣∣ 1
C0

+ P0

∣∣∣∣α; (3.6)

(ii) estep
ss = r0 − (sign r0C0)P0α, (3.7)
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Figure 3.4. Step tracking in LPNI system defined by (3.9).

if

|r0| ≥
∣∣∣∣ 1
C0

+ P0

∣∣∣∣α. (3.8)

Proof. See Section 8.2

Thus, if r0 satisfies (3.6), estep
ss is the same as in systems with linear actuators.

However, if r0 is outside of (3.6), that is, in (3.8), no tracking takes place since
estep

ss = r0 − const. This is illustrated in Figure 3.4 (along with the signal v(t) at the
output of the actuator) for the system of Figure 3.3 with

P(s) = 30
s2 + 10s + 21

, C(s) = 100, α = 1. (3.9)

The set of r0 defined by (3.6) is referred to as the Step Trackable Domain or just
Trackable Domain (TD). Clearly, for P0 > 0, C0 > 0, the size of TD, that is, |TD|,
is a monotonically increasing function of P0 and α and a monotonically decreasing
function of C0. If P(s) has at least one pole at the origin, |TD| = ∞; otherwise, |TD|
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Figure 3.5. Conceptual illustration of estep
ss as a function of r0.

is finite, irrespective of whether or not C(s) has poles at the origin. Note that for the
LPNI system defined by (3.9), |TD| = 1.44.

A conceptual illustration of the trackable domain in LPNI systems is given in
Figure 3.5.

Theorem 3.1 assumes that a unique estep
ss exists. A sufficient condition under

which this assumption takes place is given below:
Consider a state space representation of the system of Figure 3.3:

ẋp = Apxp + Bpsatα(u),

ẋc = Acxc + Bc(r0 − y),

y = Cpxp,

u = Ccxc + Dc(r0 − y),

(3.10)

where xp and xc are the states of the plant and the controller, respectively.

Theorem 3.2. Assume that with r0 = 0, the equilibrium point xp = 0, xc = 0 of
(3.10) is globally asymptotically stable, and this fact can be established by means of a
Lyapunov function of the form

V(x) = xTQx +
∫ Cx

0
satα(τ )dτ , Q = QT ≥ 0, (3.11)

where C = [−DcCp Cc] and x = [xT
p xT

c ]T . Then, for r0 ∈ TD, estep
ss exists and is unique.

Proof. See Section 8.2

As an example, consider the system of Figure 3.3 with

P(s) = 1
s(s + 1)

, C(s) = 10, α = 1, (3.12)
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Figure 3.6. Step tracking in LPNI system defined by (3.12).

and the following realization:

Ap =
[

0 1
0 −1

]
, Bp =

[
0
1

]
, Cp =

[
1 0

]
,

Ac = 0, Bc = 0, Cc = 0, Dc = 10.

(3.13)

Then the condition in Theorem 3.2 is satisfied with

Q =
[

0 0
0 5

]
. (3.14)

Thus, according to Theorem 3.2 a unique estep
ss does exist. In addition, Theorem 3.1

ensures that estep
ss = 0 for any r0. This is illustrated in Figure 3.6.

Outside the trackable domain, estep
ss may either be not unique or not exist at all.

Examples for each of these cases are as follows:
For the case of nonuniqueness, consider the system of Figure 3.3 with

P(s) = −2, C(s) = 1, α = 1. (3.15)
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The |TD| is 1. This system can be realized as

y = −2 sat(r0 − y), (3.16)

and the solutions for r0 = 1 are given by

y = 2, estep
ss = 1 − 2 = −1

y = −2, estep
ss = 1 − (−2) = 3

(3.17)

Thus, outside of the trackable domain, there are two different estep
ss .

As an example where estep
ss does not exist, let

P(s) = s + 1
s2 + 1

, C(s) = 1, α = 1. (3.18)

If this system is realized as

ẋ1 = x2,

ẋ2 = −x1 + sat(r0 − y),

y = x1 + x2,

(3.19)

and

r0 ≥
∣∣∣∣ 1
C0

+ P0

∣∣∣∣+√2(1 − x1(0))2 + 2x2
2(0), (3.20)

the solution is given by

x1(t) = 1 − (1 − x1(0))cos t + x2(0)sin t,

x2(t) = (1 − x1(0))sin t + x2(0)cos t,
(3.21)

implying that estep
ss does not exist.

Ramp and parabolic inputs: Consider the system of Figure 3.3 with

r(t) = r1t1(t) (3.22)

or

r(t) = 1
2

r2t21(t) (3.23)

and define steady state errors as

eramp
ss = lim

t→∞[ r1t1(t)− y(t) ], (3.24)

epar
ss = lim

t→∞
[ r2

2
t21(t)− y(t)

]
. (3.25)
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Let C0, as before, be the d.c. gain of the controller and P1 and P2 be defined by

P1 = lim
s→0

sP(s), (3.26)

P2 = lim
s→0

s2P(s). (3.27)

Theorem 3.3. The steady state errors for the ramp and parabolic inputs can be
characterized as follows:

(i) Assume a unique eramp
ss exists. Then,

eramp
ss = r1

C0P1
(3.28)

if

|r1| < |P1|α. (3.29)

(ii) Assume that a unique epar
ss exists. Then,

epar
ss = r2

C0P2
(3.30)

if

|r2| < |P2|α. (3.31)

Proof. See Section 8.2

The ranges of r1 and r2, defined by (3.29) and (3.31), are referred to as Ramp
and Parabolic Trackable Domains, respectively. From (3.28)–(3.31), the following
conclusions can be made:

• Unlike the case of step inputs, the expressions for the steady state errors (3.28)
and (3.30) differ from those in systems with linear actuators.

• The ramp trackable domain is non-empty if and only if the plant has at least
one pole at the origin. For the parabolic trackable domain to be non-empty,
the plant must have at least two poles at the origin.

• Although the controller poles at the origin do not contribute to the size of
the ramp and parabolic trackable domains, they play a role in the size of the
steady state errors: if C(s) has one or more poles at the origin, the steady state
errors in the trackable domains are zero even if P1 or P2 are finite.

These conclusions are illustrated in Figure 3.7 for the LPNI system of Figure 3.3 with

P(s) = 15
s(s + 10)

, C(s) = 5, α = 1. (3.32)

If C(s) has a pole at the origin, the system of Figure 3.3 is sometimes augmented
by an anti-windup compensator. The purpose of anti-windup is to improve transient
response and stability while maintaining small signal (|u(t)| < α) behavior identical
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Figure 3.7. Ramp tracking in LPNI system defined by (3.32).

to that of the closed loop system without anti-windup. Thus, if u(t) in the system
with anti-windup does not saturate at steady state, its asymptotic tracking properties
remain the same as those of the system without anti-windup. The condition on r0

in Theorem 3.1 (r1, r2 in Theorem 3.3) is sufficient to ensure | limt→∞ u(t)| < α.
Therefore, Theorems 3.1 and 3.3 remain valid in the presence of anti-windup as well.
This fact holds regardless of the structure of anti-windup as long as the closed loop
system with anti-windup maintains small signal (|u(t)| < α) behavior identical to that
of the closed loop system without anti-windup.

3.1.3 System Types

Theorems 3.1 and 3.3 show that the roles of C(s) and P(s) in systems with saturating
actuators are different. Therefore, system type cannot be defined in terms of the loop
transfer function C(s)P(s), as it is in the linear case.

To motivate a classification appropriate for the saturating case, consider again
the system of Figure 3.1(b). According to Theorem 3.1, this system tracks steps from
TD = {r0 ∈ R : |r0| < α}, with zero steady state error. However, this system does not
track any ramp input at all. Thus, this system is similar to a type 1 linear system but
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Table 3.1. Steady state errors and Trackable Domains for various system types

r(t) = r01(t) r(t) = r1t1(t) r(t) = 1
2 r2t21(t)

Type TD estep
ss TD eramp

ss TD epar
ss

0S |r0| <
∣∣∣ 1

C0
+ P0

∣∣∣α r0
1+P0C0

∅ Not applicable ∅ Not applicable

0+
S |r0| < |P0|α 0 ∅ Not applicable ∅ Not applicable

1S R 0 |r1| < |P1|α r1
P1C0

∅ Not applicable
1+

S R 0 |r1| < |P1|α 0 ∅ Not applicable
2S R 0 R 0 |r2| < |P2|α r2

P2C0

not exactly: it does not track ramps. Therefore, an “intermediate" system type is
necessary. This observation motivates the following definition.

Definition 3.1. The system of Figure 3.3 is of type kS, where S stands for saturating,
if the plant has k poles at the origin. It is of type k+

S if, in addition, the controller has
one or more poles at the origin.

In terms of these system types, the steady state errors and trackable domains in
systems with saturating actuators are characterized in Table 3.1. As it follows from
Definition 3.1, the system of Figure 3.1(a) is of type 1S, whereas that of Figure 3.1(b)
is of type 0+

S . This, together with Table 3.1, explains the difference in their tracking
capabilities alluded to in Section 3.1.

Note that the definition of system type kS is a proper extension of types for
linear systems. Indeed, when the level of saturation, α, tends to infinity, all trackable
domains become the real line R and type kS systems become the usual type k.

In Table 3.1, only types up to 2S are included since systems of higher types
can only be stabilized locally by linear controllers with actuator saturation. Track-
able domains and steady state errors for systems of type higher than 2S can also be
characterized if the assumption on global stability of the closed loop system (3.10)
is replaced by local stability and initial conditions are restricted to the domain of
attraction. This, however, would necessitate estimating domains of attraction, which
is generally difficult. Moreover, the trackable domain will depend on this estimate.
Therefore, we limit our analysis to globally asymptotically stable cases.

3.1.4 Application: Servomechanism Design

In this subsection, we illustrate the controller design process, using the saturating
system types. Specifically, for a given plant with saturating actuator, we select a
controller structure to satisfy steady state performance specifications and then adjust
the controller parameters to improve transient response.

Consider a DC motor modeled by

P(s) = 1
s(Js + b)

, (3.33)
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where J = 0.06 kg · m2 and b = 0.01 kg · m2/s. Assume that the maximum attainable
torque of the motor is 2.5 N · m, that is,

α = 2.5. (3.34)

Using this motor, the problem is to design a servomechanism satisfying the following
steady state performance specifications:

(i) steps of magnitude |r0| < 100 rad should be tracked with zero steady state
error;

(ii) ramps of slope |r1| < 20 rad/s should be tracked with steady state error less
than or equal to 0.01r1.

A solution to this problem is as follows: According to Table 3.1, specification
(i) requires a system of type at least 0+

S . Since the plant has a pole at the origin, the
system is of type at least 1S, which guarantees estep

ss = 0 and TD = R. Specification
(ii) requires

|P1|α ≥ 20, (3.35)

and

eramp
ss = r1

P1C0
≤ 0.01r1. (3.36)

Inequality (3.35) is satisfied, since P1 = 100 and α = 2.5. Inequality (3.36) is met if
C0 ≥ 1. Thus, a controller of the form

C(s) = C0

k∏
i=1

τis + 1
Tis + 1

, k ≥ 1, τi ≥ 0, Ti ≥ 0 (3.37)

guarantees (i) and (ii) if C0 ≥ 1.
Note that, at steady state, the output of the plant cannot grow faster than |P1|α

rad/s. Hence, if a ramp trackable domain were specified by |r1| < M rad/s with
M > |P1|α = 250 rad/s, no linear controller, satisfying this specification, would exist.

Although the closed loop system (3.33), (3.34), and (3.37) does satisfy the steady
state specifications, it is of interest to analyze its transient behavior as well. To
accomplish this, consider the simplest controller of the form (3.37):

C(s) = 1. (3.38)

The transients of (3.33), (3.34), and (3.38), shown in Figure 3.8, are deficient: both
the overshoot and the settling time are too large. A similar situation takes place for
ramp inputs as well: transients are too long. To improve this behavior, consider the
controller (3.37) with C0 = 1, τ1 = 6.667, and T1 = 0.02, that is,

C(s) = 6.667s + 1
0.02s + 1

. (3.39)
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Figure 3.8. Transient response of (3.33) and (3.34) with C(s) = 1.
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Figure 3.9. Transient response of (3.33) and (3.34) with C(s) = 6.667s+1
0.02s+1 .

The transients of (3.33), (3.34), and (3.39), illustrated in Figure 3.9, show an improve-
ment in overshoot but still long settling time. This, perhaps, is due to the fact that, as
it follows from Figure 3.9, the control effort is underutilized. To correct this situation,
consider the controller (3.37) with C0 = 1, τ1 = 0.667, and T1 = 0.02, that is,

C(s) = 0.667s + 1
0.02s + 1

. (3.40)

With this controller, the transients are shown in Figure 3.10. As one can see, the
settling time has improved considerably and is very close to its lower limit (about 2.1
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Figure 3.10. Transient response of (3.33) and (3.34) with C(s) = 0.667s+1
0.02s+1 .

sec), which is imposed by the limitation of the control effort and the magnitude of
the step. Also, Figure 3.10 shows that the control effort is fully utilized and behaves
almost like the time-optimal bang-bang control. Similar behavior is observed for all
magnitudes of steps up to 100 rad and for ramps with slopes less than 20 rad/s.

It should be pointed out that, strictly speaking, the assumption of Theorem 3.2
for systems under consideration should be verified before the conclusions on the
steady state and transients are made. It is possible to show that for the system (3.33),
(3.34) with the controller (3.38), the assumption of Theorem 3.2 is satisfied with

Q =
[

0 0
0 0.03

]
(3.41)

and the realization

Ap =
[

0 1
0 −b/J

]
, Bp =

[
0

1/J

]
, C0 =

[
1 0

]
,

Ac = 0, Bc = 0, Cc = 0, Dc = 1.

(3.42)

If the controller (3.39) is used,

Q =
0.25 1.5 0

1.5 10 0
0 0 0

 (3.43)

and the realization

Ac = −50, Bc = −50(50/0.15 − 1), Cc = 1, Dc = 50/0.15. (3.44)
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For the controller (3.40), the matrix Q had not been found analytically, however,
the global asymptotic stability of the system (3.33), (3.34), and (3.40) has been
ascertained using a software package.

3.2 Quality Indicators for Random Reference Tracking in
Linear Systems

3.2.1 Scenario

In linear systems with deterministic reference signals, the quality of tracking is char-
acterized, in the time domain, by settling time, percent of overshoot, and so on, or,
in the frequency domain, by gain and phase margins. In linear systems with random
references, the quality of tracking is often quantified by the standard deviation of the
error signal, σe. However, as it turns out, this measure is too crude to reveal causes
of poor tracking. To justify this statement consider the system of Figure 3.11 with
F�(s) given by

F�(s) = 0.306
s3 + s2 + 0.5s + 0.125

(3.45)

(which is a third order Butterworth filter with � = 0.5 and the d.c. gain selected so
that the standard deviation at its output is 1) and three different G(s):

G(s) = 24.8
(s + 5)(s + 10)

, G(s) = 0.585
s(s + 1.5)

, G(s) = 2.31
s(s + 0.02)

. (3.46)

In all three cases, the standard deviation of the error signal remains the same, σe =
0.67, while the tracking behavior, shown in Figure 3.12, is qualitatively different.
Namely, in Figure 3.12(a) poor tracking appears to be due to static unresponsiveness,
in Figure 3.12(b) due to time-lag in comparison with the reference signal, and in
Figure 3.12(c) due to oscillatory behavior.

This example shows that σe is not capable of discriminating between the causes
of poor tracking, and new measures are necessary. Such measures, referred to as
tracking quality indicators, are introduced in this section.

3.2.2 Random Reference Model

Reference signals considered in this and the subsequent sections are Gaussian col-
ored noise processes obtained by filtering standard white noise by a low-pass filter,

w y

–

r e
G(s)F�(s)

Figure 3.11. Linear tracking system.
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Figure 3.12. Tracking of random reference by the system of Figure 3.11.

F�(s), with 3dB bandwidth �. Although methods developed here apply to any low-
pass filter, to be specific we assume that F�(s) is a third order Butterworth filter with
d.c. gain selected so that its output, r(t), has standard deviation equal to 1. In other
words, we assume that the reference signal r(t) is the output of

F�(s) =
√

3
�

(
�3

s3 + 2�s2 + 2�2s +�3

)
, (3.47)

with standard white noise at its input. Realizations of r(t) for � = 1 rad/s and 4 rad/s
are shown in Figure 3.13.

Clearly, reference signals could be parameterized in other ways as well, for
instance, by higher order Butterworth filters. However, as it is indicated in Subsection
3.2.3 below, the results are not too sensitive to the parameterization involved and,
therefore, the one defined by (3.47), is used.
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Figure 3.13. Realizations of r(t).

3.2.3 Random Sensitivity Function

In the case of step inputs, the tracking properties of the linear system shown in Figure
3.11 are characterized in the frequency domain by the sensitivity function

S(jω) = 1
1 + G(jω)

, 0 ≤ ω < ∞, (3.48)

that is, by the steady state errors in tracking harmonic inputs of different frequen-
cies. Specifically, bandwidth, resonance peak, resonance frequency and d.c. gain of
S(jω) characterize the quality of step tracking. In this subsection, we introduce the
random sensitivity function and show that it can be used to define quality indicators
for random, rather than deterministic, reference tracking.

Definition 3.2. The random sensitivity function of the linear feedback system of
Figure 3.11 is the standard deviation of the error signal, e, as a function of the bandwidth
of the band-limited references r(t):

RS(�) := σe(�), 0 < � < ∞, (3.49)

that is,

RS(�) = ‖F�(s)S(s)‖2 ,0 < � < ∞. (3.50)

Although RS(�) is just a standard deviation, it is a function of �, and, thus, more
informative than the single number σe obtained for a fixed random input process.
For example, the random sensitivity functions of the three systems of Figure 3.12
are qualitatively different although they take the same value for � = 0.5 rad/s (see
Figure 3.14).

Properties of RS(�) and its relation to |S(jω)| are given in the following theorem:
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Figure 3.14. Random sensitivity for closed loop system of Figure 3.11.

Theorem 3.4. Assume that the closed loop system of Figure 3.11 is asymptotically
stable and G(s) is strictly proper. Then

(i) lim
�→0

RS(�) = |S(j0)|;
(ii) lim

�→∞RS(�) = lim
ω→∞|S(jω)| = 1;

(iii) sup
�>0

RS(�) ≤ sup
ω>0

|S(jω)|.

Proof. See Section 8.2.
Figure 3.15 provides comparison of RS(�) and |S(jω)| for the system of Figure

3.11 with

G(s) = ω2
n

s(s + 2ζωn)
(3.51)

for several values of ζ . As indicated in Theorem 3.4, the two curves coincide at zero
frequency, converge to 1 as frequencies increase, and RS(�) has a smaller peak. In
addition, as one can see, RS(�) has a less pointed peak than |S(jω)|.

Similar to the usual sensitivity function, S(jω), which is characterized by its

d.c. gain = |S(j0)|, (3.52)

ωBW = min{ω : |S(jω)| = 1/
√

2}, (3.53)

ωr = argsup
ω>0

|S(jω)|, (3.54)

Mr = sup
ω>0

|S(jω)|, (3.55)

the random sensitivity function, RS(�), is also characterized by four quantities:
Random d.c. gain:

Rdc := lim
�→0

RS(�). (3.56)

Random bandwidth:

R�BW := min{� : RS(�) = 1/
√

2}. (3.57)

Random resonance frequency:

R�r := argsup
�>0

RS(�). (3.58)
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.

Random resonance peak:

RMr := sup
�>0

RS(�). (3.59)

As stated in Theorem 3.4, the d.c. gains of RS(�) and S(jω) are the same, that is,

Rdc = |S(j0)|.

The bandwidths, resonance frequencies, and resonance peaks of RS(�) and |S(jω)|
exhibit different behavior. They are illustrated in Figure 3.16 for G(s) of (3.51). As
one can see, for practical values of ζ , R�BW and R�r are larger than ωBW and ωr

respectively, while RMr is smaller than Mr .
Note that selecting higher order Butterworth filters does not significantly change

the behavior of RS(�). Indeed Figure 3.17 illustrates random sensitivity functions,
calculated according to (3.50), but for Butterworth filters of order 3, 5, and 7,
for G(s) given in (3.51). Clearly, RS(�) is robust with respect to reference signal
parameterization.

It has been assumed throughout the preceding discussion that F�(s) is a low-pass
filter with

• the Butterworth pole locations;
• the standard deviation of the signal at its output σ = 1.
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Both of these clauses were used to simplify the presentation. In general, none of
them is necessary: Low-pass filters with arbitrary pole-zero locations and σ can be
used. The only modification necessary is to normalize σe by σ . In other words, rather
than (3.50), the random sensitivity function is defined by

RS(�) := ||F�(s)S(s)||2
||F�(s)||2 , 0 < � < ∞. (3.60)

All the conclusions described above remain valid for the definition (3.60) as well.

Computational issues: The random sensitivity function can be calculated as follows:
Consider the closed loop system of Figure 3.11, where F�(s) is the coloring filter and
G(s) represents the plant and the controller, that is,

G(s) = C(s)P(s). (3.61)
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Let S(s) be the sensitivity function of this system,

S(s) = 1
1 + G(s)

.

Introduce the following minimal state space realizations of S(s) and F�(s):

S =
[

AS BS
CS DS

]
and

F� =
[

AF (�) BF (�)

CF 0

]
,

where the representation of F�(s) is in observable canonical form, so that CF is
independent of �. Clearly,

SF� =
[

A∗ B∗

C∗ D∗

]
,

where

A∗ =
[

AF 0
BSCF AS

]
,B∗ =

[
BF
0

]
,

C∗ =
[

DSCF CS
]

,D∗ = 0.

Then, for each �, the random sensitivity function can be computed as

‖F�S‖2
2 = tr

(
C∗WC∗T

)
, (3.62)

where W is the solution of the Lyapunov equation

A∗W + WA∗T + B∗B∗T = 0. (3.63)

Solving (3.63) analytically can be accomplished using standard symbolic manip-
ulation software. This provides a means to analytically evaluate the indicators for
various closed loop pole locations.

As an example, consider C(s)P(s) given by

C(s)P(s) = ω2
n

s (s + 2ζωn)
, (3.64)

so that the closed loop transfer function is the prototype second order system

T(s) = ω2
n

s2 + 2ζωns +ω2
n

, (3.65)

where ωn and ζ are the natural frequency and damping ratio, respectively. Assume
that the coloring filter is a first order system given by

F�(s) = �

s +�
. (3.66)
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Then, using the above approach and noting that

||F�(s)||2 =
√

�

2
,

based on (3.60) we obtain:

RS (�,ωn,ζ ) =
√

�
(
2ωnζ 2 + 2�ζ +ωn

)
2ζ
(
2�ωnζ +�2 +ω2

n
) . (3.67)

3.2.4 Tracking Quality Indicators

Similarly to gain and phase margins, which in most cases characterize the quality of
deterministic reference tracking, tracking quality indicators are numbers associated
with RS(�), which, in most cases, predict the quality of random reference tracking.

We introduce three indicators. The first two are defined as follows:

I1 := Rdc, (3.68)

I2 := �

R�BW
, (3.69)

where, as before, � is the bandwidth of the reference signal. The first indicator char-
acterizes the level of static responsiveness, while the second characterizes dynamic
properties such as lagging or oscillatory behavior. When both I1 and I2 are small,
random reference tracking is typically good. For instance, if G(s) = 2.31

s(s + 0.02)
and

� = 0.05 rad/sec, the indicators take values

I1 = 0, I2 = 0.083,

and the tracking, as shown in Figure 3.18, is good: signals r(t) and y(t) are practically
indistinguishable. When I1 is large and I2 is small, tracking is poor due to static
unresponsiveness of the closed loop. For instance, in the system of Figure 3.12(a),
I1 = 0.668, I2 = 0.187 and the loss of tracking is due to static unresponsiveness.

When I1 is small and I2 is large, tracking quality is again poor but due to either lag-
ging or oscillatory behavior. To discriminate between these two cases, we introduce

0 100 200 300 400 500 600 700 800 900 1000
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Figure 3.18. Response of the system in Figure 3.11 with G(s) = 2.31
s(s + 0.02)

and F�(s) as in
(3.47) with � = 0.05 rad/sec.
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the third indicator

I3 := min
(

RMr − 1,
�

R�r

)
. (3.70)

This indicator is the minimum of two quantities: the first quantity being large implies
the presence of a high resonance peak, while the second being large implies that the
resonance is activated by inputs. When I3 is small, that is, both quantities are small,
then oscillatory response does not occur, and the response is of lagging nature; when
I3 is large, the lack of tracking is due to oscillatory behavior. For instance, in the case
of Figure 3.12(b) the indicators take values

I1 = 0, I2 = 0.912, I3 = 0.0374

and the loss of tracking is due to lagging. In the case of Figure 3.12(c) the indicators
are

I1 = 0, I2 = 0.979, I3 = 0.25

and the loss of tracking is due to oscillatory behavior.
Based on these and other judiciously selected examples, the areas of good and

bad tracking in the indicator planes (I1, I2) and (I2, I3) can be represented as shown
in Figure 3.19. Exceptions, however, exist: even with small I1 and I2, poor tracking
is sometimes possible. This happens in the same cases where the usual sensitivity
function, S(jω), does not predict well the step response. For instance, if

G(s) = 361.14(s + 10.68)(s + 0.2209)(s2 + 1.118s + 5.546)

s(s + 50)(s + 0.01)(s2 + 0.1s + 196)
(3.71)

and � = 4, then I1 and I2 are small (I1 = 0, I2 = 0.005) but tracking is poor. Figures
3.20–3.22 illustrate |S(jω)| and RS(�) and the quality of random and step refer-
ence tracking. Note that although S(jω) has sufficiently large bandwidth and small
resonance peak, the quality of step tracking is also poor.
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Figure 3.21. Random reference tracking of the system of Figure 3.11 with G(s) of (3.71) and
F�(s) as in (3.47) with � = 4 rad/sec.
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Figure 3.22. Step tracking of the system of Figure 3.11 with G(s) of (3.71).

Tracking quality indicators can be used as specifications for the design of tracking
systems. An example of such an application is discussed in the next subsection.

Computational issues: The indicators I1–I3 can be computed by using (3.56)–(3.59)
and the approach outlined in Subsection 3.2.3 for evaluating the random sensitivity
function.

3.2.5 Application: Linear Hard Disk Servo Design

The primary tasks of the hard disk servo controller are track seeking and track follow-
ing. Track seeking aims at moving a read/write head from one track to another. Track
following causes the head to follow the track motion while on track. Tracks to be
followed are not perfectly circular due to various sources such as disk surface defects
and irregularities of many types, drive vibrations, electrical noise, and so on. These
sources are divided into two groups: repeatable runout (RRO) and non-repeatable
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Figure 3.23. Hard disk servo system.

runout (NRRO). Both RRO and NRRO are typically modeled as bandlimited Gaus-
sian processes. Therefore, track following can be viewed as a random reference
tracking problem.

The block diagram of the hard disk servo system is shown in Figure 3.23 where
P(s) is the head positioning unit, C(s) is the controller to be designed, y is the position
of the head in track numbers, and u is the actuator input in volts. The plant P(s) is
often modeled as

P(s) = 4.3827 × 1010s + 4.3247 × 1015

s2(s2 + 1.5962 × 103s + 9.7631 × 107)
. (3.72)

The reference r(t) is assumed to be a zero-mean Gaussian process with variance
σ 2

RRO + σ 2
NRRO, where σRRO = 0.25 and σNRRO = 0.125. In addition, we assume that

the bandwidth of r(t) can be as large as twice the rotation speed of the hard disk
(ω0 = 346 rad/sec), that is, 692 rad/sec.

Next, we introduce specifications for controller design:

1. I1 = 0. This specification is introduced in order to ensure head positioning
without any bias.

2. I2 ≤ 0.35 ∀�< 692 rad/sec. This specification is introduced in order to ensure
fast tracking.

3. I3 ≤ 0.1 ∀� < 692 rad/sec. This specification is introduced in order to ensure
non-oscillatory behavior.

4. In addition to the above, one more specification must be introduced, which
defines the accuracy of the head positioning: It is required that 3σe be less
than 5% of the track width. This is ensured by the following specification:

RS(�) < 0.0596, ∀� < 692 rad/sec.

Indeed, using the fact
σe(�) = RS(�)σr ,

and σr =
√

σ 2
RRO +σ 2

NRRO = 0.2795, the specification ensures

3σe = 3RS(�)(0.2795) < (3)(0.0596)(0.2795) < 0.05.

Using the H∞ technique, we design a controller

C(s) = 19949211(s2 + 324.5s + 44630)(s2 + 1596.2s + 97631000)

(s + 400)(s2 + 102800s + 3.06 × 109)(s2 + 36250s + 2.78 × 109)
, (3.73)

which satisfies all design specifications with I1 = 0, I2 ≤ 0.0553, ∀�≤ 692, and RS(�)≤
0.056, ∀� ≤ 692.
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Figure 3.24. Track following performance of the hard disk servo system.
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Figure 3.25. Track seeking performance of the hard disk servo system.

Figure 3.24 shows the track following performance for the reference signal of
the largest bandwidth, � = 692 rad/sec. Obviously, the tracking quality is good and
the error is smaller than 5% of the track width.

To illustrate the track seeking performance of controller (3.73), Figure 3.25
shows the unit step response of the closed loop system. As one can see, in this
particular case, the overshoot is very close to zero and the settling time is less than
0.3 msec, which is acceptable in most hard disk drives.

3.3 Quality Indicators for Random Reference Tracking in LPNI Systems

3.3.1 Scenario

It has been shown in the previous section that the quality of random reference track-
ing in linear systems can be characterized by the random sensitivity function and the
tracking quality indicators. However, these tools are not applicable to systems with
saturating actuators. Indeed, while in the linear case, the random sensitivity is deter-
mined by the loop transfer function and, thus, so is the quality of tracking, in systems
with saturating actuators, the quality of tracking depends not only on the loop transfer



3.3 Quality Indicators for LPNI Systems 91

5 sat(u) 15
s(s + 10)

y

–

–

–

u vr e

(a)

27 sat(u) 25/9
s(s + 10)

yu vr e

(b)

5
s sat(u) 15

s + 10

yu vr e

(c)

Figure 3.26. Motivating example.

0 10

(a)

(b)

(c)

20 30 40 50 60 70 80 90 100

−2

0

2

Time (s)

r(t)
y(t)

0 10 20 30 40 50 60 70 80 90 100

−2

0

2

Time (s)

Time (s)

0 10 20 30 40 50 60 70 80 90 100

−2

0

2

r(t)
y(t)

r(t)
y(t)

Figure 3.27. Tracking of random references by the systems of Figure 3.26.

function but also on the location of the saturating actuators. For example, the three
feedback systems in Figure 3.26 have identical loop transfer function if saturation is
ignored, but exhibit qualitatively different tracking behavior for the same reference
(see Figure 3.27). Indeed, the system of Figure 3.26(a) results in excellent reference
tracking (see Figure 3.27(a)). The system of Figure 3.26(b) exhibits poor tracking,
which seems to be due to rate limitation (see Figure 3.27(b)). The system of Figure
3.26(c) shows relatively poor quality of tracking, which seems to be due to amplitude
limitation and controller windup. Thus, it is clear that the method developed in the
previous section is not directly applicable to the nonlinear case.
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Figure 3.28. Tracking system with saturating actuator.

Furthermore, the three tracking quality indicators that characterize static
responsiveness, lagging and oscillatory response for linear systems seem to be defi-
cient for systems with saturating actuators. Indeed, the responses of the system of
Figure 3.28 for the same reference signal, generated by the coloring filter (3.45), are
shown in Figure 3.29, where in each of the five cases, σe is the same (σe = 0.67), but
the reasons for poor tracking seem to be not only static responsiveness, lagging or
oscillatory behavior. Therefore, the random sensitivity function and tracking quality
indicators must be modified to be applicable to systems with saturating actuators.

In this section, an extension of the random sensitivity function, referred to as Sat-
urating Random Sensitivity (SRS) Function, and additional indicators are introduced
and analyzed.

3.3.2 Saturating Random Sensitivity Function

System considered: Consider the LPNI system and its quasilinear approximation
shown in Figure 3.30. Here, as before, C(s) and P(s) are the controller and the plant,
F�(s) is the coloring filter with 3dB bandwidth � and d.c. gain such that the output
standard deviation is 1, andσr represents the intensity of the reference signal. In other
words, the reference signal is the output of the filter parameterized by � and σr :

F�,σr (s) = σrF�(s). (3.74)

The quasilinear gain in Figure 3.30(b) is calculated from the equivalent gain
equation for tracking (2.50), which in this case becomes

N = erf

 α√
2
∥∥∥ σrF�(s)C(s)

1+NP(s)C(s)

∥∥∥
2

 . (3.75)

For the quasilinear system of Figure 3.30(b), we define below the notion of the
saturating random sensitivity function.

SRS definition and properties: Using the system of Figure 3.30 we introduce:

Definition 3.3. The saturating random sensitivity function of the LPNI system
of Figure 3.30(a), SRS(�,σr), is the random sensitivity function of the stochasti-
cally linearized system of Figure 3.30(b) normalized by the intensity of the reference
signal σr:

SRS(�,σr) := RS(�)

σr
, 0 < � < ∞, σr > 0. (3.76)
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Figure 3.29. Tracking of random reference by the system of Figure 3.28.

where RS(�) is defined by (3.50) if the ||F�(s)||2 = 1 or by (3.60) if the
||F�(s)||2 �= 1.

Clearly, this function can be calculated as

SRS(�,σr) =
∥∥∥∥ F�(s)

1 + NP(s)C(s)

∥∥∥∥
2
/||F�(s)||2, (3.77)

where N is a solution of (3.75), which is assumed, for simplicity, to be unique.
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Figure 3.30. LPNI system and its quasilinearization.

Properties of SRS(�,σr) are given in the following theorem:

Theorem 3.5. Assume that the closed loop system of Figure 3.30(b) is asymp-
totically stable for all N ∈ (0, 1], P(s) is strictly proper and C(s) is proper.
Then,

(i) for any � > 0,

lim
σr→0

SRS(�,σr) =
∣∣∣∣∣∣∣∣ F�(s)

1 + P(s)C(s)

∣∣∣∣∣∣∣∣
2
/||F�(s)||2; (3.78)

(ii) for any σr > 0,
lim

�→∞SRS(�,σr) = 1; (3.79)

(iii) for any σr > 0,

lim
�→0

SRS(�,σr) =
∣∣∣∣ 1
1 + NP(0)C(0)

∣∣∣∣ , (3.80)

where N satisfies

N = erf

 α√
2
∣∣∣ σrF�(0)C(0)

1+NP(0)C(0)

∣∣∣
 . (3.81)

Proof. See Section 8.2

An interpretation of this theorem is as follows: Statement (i) implies that
for small reference signals, SRS(�,σr) and RS(�) practically coincide. Statement
(ii) indicates that, for large �, SRS(�,σr) and RS(�) are again identical and no
tracking takes place. Finally, since N ≤ 1, statement (iii) shows that SRS(�,σr) is
typically larger than RS(�) (at least for low frequencies) and, therefore, the presence
of saturating actuators impedes tracking.

Illustrations of SRS(�,σr) for

F�(s) =
√

3
�

(
�3

s3 + 2�s2 + 2�2s +�3

)
(3.82)

are given in Figure 3.31. Specifically, Figure 3.31(a)–(c) shows SRS(�,σr) for each
system of Figure 3.26, while Figure 3.31(d)–(h) shows SRS(�,σr) for the systems of
Figure 3.29.
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Figure 3.31. SRS(�,σr) of systems in Figure 3.26 (a)–(c) and Figure 3.29 (a)–(e).
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Table 3.2. TD of systems with SRS(�,σr) of Figure 3.31

(a) (b) (c) (d) (e) (f) (g) (h)

TD R R |r| < 1.5 |r| < 3.75 R R R |r| < 0.53

Feedback systems, whose loop transfer functions are identical if saturation is
ignored, do not have identical SRS(�,σr) unless the location of the saturating actua-
tors are identical as well. This can be seen in Figures 3.31(a), (b), and (c), which show
the SRS(�,σr) of the three systems in Figures 3.26(a), (b), and (c), respectively.

It turns out that SRS(�,σr) also reflects the system types and trackable domains
defined in Section 3.1. Specifically, it discriminates between systems that have finite
TD for steps (types 0S or 0+

S ) and those that have infinite TD (types 1S or higher). If
TD is finite, then the values of SRS(�,σr) increase to 1 as σr increases, even for small
�. This can be observed by comparing Figures 3.31 (c), (d), and (h) with Figure 3.31
(a), (b), (e), (f), and (g). The TD for each system is given in Table 3.2.

Shape characterization: Similar to the usual and the random sensitivity functions,
which are characterized by d.c. gain, bandwidth, resonance peak, and frequency, the
function SRS(�,σr) can be characterized by the following four quantities:

Saturating random d.c. gain:

SRdc := lim
�→0, σr→0

SRS(�,σr). (3.83)

Saturating random bandwidth:

SR�BW (σr) := min{� : SRS(�,σr) = 1/
√

2}. (3.84)

Saturating random resonance frequency:

SR�r(σr) := argsup
�>0

SRS(�,σr). (3.85)

Saturating random resonance peak:

SRMr(σr) := sup
�>0

SRS(�,σr). (3.86)

Table 3.3 shows the values of SRdc for the SRS(�,σr) shown in Figure 3.31(a)–(h).
Figure 3.32 shows the corresponding SR�BW (σr). As one can see, in all systems
considered, the saturating random bandwidth is a monotonically decreasing function
of σr . Since smaller bandwidth leads to poorer tracking, this implies, as expected,
that the tracking of signals with large amplitude in systems with saturating actuators
is generically poor. An interesting effect can be observed in curves (c), (d), and (h) of
Figure 3.32, where the saturating random bandwidth drops almost in a relay manner
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Table 3.3. SRdc of systems with SRS(�,σr) of
Figure 3.31

(a) (b) (c) (d) (e) (f) (g) (h)

SRdc 0 0 0 0.67 0 0 0 0.019
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Figure 3.32. Saturating random bandwidth for SRS(�,σr) of Figure 3.31.
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Figure 3.33. Saturating random resonance peak and frequency for SRS(�,σr) of Figure 3.31(f)
and (g).

to zero at certain value of σr (practically infinite roll-off rate). This phenomenon is
caused by finite TD of the systems, and the loss of tracking is due to “clipping” of
the output.

The behavior of the saturating random resonance peak and the saturating ran-
dom resonance frequency as a function of σr are shown in Figure 3.33. Clearly, the
former is increasing while the latter is decreasing, both leading to poorer tracking.
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3.3.3 Tracking Quality Indicators

We introduce three indicators defined as follows:

I0 := σr

|TD| , (3.87)

I1 := SRdc, (3.88)

I2 := �

SR�BW (σr)
, (3.89)

where |TD| is the size of the trackable domain, and SRdc and SR�BW (σr) are the
saturating d.c. gain and bandwidth defined in (3.83), (3.84), respectively. As one
can see, I1 and I2 are proper extensions of indicators in the case of linear systems
(see Subsection 3.2.3), while I0 is the indicator specific for the saturating actuator
case: It accounts for the relative values of the tracking signals vis-a-vis the trackable
domain. Clearly, when I0 is small, TD is large enough to accommodate the magnitude
of references, and tracking quality does not deteriorate due to output amplitude
limitation. When I1 is small, system responsiveness should be high, again leading
to good tracking. Finally, small I2 implies that system bandwidth is sufficient to
accommodate the variability of the reference signal. Thus, if all three indicators are
small, the quality of tracking, in most cases, is good. This is illustrated by the example
of Figure 3.27(a), for which

I0 = 0, I1 = 0, I2 = 0.187. (3.90)

If I0 is large and the others are small, the loss of tracking is caused by output
clipping due to saturation. In case of Figures 3.27(c) and 3.29(e), the indicators are

I0 = 0.667, I1 = 0, I2 = 0.089, (3.91)

I0 = 1.873, I1 = 0.019, I2 = 0.2, (3.92)

respectively. In both cases, y cannot increase enough to track r. Notice that controller
windup occurs in Figure 3.27(c), while it does not in Figure 3.29(e). These can be
discriminated by the presence of a pole in C(s) at or close to s = 0. For the case
of Figure 3.27(c), C(s) has a pole at s = 0, while for Figure 3.29(e), C(s) does not.
Hence, the presence of a pole of C(s) at or close to s = 0 serves to predict controller
windup behavior.

If I1 is large and the others are small, the loss of tracking is due to static
unresponsiveness of the output as illustrated in Figure 3.29(a), for which

I0 = 0.267, I1 = 0.668, I2 = 0.187. (3.93)

The loss of tracking in this case is due to the linear part of the system rather than
actuator saturation.

While I0 and I1 characterize the quality of static tracking, I2 characterizes
dynamic properties of the output. If I2 is large and the others are small, the loss
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of tracking is due to lagging or oscillatory behavior of the output. To discriminate
between the two cases, we use the fourth indicator

I3 := min
(

SRMr(σr)− 1,
�

SR�r(σr)

)
. (3.94)

Again, this indicator is a proper extension of indicator I3 in the linear case (see
Subsection 3.2.3). If I3 is small, then the output is of lagging nature, otherwise
it is oscillatory in its behavior. The responses in Figures 3.29(b) and 3.27(b) have
indicators

I0 = 0, I1 = 0, I2 = 0.791, I3 = 0.003, (3.95)

I0 = 0, I1 = 0, I2 = 0.807, I3 = 0, (3.96)

respectively, and the responses are of lagging nature. However, the cause of lagging
seems to be different in each case. In Figure 3.29(b), it is due to the linear part of
the system, whereas in Figure 3.27(b), it is due to the saturating actuator. The two
cases can be differentiated by the value of the equivalent gain N in (3.75) since it
characterizes the extent of saturation. If N is close to 1, then the lagging is caused
by the linear part, otherwise it is due to actuator saturation. In the case of Figure
3.27(b), N = 0.049, whereas in the case of Figure 3.29(b), N = 1. Therefore, the value
of the equivalent gain N allows to distinguish whether the poor dynamic tracking is
caused by the linear part or the saturation.

Figures 3.29(c) and 3.29(d) illustrate the case where I3 is large. The indicators
are

I0 = 0, I1 = 0, I2 = 0.977, I3 = 0.756, (3.97)

I0 = 0, I1 = 0, I2 = 1, I3 = 0.252, (3.98)

respectively, and the poor tracking is due to oscillatory response. Again the cause
of oscillation in each case is different and can be differentiated by N . In the case of
Figure 3.29(c), N = 1, and the oscillatory behavior is caused by the linear part of the
system. In the case of Figure 3.29(d), N = 0.192, and the oscillations are caused by
the saturating actuators. In this latter case, the oscillations are associated more with
stability of the system rather than resonance of the feedback loop.

If more than one indicator is large, the tracking is poor due to more than one
reason. For instance, the response of the system in Figure 3.26(c) with input standard
deviation increased by 50% is shown in Figure 3.34. The indicators are

I0 = 1, I1 = 0, I2 = 4.705, I3 = 0.078, (3.99)

and the poor tracking is due to both amplitude limitation and lagging of y.
As described above, the first three indicators I0, I1, and I2 should be examined

first, and if at least one of them is large, then indicator I3, poles of C(s), and the value
of N should be considered in order to further identify the causes of poor tracking.
The diagnostic flowchart, which implements this strategy, is shown in Figure 3.35.
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Figure 3.34. The response of the system in Figure 3.26(c) with σr = 1.5 and � = 10.

Table 3.4. Tracking quality indicators for responses shown in Figures 3.27,
3.29, and 3.34

C(s) has Quality of tracking
pole at or as determined by
close to the diagnostic flow

Figure I0 I1 I2 I3 N s = 0? chart in Figure 3.35

3.27(a) 0 0 0.19 0.02 good
3.27(b) 0 0 0.81 0.01 0.05 lagging (nonlinear)
3.27(c) 0.67 0 0.09 0.02 Yes small TD, windup
3.29(a) 0.27 0.67 0.19 0.01 static

unresponsiveness
3.29(b) 0 0 0.79 0 1 lagging (linear)
3.29(c) 0 0 0.98 0.76 1 Yes oscillatory (linear)
3.29(d) 0 0 1.00 0.25 0.19 oscillatory

(nonlinear)
3.29(e) 1.87 0.02 0.20 0.00 small TD
3.34 1 0 4.71 0.08 0.47 Yes small TD, lagging,

windup

According to our experience, each indicator is considered to be large if

I0 > 0.4, I1 > 0.1, I2 > 0.4, I3 > 0.2, (3.100)

respectively. Table 3.4 summarizes the values of tracking quality indicators for all
systems considered in this chapter.

Note that as the level of saturation α tends to infinity, |TD| approaches infinity
and N approaches one. In this case, the situation becomes similar to the case studied
in Section 3.2, and indicators I1, I2, and I3 are sufficient to predict the quality of
tracking. Furthermore, the dependency of indicators I2 and I3 on σr decreases, and
they reduce to those defined for linear systems in Section 3.2. In this sense, they are
proper extensions of the indicators defined in Section 3.2.

The indicator approach is effective in most cases, however, as explained in
Section 3.2, in some cases, it may not be effective. In such cases, the complete shape
of SRS(�,σr) should be investigated to predict the quality of tracking.



3.3 Quality Indicators for LPNI Systems 101

Start

yesno
I0 large?

No loss of
tracking

due to TD

Poor
tracking

due to TD

yes
no

C(s) has
pole at or close

to s = 0?
No windup Windup

(a)  I0 diagnostics

Start

yesno
I1 large?

Poor tracking
due to static

unresponsiveness

No loss of tracking
due to static

unresponsiveness

(b)  I1 diagnostics

Start

yesno
I2 large?

Dynamic
tracking

poor

yesno
N ~ 1?

Dynamic
tracking
is fine

Oscillation
due to

saturation

Oscillation
due to

linear part

yesno
I3 large?Lagging

response
Oscillatory
response

yesno
N ~ 1?

Lagging
due to

saturation

Lagging
due to

linear part

(c)  I2 and I3 diagnostics

Figure 3.35. Diagnostic flowchart for quality of tracking in systems with saturating actuators.

3.3.4 Application: LPNI Hard Disk Servo Design

In this subsection, the hard disk servo example of Subsection 3.2.4 is revisited with
actuator saturation constraint. The plant is given by (3.72) and the design specifica-
tions remain as in the linear case (with the addition of σr and with SRS(�,σr) used
instead of RS(�)), that is,



102 Analysis of Reference Tracking

Table 3.5. Tracking quality indicators for LPNI
hard disc servo with various levels of actuator
authority

α I0 I1 I2 I3 SRS(692,0.2795)

0.002 0 0 0.8028 0.1158 0.5139
0.004 0 0 0.5497 0.0830 0.0944
0.006 0 0 0.4440 0.0750 0.0616
0.008 0 0 0.3833 0.0633 0.0569
0.01 0 0 0.3427 0.0584 0.0559

1. I1 = 0
2. I2 ≤ 0.35 ∀� < 692 rad/s, ∀σr ≤ 0.2795
3. I3 ≤ 0.1 ∀� < 692 rad/s, ∀σr ≤ 0.2795
4. SRS(�,σr) < 0.0596, ∀� < 692 rad/s, ∀σr ≤ 0.2795

The closed loop response with linear actuator and the controller (3.73) satisfied
the specifications.

Now, we consider the case where the actuator saturation level is given by 0.002,
that is, α = 0.002. Then, with the same controller (3.73), specifications 2 and 3 are
not satisfied: for � = 692 rad/s, the indicators are

I0 = 0, I1 = 0, I2 = 0.8028, I3 = 0.1158. (3.101)

Also, for this system,

SRS(692,0.2795) = 0.5139. (3.102)

These indicators predict (see Figure 3.35(c)) that the system exhibits lagging
behavior. Moreover, since the quasilinear gain is

N = 0.0175, (3.103)

it implies that the lagging response is caused by the saturating actuator (see Figure
3.35(c)). Indeed, Figure 3.36 shows the lagging response and heavily saturated
actuation.

To improve the performance, either the authority of the actuator, α, must be
increased or the controller (3.73) must be redesigned. Although these issues of per-
formance recovery are discussed in details in Chapter 7, below we follow the first
of the above two avenues and select α for which performance specifications 1–4 are
met.

Table 3.5 presents the tracking quality indicators for various values of α in the
LPNI system with plant (3.72) and controller (3.73). Clearly, increasing α leads
to improved performance, and with α = 0.01 all specifications are satisfied. The
corresponding behavior in the time domain is illustrated in Figures 3.37–3.40. Thus,
to ensure the desired performance with controller (3.73), α = 0.01 (or at least 0.008)
should be used.
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Figure 3.36. Tracking in the hard disk servo with actuator saturation α = 0.002.
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Figure 3.37. Tracking in the hard disk servo with actuator saturation α = 0.004.
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Figure 3.38. Tracking in the hard disk servo with actuator saturation α = 0.006.
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Figure 3.39. Tracking in the hard disk servo with actuator saturation α = 0.008.
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Figure 3.40. Tracking in the hard disk servo with actuator saturation α = 0.01.

3.4 Summary

• Unlike the linear case, the type of LPNI systems with saturating actuators
is determined by the plant (rather than loop gain) poles at the origin. The
controller poles at the origin also play a role but only from the point of view
of steady state errors.

• The LPNI systems with saturating actuators have a finite trackable domain
for step inputs, unless the plant has a pole at the origin. Controller poles at
the origin decrease (rather than increase) the trackable domain.

• The variance of the error signal is a poor predictor of the quality of random
reference tracking: for the same error signal variance, the quality of tracking
and reasons for the track loss may be qualitatively different.

• To quantify the quality of random reference tracking in linear systems, the
so-called random sensitivity function, RS(�), is introduced, where � is the
bandwidth of the reference signal. This function plays the same role in track-
ing random references as the usual sensitivity function, S(jω), in tracking
harmonic references.

• Using d.c. gain, bandwidth, and resonance peak/frequency of RS(�), tracking
quality indicators are introduced, which play the same role for predicting the
quality of random signals tracking as the gain and phase margins of S(jω) do
for predicting the quality of deterministic reference tracking.

• Similar developments are carried out for LPNI systems with saturating actu-
ators. In this case, the so-called saturating random sensitivity function,
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C(s) sata(u) P(s)
y

−
u vr e −

d

Figure 3.41. Problem 3.4.

SRS(�,σr), is introduced, which is the random sensitivity function of the cor-
responding stochastically linearized system with the standard deviation of the
reference signal equal to σr .

• The tracking quality indicators, introduced on the basis of d.c. gain, band-
width, and resonance peak of SRS(�,σr), can be used as predictors of and
specification for the quality of random reference tracking in LPNI systems
with saturating actuators.

• Ideologically, the saturated random sensitivity function, SRS(�,σr), trans-
fers the frequency (ω) domain techniques of linear systems to the frequency
(�) domain techniques of LPNI systems: the desired LPNI system tracking
behavior can be ensured by shaping SRS(�,σr).

• The material of this chapter provides a solution of the Analysis problem
introduced in Section 1.2 as far as reference tracking is concerned.

3.5 Problems

Problem 3.1. Determine the type of the system shown in Figure 3.3 with the P(s)
and C(s) given below:

(a) P(s) = 10
s + 0.1

, C(s) = 10;

(b) P(s) = 10
s + 0.2

, C(s) = 10s + 3
s

;

(c) P(s) = 90
s

, C(s) = 1;

(d) P(s) = 1
s(s + 2)

, C(s) = 5s + 1
s

;

(e) P(s) = 0.1
s2 , C(s) = 3s + 1;

(f) P(s) = s + 1
s2 , C(s) = 5.

Problem 3.2. Determine the step, ramp, and parabolic trackable domains for
the systems of Problem 3.1 with α = 1, α = 2, and α = 5.

Problem 3.3. Consider the system of Figure 3.3 withα = 1. For all systems defined
in Problem 3.1, determine the errors in tracking step, ramp, and parabolic reference
signals under the assumption that r0, r1, and r2 belong to their respective trackable
domains.

Problem 3.4. Similar to the trackable domain, the notion of rejectable domain
can be introduced. To accomplish this, consider the LPNI system of Figure 3.41 and
assume that the disturbance, d, is a constant.
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(a) Analyze the steady state value of the error signal e as a function of d for

(i) P(s) = 1
s

, C(s) = 10, α > 0, and r = 0;

(ii) P(s) = 1
s

, C(s) = 10s + 1
s

, α > 0, and r = 0.

(b) Based on this analysis, introduce the notion of rejectable domain and quantify
it in terms of the plant and controller parameters.

Problem 3.5. Consider again the system of Figure 3.41 and assume that r �= 0.
For

P(s) = 1
s

, C(s) = 10s + 1
s

, α > 0, (3.104)

find the ranges of constant r and d for which the steady state value of e is 0.

Problem 3.6. Consider the system of Figure 3.3 and assume that α = 2, and the
plant is the d.c. motor with the transfer function

P(s) = 1
s(s + 1)

. (3.105)

(a) With this motor, design a controller so that the resulting servo tracks ramps
and steps with zero steady state error and evaluate the resulting trackable
domains.

(b) With the controller designed in part (a), simulate the system and plot the
step response for r0 = 1. If necessary, modify the controller to improve the
transient response.

(c) With the controller designed in part (b), simulate the system and plot the
step response for r0 = 50. Suggest further modifications of the controller, if
necessary, to improve the transient response.

Problem 3.7. Consider the reference tracking LPNI system of Figure 3.3 with a
saturating actuator and the plant

P(s) = 3
s + 1

. (3.106)

(a) What is the smallest system type, which is necessary to ensure step tracking
with zero steady state error?

(b) Design a controller and select the smallest level of actuator saturation, which
results in zero steady state error with respect to step inputs having heights up
to r0 = 5.

(c) Can the LPNI system with the above plant, controller, and a saturating
actuator track a ramp input?

Problem 3.8. Consider the LPNI closed loop system of Figure 3.42.

(a) Assume that the actuator and sensor are given by f (u) = u and g(y) = satβ(y),
respectively. Under the assumption that a unique steady state exists, derive
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Figure 3.42. Problems 3.8 and 3.9.

expressions for the steady state errors and trackable domains with respect to
step and ramp reference signals.

(b) Repeat the same problem for f (u) = dz�(u) and g(y) = y, where dz�(·) is
defined by (2.23).

(c) Repeat the same problem for f (u) = satα(dz�(u)) and g(y) = y, where
satα(dz�(·)) is defined by (2.26).

Problem 3.9. Consider the LPNI closed loop system of Figure 3.42 with f (u) =
satα(u) and g(y) = y. Assume that r(t) is a step of size r0. Make any assumption you
wish about the plant and the controller and derive a sufficient condition under which
the system has multiple equilibria.

Problem 3.10. Plot the random sensitivity function RS(�) and calculate R�BW ,
R�r , and RMr of the system shown in Figure 3.11 with F�(s) in (3.47) and G(s) given
below:

(a) G(s) = 5
s(1 + 0.5s)(1 + 0.1s)

;

(b) G(s) = 10
s(1 + 0.5s)(1 + 0.1s)

;

(c) G(s) = 500
(s + 1.2)(s + 4)(s + 10)

;

(d) G(s) = 10(s + 1)

s(s + 2)(s + 10)
;

(e) G(s) = 0.5
s(s2 + s + 1)

;

(f) G(s) = 10(s + 5)

s(s2 + 5s + 5)
.

Problem 3.11. Consider the linear system of Figure 3.11 and assume that

G(s) = K
s

, F�(s) =
√

2�

s +�
. (3.107)

(a) Derive an analytical expression for the random sensitivity function RS(�).
(b) Find the random bandwidth, R�BW , as a function of K; interpret and

rationalize the behavior of R�BW as K increases.
(c) Find the random resonance peak, RMr , as a function of K.
(d) Find the tracking quality indicators I1, I2, and I3, as a function of �.
(e) For K = 1 and � = 2 rad/s, predict the quality of random reference tracking

in this system.
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(f) For K = 1 and � = 2 rad/s, simulate the system and compare the results with
your prediction.

Problem 3.12. Consider the system in Problem 3.11 with

F�(s) = �

s +�
. (3.108)

(a) Derive an analytical expression for the random sensitivity function RS(�).
(b) Compare RS(�) with that of Problem 3.11 part (a).
(c) For � = 10 rad/s, select K so that the quality of tracking is good (i.e., I1, I2,

and I3 are small enough).
(d) Verify by simulations that the quality of tracking is as predicted in part (c).

Problem 3.13. Consider the systems of Problem 3.10.

(a) Compute I1, I2, and I3, for each of the systems as functions of �.
(b) For � = 2 rad/s, predict the quality of random reference tracking.
(c) Simulate the system with � = 2 rad/s and compare the results with your

prediction.

Problem 3.14. Consider a d.c. motor with the transfer function

P(s) = 1
s(s + 1)

(3.109)

and the reference signal generated by filtering standard white noise by

F�(s) = �

s +�
, (3.110)

and � = 10 rad/s.

(a) Design a P-controller for this motor so that the resulting linear servo sys-
tem tracks the reference defined above with the following tracking quality
indicators:

I1 = 0, I2 = 0.1. (3.111)

(b) Simulate this system and verify that the quality of tracking is indeed as
expected.

(c) Using simulations, investigate how this system tracks steps.
(d) Using simulations, investigate how the system tracks “slanted steps” defined

by

u�(t) =


0, t < 0,

t/�, 0 ≤ t ≤ �,

1, t > �.

(3.112)
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Specifically, determine the smallest � for which tracking is good and
investigate how this � relates to �.

(e) Assume now that the motor is, in fact, described by

P(s) = 110
s(s + 1)(s + 10)(s + 11)

. (3.113)

Simulate the system with the controller designed in part (a) and determine if
the idea of dominant poles works for random reference tracking as well.

Problem 3.15. Consider the system of Figure 3.30 with

P(s) = 9
s + 0.13

, C(s) = s + 2
s

, α = 0.2, (3.114)

and F�(s) as given in (3.82).

(a) Plot the saturating random sensitivity function SRS(�,σr).
(b) For σr = 3 and � = 1 rad/s, evaluate I0, I1, I2, and I3 and using the diagnostic

flowcharts, predict the system behavior.
(c) Simulate this system and compare the results with your prediction.

Problem 3.16. Consider the system of Figure 3.30 with

P(s) = 1
s(s + 0.3)

, C(s) = s + 0.2
s + 2

, α = 0.1, (3.115)

and F�(s) as given in (3.82).

(a) Plot the saturating random sensitivity function SRS(�,σr).
(b) For σr = 10 and � = 0.01 rad/s, evaluate I0, I1, I2, and I3 and using the

diagnostic flowcharts, predict the system behavior.
(c) Simulate this system and compare the results with your prediction.

Problem 3.17. Consider the LPNI random reference tracking system in Figure
3.30 with

P(s) = 1
s

, C(s) = K, α = 2, F�(s) =
√

2�

s +�
. (3.116)

(a) Plot the saturating random sensitivity function SRS(�,σr) for K =1, 2, 5,
and 10.

(b) For σr = 1, plot the random bandwidth, SR�BW , as a function of K; interpret
and rationalize the behavior of R�BW as K increases. Compare the results
with Problem 3.11 part (b).

(c) For K =1, 2, 5, and 10, plot the saturating random bandwidth, SR�BW , as a
function ofσr ; interpret and rationalize the behavior of SR�BW as K increases.

(d) Assume that K = 5 and σr = 2. Compute the indicators I0, I1, I2, and I3 for
� = 4 rad/s and predict tracking quality.

(e) Verify by simulations that the quality of tracking is as predicted in part (d).
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Problem 3.18. Consider the LPNI random reference tracking system in Figure
3.30 with

P(s) = 1
s + 1

, C(s) = K(s + 2)

s
, α = 2, F�(s) =

√
2�

s +�
. (3.117)

(a) Plot the saturating random sensitivity function SRS(�,σr) for K =1, 2, 5, and
10. Compare the results with Problem 3.17 part (a).

(b) For K =1, 2, 5, and 10, plot the random bandwidth, SR�BW , as a function of
σr ; interpret and rationalize the results using the notion of trackable domain.
Compare the results with Problem 3.17 part (c).

Problem 3.19. Consider the servo system designed in part (a) of the Problem
3.14, but assume that the actuator is saturating with α = 0.1.

(a) By evaluating I0, I1, I2, and I3 and using the diagnostic flowcharts, predict the
system behavior and draw a likely system trajectory.

(b) Simulate this system and compare with your prediction.
(c) If necessary, redesign the system by selecting a different α so that the behavior

is acceptable.
(d) Using simulations, investigate how this system tracks steps with α selected in

part (c).
(e) Determine the smallest � > 0 for which the tracking of the “slanted" unit step

is good, where the slanted step is defined in (3.112).

Problem 3.20. Consider the system of Figure 3.30 with

P(s) = 10 − s
s(s + 10)

, α = 3, (3.118)

and F�(s) as given in (3.82).

(a) Design a controller such that the resulting servo satisfies

I0 ≤ 0.1, I1 ≤ 0.1, I2 ≤ 0.1, I3 ≤ 0.2, (3.119)

for all σr ≤ 10, and � ≤ 1 rad/s.
(b) Simulate this system for σr = 10 and � = 1 rad/s and compare the results with

your prediction.
(c) Simulate this system for σr = 0.1 and � = 1 rad/s and compare the results with

your prediction.

Problem 3.21. Consider the LPNI closed loop system of Figure 3.43 with

P(s) = 1
s(s + 1)

, C(s) = 2, (3.120)

and F�(s) as given in (3.82).

(a) Compute and plot the random sensitivity function for f (u)=dz�(u)and g(y)=
y, where dz�(·) is defined by (2.23).
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Figure 3.43. Problem 3.21.

(b) Compute and plot the random sensitivity function for f (u) = u and g(y) =
satα(y).
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4 Analysis of Disturbance Rejection in
LPNI Systems

Motivation: Analysis of disturbance rejection is intended to quantify the standard
deviation of the output in closed loop LPNI systems. Unlike the linear case, the usual
Lyapunov equation approach cannot be used for this purpose. Therefore, the first
goal of this chapter is to provide a quasilinear method applicable to systems with
nonlinear instrumentation. While some results in this direction for SISO systems
have been described in Chapter 2, we treat here the MIMO case.

Also, we address the problem of fundamental limitations on achievable distur-
bance rejection in system with saturating actuators. As it is well known, in linear
systems with minimum-phase plants, disturbances can be attenuated to any desired
level. Clearly, this can not be the case in systems with saturating actuators. Therefore,
the second goal of this chapter is to quantify fundamental limitations on distur-
bance rejection in closed loop LPNI systems and characterize tradeoffs between the
authority of the actuators and the achievable disturbance attenuation.

In addition, we present a method for modeling actuators with rate saturation
and show that disturbance rejection analysis in LPNI systems with such actuators
can be reduced to that with amplitude saturation.

Overview: A quasilinear method for output standard deviation evaluation in closed
loop MIMO LPNI systems is developed. The method consists of a Lyapunov equation
coupled with transcendental equations defining the quasilinear gains of actuators
and sensors. An algorithm for solving these equations with any desired accuracy
is provided. Using this method, the achievable level of disturbance rejection as a
function of actuator authority is characterized. In addition, a model of actuators
with rate saturation is provided, and the disturbance rejection problem with these
actuators is discussed.

4.1 Basic Relationships

First, we review the issue of disturbance rejection in SISO LPNI systems and then
extend it to the MIMO case.

114
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4.1.1 SISO Systems

The block diagrams of the disturbance rejection LPNI systems considered in this
chapter are shown in Figure 4.1. The equations for the quasilinear gains for each of
these systems have been derived in Chapter 2. Specifically, they are as follows:

In the case of nonlinear actuator (Figure 4.1(a)):

Na −F
(∥∥∥∥ F�d(s)P(s)C(s)

1 + NaP (s)C (s)

∥∥∥∥
2

)
= 0, (4.1)

where

F (σ ) =
+∞∫

−∞

[
d
dx

f (x)

]
1√
2πσ

exp

(
− x2

2σ 2

)
dx. (4.2)

In the case of nonlinear sensor (Figure 4.1(b)):

Ns −G
(∥∥∥∥ F�d(s)P(s)

1 + NsP (s)C (s)

∥∥∥∥
2

)
= 0, (4.3)

0
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(c) Disturbance rejection with nonlinear actuator and sensor

Figure 4.1. Disturbance rejection LPNI systems.
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where

G (σ ) =
+∞∫

−∞

[
d
dx

g (x)

]
1√
2πσ

exp

(
− x2

2σ 2

)
dx. (4.4)

In the case of nonlinear actuator and sensor simultaneously (Figure 4.1(c)):

Na −F
(∥∥∥∥ F�d(s)P(s)NsC(s)

1 + P (s)NsC (s)Na

∥∥∥∥
2

)
= 0, (4.5)

Ns −G
(∥∥∥∥ F�d(s)P(s)

1 + P (s)NsC (s)Na

∥∥∥∥
2

)
= 0, (4.6)

where F and G are defined in (4.2) and (4.4), respectively.

In state space form, the disturbance rejection problem in LPNI systems has been
addressed in Subsection 2.2.7 resulting in the quasilinear gain equations

Na = F
(√

C1R(Na,Ns)CT
1

)
(4.7)

and

Ns = G
(√

C2R(Na,Ns)CT
2

)
(4.8)

to be solved simultaneously with Lyapunov equation (2.86) for R(Na,Ns).

As stated in Theorem 2.2, under Assumption 2.1, each of the above equations has
a solution, which can be found, with any desired accuracy, using Bisection Algorithm
2.1. In some special circumstances, the solution may not be unique (see Subsection
2.2.6). However, most often it is indeed unique and, thus, defines the output variance
σŷ, which can be calculated using a Riccati equation for the resulting quasilinear
system. When the solution is not unique, each of these solutions defines an output
variance, and the disturbance rejection properties can be characterized by the largest
of these variances.

Equations (4.1)–(4.8) provide basic relationships for calculating the output vari-
ance in SISO LPNI systems. In the following Subsection, these relationships are
extended to MIMO systems.

4.1.2 MIMO Systems

In this subsection, we derive quasilinear gain equations for MIMO LPNI systems in
the general case, that is, with nonlinear actuators and sensors simultaneously. The
specific cases of nonlinear actuator or nonlinear sensor can be obtained by setting
appropriate gains equal to unity.

Consider the system shown in Figure 4.2. The signals u ∈ Rnu , y ∈ Rny , and
ym ∈ Rny are the control input, plant output, and measured output, respectively; w1 ∈
Rnw1 , w2 ∈ Rnw2 , and w3 ∈ Rnw3 are the disturbance and noise signals, respectively;
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C (s)
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w2

w3
ym

D̃21

Figure 4.2. Disturbance rejection in MIMO systems with nonlinear actuator and sensor.

z ∈ Rnz is the controlled output; v ∈ Rnu is the output of the actuator nonlinearity;
and ỹ ∈ Rny is the input of the sensor nonlinearity. The transfer matrices P(s) ∈
R(nz+ny)×(nw1+nu), C(s) ∈ Rnu×ny , A(s) ∈ Rnu×nu , and S(s) ∈ Rny×ny represent the
plant, controller, actuator, and sensor dynamics, respectively; and F1(s) ∈ Rnw1×nw1

and F2(s) ∈ Rny×ny represent the coloring filters. The matrix D̃21 represents a direct
noise perturbation on the measured output ym. The functions f (·) and g(·) are the
actuator and sensor nonlinearities, respectively.

We assume that w1, w2, and w3 are zero-mean standard uncorrelated Gaussian
white noise processes. This does not restrict generality since such normalizations can
be carried out by appropriately scaling the coloring filters.

For the nonlinearities f (u) and g(ỹ), we assume that

f (u) =
 f1(u1)

...
fnu(unu)

 (4.9)

and

g(ỹ) =
 g1(ỹ1)

...
gny(ỹny)

 , (4.10)

respectively.
Combining the transfer functions of the plant, actuator, sensor, and coloring

filters together, and assuming there are no direct transmission terms from w and u
to ỹ, z, and y, the system in Figure 4.2, excluding the controller, can be represented
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by the generalized plant

ẋG = AxG + B1w + B2f (u),

z = C1xG,

ỹ = C2xG,

ym = g(ỹ)+ D21w,

(4.11)

where xG(t) ∈ RnG is the state of the generalized plant, u(t) ∈ Rnu is the control input,
z(t) ∈ Rnz is the controlled output, w(t) = [wT

1 (t) wT
2 (t) wT

3 (t)]T ∈ Rnw1+nw2+nw3 is
the disturbance, ym(t) ∈ Rny is the measured output, and A, B1, B2, C1, C2, and
D21 = [0 0 D̃21] are real matrices of appropriate dimensions.

As far as the controller C(s) is concerned, we assume that it is dynamic output
feedback with realization

ẋC = MxC − Lym,

u = KxC ,
(4.12)

where xC(t) ∈ RnC is the state of the controller and M, L, and K are real matrices of
appropriate dimensions.

The disturbance rejection performance of the closed loop system (4.11), (4.12)
is measured by

σz =
√

lim
t→∞E{zT (t)z(t)}. (4.13)

Since the steady state covariance matrix of z is given by

�2
zz = lim

t→∞E{z(t)zT (t)}, (4.14)

it follows that σz can be expressed as

σz =
√

tr(�2
zz), (4.15)

where tr is the trace operator. Introducing the matrix

�z = diag{�zz}, (4.16)

σz can be also expressed as

σz =
√

tr(�2
z). (4.17)

With a slight abuse of notations, we will refer to the scalar σz as the standard deviation
of the vector z.

Combining the generalized plant (4.11) with the output feedback controller
(4.12), the closed loop system shown in Figure 4.2 is described by the state space
equations

ẋG = AxG + B2f (KxC)+ B1w,

ẋC = MxC − Lg(C2xG)− LD21w,

z = C1xG.

(4.18)
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Application of stochastic linearization to (4.18) yields the quasilinear system

˙̂xG = Ax̂G + B2NaKx̂C + B1w,

˙̂xC = Mx̂C − LNsC2x̂G − LD21w,

ẑ = C1x̂G,

(4.19)

where Na is a diagonal matrix representing the equivalent gains of f (u):

Na = diag{F1(σû1), · · · ,Fnu(σûnu
)} := F(�û) (4.20)

and Ns is a diagonal matrix representing the equivalent gains of g(ỹ):

Ns = diag{G1(σ ˆ̃y1
), · · · ,Gny(σ ˆ̃yny

)} := G(� ˆ̃y). (4.21)

Defining

Ã =
[

A 0
0 M

]
, Ñ =

[
Na 0
0 Ns

]
,

B̃1 =
[

B1

−LD21

]
, C̃1 =

[
C1 0

]
,

B̃2 =
[

B2 0
0 −L

]
, C̃2 =

[
0 K

C2 0

]
,

(4.22)

the system in (4.19) can be finally written as

˙̂x = (Ã + B̃2ÑC̃2)x̂ + B̃1w,
ẑ = C̃1x̂,

(4.23)

where x̂ =
[

x̂T
G x̂T

C

]T
is the state of the plant and controller.

Theorem 4.1. Consider the LPNI system (4.18) and assume that the processes
u, y, and z are stationary. Then, the stochastic linearization estimate of the standard
deviation of z is

σẑ =
√

tr(C̃1P̃C̃T
1 ), (4.24)

where P̃ together with Ñ satisfy the system of equations

(Ã + B̃2ÑC̃2)P̃ + P̃(Ã + B̃2ÑC̃2)
T + B̃1B̃T

1 = 0, (4.25)

Ñ − diag{F(�û),G(� ˆ̃y)} = 0, (4.26)

provided that these equations have a unique solution.

Proof. See Section 8.3.
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+

+P̃22(s)

P̃21(s)

P̃12(s)

P̃11(s) y1

y2

ṽ1

v2˜

Figure 4.3. MIMO plant for Example 4.1.

A multivariable bisection algorithm analogous to Bisection Algorithm 2.1 can be
used to solve the above system of equations. An alternative algorithm to accomplish
this is the multivariable Newton iteration.

Example 4.1. Consider the two-input two-output plant shown in Figure 4.3,
where ṽ1 and ṽ2 are the inputs and y1 and y2 are the outputs, and assume that

P̃11(s) = 1
s + 1

, P̃12(s) = 0.1
s + 1

, P̃21(s) = 0.15
2.5s + 1

, P̃22(s) = 1.5
2.5s + 1

. (4.27)

Thus,

P̃(s) =
[

P̃11(s) P̃12(s)

P̃21(s) P̃22(s)

]
=


1

s + 1
0.1

s + 1
0.15

2.5s + 1
1.5

2.5s + 1

 . (4.28)

A Gilbert realization of P̃(s) is[
ẋP̃1

ẋP̃2

]
=
[

−1 0
0 −0.4

][
xP̃1

xP̃2

]
+
[

1 0
0 1

][
ṽ1

ṽ2

]
,[

y1

y2

]
=
[

1 0.1
0.06 0.6

][
xP̃1

xP̃2

]
,

(4.29)

where xP̃1
and xP̃2

are the states of the plant.
Assume that the plant is controlled by two saturating actuators, and the plant

inputs are disturbed by input disturbances as shown in Figure 4.4. The signals u1

and u2 are the inputs of the actuators; v1 and v2 are the outputs of the actuators;
and d1 and d2 are the disturbances. The disturbances d1 and d2 are modeled as
colored processes obtained by filtering the standard white noise processes w11 and
w12 through the filters F11(s) and F12(s), respectively. For simplicity, it is assumed
that

F11(s) = 5/2
5s + 1

(4.30)

and

F12(s) = 5/3
10/3s + 1

. (4.31)
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Moreover, the actuator dynamics are assumed fast enough so that they can be
neglected (i.e., A1(s) = 1 and A2(s) = 1). Note that a realization of F11(s) is

ẋF1 = −0.2xF1 +w11,

d1 = 0.5xF1 ,
(4.32)

where xF1 is the state of the filter F11(s), and a realization of F12(s) is

ẋF2 = −0.3xF2 +w12,

d2 = 0.5xF2 ,
(4.33)

where xF2 is the state of the filter F12(s).
Next, assume that y1 and y2 are measured using two saturating sensors, and the

sensor outputs are corrupted by noise processes n1 and n2, resulting in measured
outputs ym1 and ym2 , as shown in Figure 4.4. For simplicity, we assume that

n1 = 0.04w31 (4.34)

and

n2 = 0.03w32. (4.35)

Finally, to quantify disturbance rejection performance of the system, the
controlled outputs z1 and z2 are introduced as shown in Figure 4.4. Thus,

z1 = y1 (4.36)

and

z2 = y2. (4.37)

+

+
y2

ym2

ym1y1

z2

z1

ṽ1+

+

+

+

v1

v2 d2

d1

u1

u2

w11 w31

w32w12

sat(·)

sat(·)

sat(·)

sat(·)

0.03

0.04F11(s)

F12(s)

P̃11(s)

P̃12(s)

P̃21(s)

P̃22(s)
v2˜

Figure 4.4. Generalized MIMO plant for Example 4.1.
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Note that the standard deviation of z =
[

z1 z2

]T
is given by

σz =
√

σ 2
z1

+σ 2
z2

. (4.38)

The transfer matrices in Figure 4.2 can be easily calculated from the data
presented above. Indeed, these transfer matrices are

P(s) =


P̃11(s) P̃12(s) P̃11(s) P̃12(s)
P̃21(s) P̃22(s) P̃21(s) P̃22(s)
P̃11(s) P̃12(s) P̃11(s) P̃12(s)
P̃21(s) P̃22(s) P̃21(s) P̃22(s)

, (4.39)

F1(s) =
[

F11(s) 0
0 F12(s)

]
, (4.40)

F2(s) =
[

F21(s) 0
0 F22(s)

]
, (4.41)

A(s) =
[

1 0
0 1

]
, (4.42)

and

S(s) =
[

1 0
0 1

]
. (4.43)

Combining (4.29), (4.32), (4.33), (4.34), (4.35), (4.36), and (4.37), the generalized
plant state space equation can be written as


ẋP̃1

ẋP̃2

ẋF̃1

ẋF̃2

=


−1 0 0.5 0

0 −0.4 0 0.5
0 0 −0.2 0
0 0 0 −0.3




xP̃1

xP̃2

xF̃1

xF̃2



+


0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0




w11

w12

w21

w22

+


1 0
0 1
0 0
0 0


[

sat(u1)

sat(u2)

]
,
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[
z1

z2

]
=
[

1 0.1 0 0
0.06 0.6 0 0

]
xP̃1

xP̃2

xF̃1

xF̃2

,

[
ym1

ym2

]
=
[

sat(y1)

sat(y2)

]
+
[

0 0 0.04 0
0 0 0 0.03

]
w11

w12

w21

w22

,

[
y1

y2

]
=
[

1 0.1 0 0
0.06 0.6 0 0

]
xP̃1

xP̃2

xF̃1

xF̃2

, (4.44)

which is in the form (4.11).
The open loop standard deviation of z is σz = 1.0360. By ignoring the satura-

tions both in the actuators and sensors, a controller is designed to attenuate σz to
approximately 10% of the open loop value. The resulting controller has the form
(4.12) with

M =


−103.7154 −8.6974 0.0061 −0.0005

−8.7844 −64.0333 −0.0009 0.0059
−22.9993 −2.0007 −0.2000 0.0000
−2.3499 −17.5289 0.0000 −0.3000

,

L =


−3.9106 0.3178

0.0936 −6.3501
−23.0296 0.5038
−0.6031 −29.1144

,

K =
[

−98.8238 −8.4970 −0.4939 −0.0005
−8.4970 −59.8326 −0.0009 −0.4941

]
,

(4.45)

and achieves σz = 0.0994 in the absence of saturations. To investigate the perfor-
mance degradation in the presence of saturating actuators and sensors, we apply the
multivariable Newtown algorithm, which yields σẑ = 0.1638, that is, 65% degrada-
tion. Using simulation, the actual value of the standard deviation of z is calculated
as σz = 0.167. Clearly, the predicted standard deviation agrees well with its actual
value. The equivalent gains are

Na =
[

0.2495 0
0 0.3957

]
, Ns =

[
1.0000 0

0 1.0000

]
(4.46)

and they indicate that the actuators saturate quite often, while the sensors do not.
As one can see, the linear design does not work well with nonlinear instrumentation,
and to ensure the desired performance, either the controller or the instrumentation
must be modified. These issues are addressed in Chapters 6 and 7.
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4.2 Fundamental Limitations on Disturbance Rejection

The disturbance rejection capabilities of linear feedback systems are well known: If
the plant is minimum phase, the output variance can be reduced to any desired level;
if the plant is non-minimum phase, the disturbance rejection capabilities are limited,
that is, there exists a fundamental bound on the achievable disturbance rejection
defined by the locations of the plant non-minimum phase zeros.

What are disturbance rejection capabilities of LPNI systems? This is the question
addressed in this section. Intuitively, it is clear that these capabilities may be limited
even for minimum phase plants. Indeed, if the actuator is, for example, saturating,
bounded inputs might not be sufficient to combat disturbances, leading to an effect
similar to non-minimum phase plants. Below, we provide a quantification of this
phenomenon. The approach is based on linear matrix inequalities (LMI).

Consider the SISO LPNI system of Figure 4.5. It differs from the standard con-
figuration of Figure 4.1(a) in that the full state vector, x, is used for feedback (rather
than the scalar output, y). If one proves that there is a finite bound on the distur-
bance rejection capabilities under state space feedback, Kx, where K is the vector of
feedback gains, one would conjecture that this bound holds for any output feedback,
including dynamic ones. For simplicity, we assume also that the disturbance is the
(unfiltered) white noise process.

The state space description of this system can be given as follows:

ẋ = Ax + Bsatα(Kx)+ Bw,
y = Cx,

(4.47)

where x ∈ Rn is the state and constant matrices A, B, and C are of appropriate
dimensions. The stochastically linearized version of this system is

˙̂x = (A + BNK)x̂ + Bw,
ŷ = Cx̂,

(4.48)

where

N = erf
(

α√
2σû

)
, (4.49)

σû =
√

KPKT , (4.50)

and P = PT > 0 satisfies

(A + BNK)P + P(A + BNK)T + BBT = 0. (4.51)

0
C(s) sata(·) P(s)

w

y
−

+u ve
d

x

Figure 4.5. LPNI disturbance rejection systems with state space feedback.
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While the output variance of this system, σŷ, can be analyzed using the method
of Section 2.2, it can be also investigated using the LMI approach, as stated in the
following:

Theorem 4.2. System (4.48) has σŷ less than or equal to γ if and only if there exists
Q ∈ Rn×n, Q = QT > 0 such that

(A + BNK)Q + Q(A + BNK)T + BBT ≤ 0,
CQCT − γ 2 ≤ 0.

(4.52)

Proof. See Section 8.3.

In addition, the LMI approach can be used to investigate fundamental limitations
of the disturbance rejection. This is based on the following:

Theorem 4.3. Consider system (4.48) subject to (4.49)–(4.51). There exists K such
that σŷ is less than or equal to γ if and only if there exists Y ∈ R1×n and P̄ ∈ Rn×n,
P̄ = P̄T > 0 such that  2α2

π
Y

YT P̄

> 0, (4.53)

AP̄ + P̄AT + BY + YTBT + BBT ≤ 0, (4.54)

CP̄CT − γ 2 ≤ 0. (4.55)

Proof. See Section 8.3.

Using this theorem, the saturation level α can be minimized subject to the LMI
(4.53)–(4.55) for a given performance specification γ . This allows us to construct a
tradeoff locus, or feasibility boundary in the (γ ,α)-plane, below which it is impossible
to find a state feedback that satisfies the given level of performance for a given
saturation level.

To illustrate the tradeoff locus, consider system (4.48) with

A =
[

0 1
−2 −3

]
, B =

[
0
1

]
, C = [1 − 2]. (4.56)

Then using (4.53)–(4.55) and the MATLAB LMI toolbox, we calculate the minimum
achievable α, αmin, for γ ∈ [0.1,1]. The result is shown in Figure 4.6. As expected,
αmin is a monotonically decreasing function of γ , with αmin = 0 for γ ≥ γOL, where
γOL is the open loop σŷ.

4.3 LPNI Systems with Rate-Saturated Actuators

In this section, we model rate-saturated actuators, define the notion of their band-
width, and develop a method for LPNI system analysis with such actuators. The latter
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Figure 4.6. Tradeoff locus for example system (4.56).
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ū

Figure 4.7. Rate-saturated actuator model.

is accomplished by reducing the closed loop LPNI system with rate-saturated actuator
to an equivalent LPNI system with amplitude saturation.

4.3.1 Modeling Rate-Saturated Actuators

Sometimes, actuators are used in a servo configuration to obtain a desired dynamic
characteristic, and to reduce the nonlinear effects due to friction and material prop-
erties. Assuming that the sensor used in forming the servo connection has unity gain,
such a servo actuator can be modeled as the block diagram shown in Figure 4.7, where
ū and v̄ are the input and output of the servo, respectively. In the control literature,
the actuator model shown in Figure 4.7 is often referred to as a rate-saturated or
rate-limited actuator, especially when A(s) = 1/s. To simplify the presentation, we
assume throughout this section that

A(s) = 1
s

. (4.57)

To illustrate the effect of rate saturation, the system in Figure 4.7 is simulated
using a triangular input with three frequencies 0.01 Hz, 0.1 Hz, and 1 Hz. The out-
put of the system, together with its input, are shown in Figure 4.8. Obviously, as
the frequency of the input increases, the effect of rate saturation becomes more
pronounced.
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Figure 4.8. Response of a rate-saturated actuator.

4.3.2 Bandwidth of Rate-Saturated Actuators

In the control literature, it is common to refer to the bandwidth of actuators that
are subject to saturation. However, what is meant by this is almost never specified.
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Below, we use the method of stochastic linearization to give a bandwidth defini-
tion for systems subject to saturation. Although the definition is applicable to any
given system, the presentation can be best illustrated by the rate-saturated actuator
described above.

Consider the rate-limited actuator model shown in Figure 4.7. The bandwidth of
this system can be defined as the maximum frequency at which the output v̄ agrees
with the input ū in a certain sense. Assuming that ū is a zero-mean wss Gaussian
process, we can apply stochastic linearization to this system. Denoting the stochastic
linearization estimate of v̄ by ˆ̄v, it follows that the transfer function from ū to ˆ̄v is

H(s) = N
s + N

, (4.58)

where N is the equivalent gain of sat(u). Using this transfer function, the power
spectral density of v̄ can be estimated as

Sv̄(ω) � S ˆ̄v(ω) = |H(jω)|2Sū(ω). (4.59)

Hence, the bandwidth of the stochastically linearized system is an estimate of the
bandwidth of the original nonlinear system.

Based on this discussion, we define the bandwidth of the rate-saturated actuator
as the 3dB bandwidth of H(s), which is equal to ωBN = N . Note that the introduced
bandwidth ωBN is a decreasing function of the variance of ū.

The bandwidth of any linear system with nonlinear instrumentation can be
defined similarly.

4.3.3 Disturbance Rejection in LPNI Systems with Rate-Saturated Actuators

An LPNI system containing a rate-saturated actuator can be easily converted into
an equivalent system that contains only an amplitude-saturated actuator. Below, we
illustrate this analysis method for the case of the disturbance rejection problem. The
development for the tracking problem is similar.

Consider the plant P(s) controlled by the controller C(s) through a rate-saturated
actuator as shown in Figure 4.9. The signals w ∈ Rnw , ū ∈ R, u ∈ R, v ∈ R, v̄ ∈ R,
z ∈ Rnz , and y ∈ R are the disturbance/noise, input to the rate-saturated actuator,
input of the saturation, output of the saturation, control input, controlled output,
and measured output, respectively. Similar to the previous sections, we assume that
the plant P(s) has the representation

ẋG = AxG + B1w + B2v̄,

z = C1xG + D12ū,

y = C2xG + D21w,

(4.60)
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Figure 4.9. Disturbance rejection with rate-saturated actuator.

where xG ∈ RnxG is the state of the plant, and the controller C(s) has the
representation

ẋC = MxC − Ly,

ū = KxC ,
(4.61)

where xC ∈ RnxC is the state of the controller.
Combining the above equations, it follows that

ẋG = AxG + B2xA + B1w,

ẋC = MxC − LC2xG − LD21w,

ẋA = f (KxC − xA),

z = C1xG + D12KxC ,

u = KxC − xA,

(4.62)

where xA ∈ R is the state of the rate-saturated actuator. Applying the method of
stochastic linearization, we obtain a set of equations similar to (4.23): ˙̂xG˙̂xC˙̂xA

=
 A 0 B2

−LC2 M 0
0 NK −N


 x̂G

x̂C

x̂A

+
 B1

−LD21

0

w,

ẑ =
[

C1 D12K 0
] x̂G

x̂C

x̂A

 ,

û =
[

0 K −1
] x̂G

x̂C

x̂A

 ,

(4.63)

where N can be computed as in Theorem 4.1. Hence, systems with rate-saturated
actuators can be analyzed using the method developed above for systems with
amplitude-saturated actuators.

Example 4.2. Consider the control system shown in Figure 4.10 and assume that

P(s) = 1
s + 1

, F(s) = 2
s + 1

, C(s) = 1.5
0.2s + 1

. (4.64)
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1/ssat(·)
v v̄u

−

ū

−
C(s) P(s)

w

z

y

F(s)

Figure 4.10. System for Example 4.2.

Combining the states of all subsystems and letting z = y, this system can be put
into the standard state space form as

ẋG =


−1 0 1 1

−7.5 −5 0 0
0 0 0 0
0 0 0 −1

xG +


0
0
0
2

w +


0
0
1
0

sat(u),

z =
[

1 0 0 0
]

xG,

y =
[

1 0 0 0
]

xG,

u =
[

0 1 −1 0
]

xG.

(4.65)

The open loop standard deviation of z is 1. Applying Bisection Algorithm 2.1 with
ε = 1×10−6 to this system, we obtain σẑ = 0.7071 and N = 0.8247. Using simulation,
standard deviation of z is estimated as σz = 0.719. For comparison, if the actuator is
used as an amplitude-saturated actuator instead of rate-saturated one, then it turns
out that σẑ = 0.9406 and N = 0.5326. The time traces of y and u for both cases are
shown in Figure 4.11.

Clearly, in this example, the performance with the rate-saturated actuator is
better than that with the amplitude-saturated actuator. However, this is not always
the case. To illustrate this point, the filter F(s) is changed to

F(s) = 4.69
10s + 1

. (4.66)

Again, the open loop standard deviation of z is 1, but σẑ = 0.4450 with the rate-
saturated actuator and σẑ = 0.3146 with the amplitude-saturated actuator. The
corresponding N values are N = 0.9999 and N = 0.9702, respectively. The time
traces of y and u are shown in Figure 4.12.

4.4 Summary

• The disturbance rejection problem in MIMO LPNI systems can be solved
using a Ricatti equation coupled with transcendental equations for the
quasilinear gains.
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(a) Time traces of y(t)

(b) Time traces of u(t)
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Figure 4.11. Time traces of y(t) and u(t), F(s) = 2
s + 1

.

• The disturbance rejection capabilities of LPNI systems with saturating actua-
tors are fundamentally limited, even when the plant is minimum phase. These
limitations can be quantified using a linear matrix inequality approach.

• The analysis of LPNI systems with rate saturation can be reduced to the
analysis of LPNI systems with amplitude saturation.

• The material included in this chapter provides a solution of the Analysis
problem introduced in Section 1.2 as far as disturbance rejection is concerned.
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(a) Time traces of y(t)

(b) Time traces of u(t)
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Figure 4.12. Time traces of y(t) and u(t), F(s) = 4.69
10s + 1

.

4.5 Problems

Problem 4.1. Consider the system of Example 4.1 with the only difference that
the plant is given by

P̃11(s) = 1
2s + 1

, P̃12(s) = 0.1
2s + 1

, P̃21(s) = 0.15
5s + 1

, P̃22(s) = 1.5
5s + 1

.
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(a) Calculate the open loop standard deviation of z
(b) Assuming that the actuators and the sensors are linear, design a linear

controller that attenuates σz to about 10% on the open loop value.
(c) Assuming that the actuators and the sensors are saturating as in Figure 4.4,

calculate σẑ and comment on the resulting performance degradation.

Problem 4.2. Consider the system (4.47) with A, B, and C given by:

A =
[

0 1
−5 −2

]
, B =

[
0
1

]
, C = 25.

(a) Using Theorem 4.3, analyze the fundamental limitations on disturbance
rejection when the actuator is the standard saturating function.

(b) Calculate the trade-off locus for this system (similar to that of Figure 4.6).

Problem 4.3. Consider the system of Example 2.3 and assume that the rate-
saturated actuator of Figure 4.7 is used instead of the amplitude-saturated actuator
of Figure 2.8(a). Based on the method of Section 4.3, calculate the standard deviation
σŷ and compare it with that derived in Example 2.3.

4.6 Annotated Bibliography

The material of Section 4.1 is based on the following:

[4.1] C. Gokcek, P.T. Kabamba and S.M. Meerkov, “Disturbance rejection in
control systems with saturating actuators,” Nonlinear Analysis – Theory,
Methods & Applications, Vol. 40, pp. 213–226, 2000

For the analysis of fundamental limitations on disturbance rejection in LPNI
systems using LMIs, see the following:

[4.2] P.T. Kabamba, S.M. Meerkov and C.N. Takahashi, “LMI approach to
disturbance rejection in systems with saturating actuators,”University of
Michigan Control Group Report, No. CGR10-03, 2010



5 Design of Reference Tracking Controllers for
LPNI Systems

Motivation: In designing linear feedback systems, tracking quality specifications are
typically mapped into admissible domains in the complex plane and then the root
locus technique is used to synthesize a controller that places closed loop poles in
the desired locations. This methodology motivates the first goal of this chapter: to
generalize the notion of admissible domains and the root locus technique to LPNI
systems. Accomplishing this goal leads to a quasilinear method for PID controller
design.

Overview: A technique for mapping the random reference tracking quality indi-
cators, introduced in Chapter 3, into admissible domains on the complex plane is
introduced (Section 5.1). Next, the root locus method for systems with saturating
actuators is developed (S-root locus, Section 5.2). It turns out that the S-root locus is
a subset of the usual root locus typically terminating prior to the open loop zeros. A
method for calculating these termination points is provided. In addition, we equip
the S-root locus with the so-called truncation points, which define its segments where
tracking without amplitude truncation is possible.

5.1 Admissible Pole Locations for Random Reference Tracking

5.1.1 Scenario

In linear Control Theory, admissible domains for tracking deterministic references
are defined using the classical “quality indicators,” that is, overshoot and settling,
rise, and delay times. In this section, we develop a similar approach for tracking
random references. The system addressed is shown in Figure 5.1, where, as before,
P(s) and C(s) are the plant and controller, respectively, and F�(s) is the coloring
filter.

More specifically, instead of the overshoot, settling time, and so on, we use the
quality indicators for tracking random references introduced in Section 3.2:

I1 = Rdc (5.1)

134
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FΩ(s) P(s)wr −

y
C(s)

r e u

Figure 5.1. Tracking control system with a random reference.

I2 = �

R�BW
, (5.2)

I3 = min
{

RMr − 1,
�

R�r

}
. (5.3)

Here Rdc, R�BW , RMr , and R�r are the d.c. gain, bandwidth, resonance peak and
resonance frequency of the random sensitivity function, that is,

Rdc = lim
�→0

RS(�), (5.4)

R�BW = min{� : RS(�) = 1/
√

2}, (5.5)

R�r = argsup
�>0

RS(�), (5.6)

RMr = sup
�>0

RS(�), (5.7)

where

RS (�) = ‖F�(s)S(s)‖2 (5.8)

if ‖F�(s)‖2 = 1 or

RS (�) = ‖F�(s)S(s)‖2

‖F�(s)‖2
(5.9)

if ‖F�(s)‖2 �= 1, and S(s) is the usual sensitivity function:

S(s) = 1
1 + C(s)P(s)

. (5.10)

As discussed in Chapter 3, I1 describes static unresponsiveness; I2 characterizes
dynamics of the response (large I2 implies lagging or oscillatory behavior); and I3 dis-
criminates between the latter two phenomena (large I3 implies excessive oscillations).
Indicators I1–I3 can be evaluated either numerically or analytically as described in
Subsection 3.2.4.
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As for the dynamic blocks of Figure 5.1, we assume that

C(s)P(s) = ω2
n

s (s + 2ζωn)
(5.11)

and

F�(s) =
√

3
�

(
�3

s3 + 2�s2 + 2�2s +�3

)
. (5.12)

Due to (5.11), the closed loop transfer function in Figure 5.1 is

T(s) = ω2
n

s2 + 2ζωns +ω2
n

, (5.13)

that is, a prototype second order system with natural frequency ωn and damping ratio
ζ . Since the sensitivity function for this system is

S (s) = s2 + 2ζωns
s2 + 2ζωns +ω2

n
, (5.14)

it follows from (5.9) that the random sensitivity function is a function of ωn and ζ as
well as �, that is,

RS = RS(�,ωn,ζ ). (5.15)

Moreover, it is easy to see that RS depends, in fact, not on ωn and � separately but
on their ratio, that is,

RS (�,ωn,ζ ) = RS
(

�

ωn
,ζ
)

. (5.16)

Indeed, using the substitution

ω = �ω̂, (5.17)

expression (5.8) can be rewritten as

RS (�/ωn) =
√√√√∫ ∞

−∞
3

2π

∣∣∣∣∣ �
(
jω̂
)

(1 − 2ω̂2)+ j(ω̂3 + 2ω̂)

∣∣∣∣∣
2

dω̂, (5.18)

where

�
(
jω̂
)= −ρ2ω̂2 + j2ζρω̂

(1 −ρ2ω̂2)+ j2ζρω̂
(5.19)

and

ρ = �

ωn
. (5.20)

The quantity �/ωn is referred to as the dimensionless bandwidth. Below, we
denote the random sensitivity function either as RS(�) or as RS(�/ωn), depending
on the issue at hand.
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5.1.2 Admissible Domains for Random Reference Tracking by
Prototype Second Order System

As it follows from the above, the admissible pole domain for tracking random
references is the intersection of two sets in the s-plane, defined by the inequalities

I2 ≤ γ , (5.21)

I3 ≤ η, (5.22)

where γ and η are sufficiently small positive constants. Clearly, the boundaries of
these sets are level curves of I2 and I3. Below, these level curves are constructed.

Admissible domains from the point of view of I2: Assume that the closed loop trans-
fer function (5.13) has poles s1,s2 = σ ± jω, σ < 0. We are interested in studying the
behavior of I2 as a function of σ and ω.

In order to make the level curves of I2 independent of �, using the normalization
introduced in Subsection 5.1.1, we view I2 as a function of “dimensionless” pole
locations (σ/�)± j(ω/�). Figure 5.2 depicts these level curves, calculated using the
method described in Subsection 3.2.3.

Thus, all poles located to the left of the curve I2 = γ , where γ is sufficiently
small, result in acceptable tracking quality. It has been shown in Subsections 3.2.4
and 3.3.3 that γ ≤ 0.4 generally leads to good behavior. Clearly, the smaller γ , the
better the quality of tracking. Nevertheless, some amount of quality degradation
always occurs and, as mentioned in Subsection 3.2.4, can be due to either dynamic
lagging or excessive oscillations. To prevent the latter, it is necessary to amend the
admissible domain with a specification on I3.

30

20

10

0

–10

–20

jv
/�

–30
–30 –25 –20 –15 –10

0.05

0.05

0.05

0.05

0.05

0.1

0.1

0.1

0.2

0.2

0.05

–5
s/�

0.
1

Figure 5.2. Level curves of I2.
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Figure 5.3. Level curves of I3.

Admissible domains from the point of view of I3: Figure 5.3 presents the level curves
of I3 in the above normalized coordinates. Since these level curves are almost radial
straight lines, it follows that, as the damping ratio ζ of the closed loop poles decreases,
the value of I3 increases. Such an increase implies the appearance of oscillations in
the output response (see, for instance, Figure 5.4, which shows the tracking quality
for various values of I3 with the same error standard deviation σe = 0.1). Therefore,
it is of importance to determine the values of η in (5.22) that lead to acceptable
oscillatory properties of tracking. This can be accomplished by ensuring that the
sensitivity function, S(s), does not amplify spectral components beyond the input
bandwidth �. For that purpose, a design rule can be inferred from the magnitude
characteristic of S(s) for the prototype second order system. We restrict S(s) to a
peak of no more than 5dB, which corresponds to a value of ζ = 0.3. This, in turn,
corresponds to a value of I3 = 0.3.

Complete admissible domain: The complete admissible domain now becomes the
intersection of the regions defined by

I2 ≤ γ ,I3 ≤ η, (5.23)

where γ ≤ 0.4 and η ≤ 0.3. For the reference signal with � = 1 and for γ = 0.1 and
η = 0.3, the complete admissible domain is illustrated in Figure 5.5. Of immediate
note are the similarities between Figure 5.5 and the classical desired region for the
tracking of step references. Indeed, the requirement on I2 is analogous to the classical
requirement on rise time, while that on I3 can be correlated with percent overshoot.
Nevertheless, quantitatively the two domains are different.

Figure 5.6 illustrates the relationship between I2 and σe when the standard devi-
ation of the reference signal σr = 1 and ζ = 1. Clearly, for I2 < 0.25 this relationship is



5.1 Admissible Pole Locations 139

0 5 10 15 20
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

 

 

0 5 10 15 20
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
I3 = 0.2

I3 = 0.4

I3 = 0.8

Time (s)

Time (s)

Time (s)

 

 

0 5 10 15 20
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

 

 

r(t)

y(t)

r(t)

y(t)

r(t)

y(t)

Figure 5.4. Tracking quality for various values of I3, with σe = 0.1.



140 Design of Reference Tracking Controllers

30

20

10

0

–10

–20

–30
–30 –25 –20 –15 –10

0.1

0.1

0.
1

0.1

0.3

0.3

0.3

–5

jv
/�

s/�

Figure 5.5. Admissible domain for I2 < 0.1, I3 < 0.3, � = 1.

0 0.1

I2

0.2 0.3 0.4
se

0.5 0.6 0.7 0.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 

 

Figure 5.6. Illustration of I2(σe) for σr = 1, ζ = 1.

approximately linear with unit slope (i.e., I2 = σe). Repeating this numerical analysis
for various values of ζ , it is possible to ascertain that, for σe < 0.25, if I2 = γ , then
the following takes place:

σe ≤ γ σr . (5.24)

Hence, I2 ≤ γ implies that the standard deviation of the tracking error is at most γ σr .
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Note that the above admissible domain has been obtained under the assumption
that σr = 1. In general, however, σr may take arbitrary values. Clearly, due to linear-
ity, the quality of tracking does not change relative to the magnitude of σr . Hence,
the admissible domains constructed above remain valid for any σr .

5.1.3 Higher Order Systems

In classical controller design, it is often sufficient to consider a small number of
dominant poles (and zeros) as a low order approximation to the full system dynamics.
Moreover, in many of these cases, it is sufficient to consider a single pair of dominant
poles, yielding an approximation by a prototype second order system. Generally, a
valid low order approximation is constructed by attempting to satisfy the following
condition as closely as possible:

|SH (jω)|2
|SL (jω)|2

∼= 1,∀ω > 0. (5.25)

Here, SH(s) denotes the actual high order sensitivity function, while SL(s) is the low
order approximation.

Under the assumption that (5.25) holds, it follows directly from (5.8) that

RSH (�)

RSL (�)
∼= 1,∀�, (5.26)

where RSH(�) and RSL(�) are the high and low order random sensitivity functions
obtained from SH(s) and SL(s), respectively. Consequently, the indicators I2 and I3

are roughly equal for the high and low order models, and we conclude that the high
order system exhibits a quality of random tracking that is similar to that of its low
order approximation.

5.1.4 Application: Hard Disk Servo Design

Consider the problem of hard disk servo control, where the objective is to maintain
the disk head above a circular track. Due to various sources of irregularity, these
tracks tend to deviate from a perfect circle, and the deviations may be modeled as
bandlimited Gaussian processes. The resulting problem is one of tracking a ran-
dom reference, and we may use the admissible domains derived above to design an
appropriate controller.

The following performance specifications for this problem are considered (see
Subsections 3.2.5 and 3.3.4):

σe ≤ 0.06σr ,∀� ≤ 692rad/sec. (5.27)

Thus, γ = 0.06, and from (5.24) we determine that to meet the specification it is
required that I2 ≤ 0.06. Imposing the additional requirement that I3 ≤ 0.3, we obtain
the admissible domain shown in Figure 5.7. Note that we have simply taken the
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Figure 5.7. Admissible domain for the hard disk drive and pole-zero map of the closed loop
system.

normalized admissible domain from Figure 5.2 and scaled the coordinates by�= 692.
Based on this domain, we design a controller such that a pair of dominant poles is
placed at:

s1,s2 = (−2.83 ± j9.06)× 103,

which lie approximately at the intersection of the I2 = 0.06 and I3 = 0.3 level curves.
The model of a disk servo is the same as in Subsection 3.2.5, that is,

P (s) = 4.382 × 1010s + 4.382 × 1015

s2
(
s2 + 1.596 × 103s + 9.763 × 107

) . (5.28)

By employing a standard root locus based control design, using the above admissible
domain, the following controller is obtained:

C (s) = K (s + 1058)
(
s2 + 1596s + 9.763 × 107)(

s2 + 3.719 × 104s + 5.804 × 108
)2 , (5.29)

where

K = 5.7214 × 105. (5.30)

Applying this controller to P(s), results in the closed loop pole-zero configuration
shown in Figure 5.7. Note that this controller leads to a number of approximate
stable pole-zero cancellations and, consequently, yields a pair of dominant poles at
the desired locations. The resulting tracking error is σe = 0.0425σr , which satisfies
the design specifications given in (5.27). Figure 5.8 illustrates the quality of tracking
in the time domain, where the output completely overlays the reference signal.
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Figure 5.8. Tracking performance of the hard disk drive system.

5.2 Saturated Root Locus

5.2.1 Scenario

Consider the SISO tracking system of Figure 5.9. Here, P(s) is the plant, KC(s) is
the controller, K > 0, and F�(s) is a coloring filter with 3dB bandwidth �, which
generates the reference r from standard white noise wr ; the signals y and u are,
respectively, the system output and input to the saturation element defined as

satα(u) =


α, u > +α,
u, −α ≤ u ≤ α,

−α, u < −α.
(5.31)

As described in Chapter 2, stochastic linearization is used to study the system,
whereby the saturation element is replaced by a gain, N(K), defined as

N(K) = erf

 α√
2
∥∥∥ F�(s)KC(s)

1+N(K)KC(s)P(s)

∥∥∥
2

 . (5.32)

Note that, in this case, the stochastically linearized gain is expressed as a function
of the free parameter K. The value of N(K) can be calculated from (5.32) using
Bisection Algorithm 2.1.

The locus traced by the closed loop poles of the quasilinear system of Figure 5.10
(referred to as S-poles) is called the saturated root locus, or S-root locus (SRL). It is
the object of study in this section.

Denote the equivalent gain of the quasilinear system as

Ke (K) := KN (K) . (5.33)

Clearly, from (5.32), Ke(K) can be obtained from the equation

Ke (K) = Kerf

 α√
2K
∥∥∥ F�(s)C(s)

1+Ke(K)P(s)C(s)

∥∥∥
2

 . (5.34)

If Ke(K) → ∞ as K → ∞, the S-root locus may be the same as that of the feedback
loop of Figure 5.9 in the absence of saturation (referred to as the unsaturated system).
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Figure 5.9. Closed loop system with saturating actuator.

FΩ(s) C(s) P(s)N(K)wr
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ûêr

Figure 5.10. Equivalent quasilinear system.

If, however, Ke(K) < ∞ as K → ∞, the S-root locus terminates at points prior to the
open loop zeros. It turns out that the latter may indeed be the case, and in this chapter
we show how these points, referred to as S-termination points can be calculated.

In addition, we investigate the relationship between the S-root locus and ampli-
tude truncation of the reference signals. Clearly, this phenomenon does not arise in
the unsaturated case. However, when the actuator is saturated, the trackable domain
may be finite and, as a result, sufficiently large reference signals might be truncated.
To indicate when this phenomenon takes place, we equip the S-root locus with the
so-called amplitude S-truncation points, and provide methods for their calculation.
As it turns out, both the S-termination and S-truncation points depend on all transfer
functions in Figure 5.9, as well as on the level of saturation α.

5.2.2 Definitions

Definition 5.1. The saturated closed loop poles (S-poles) of the nonlinear system
of Figure 5.9 are the poles of the quasilinear system of Figure 5.10, that is, the poles of
the transfer function from r to ŷ:

T (s) = Ke(K)C(s)P(s)
1 + Ke(K)C (s)P (s)

. (5.35)

Definition 5.2. The S-root locus is the path traced by the saturated closed loop
poles when K ∈ [0,∞).

Since Ke(K) enters (5.35) as a usual gain, and

0 ≤ Ke(K) ≤ K,

the S-root locus is a proper or improper subset of the unsaturated root locus.
Define the auxilliary transfer function, Tγ (s), as

Tγ (s) = F� (s)C (s)
1 + γ P (s)C (s)

, γ ∈ R+. (5.36)

It turns out that the properties of the S-root locus depend on the properties of Tγ (s)
and the solutions of (5.34). Specifically, we consider two cases: (i) when (5.36) is
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stable for all γ > 0, and (ii) when (5.36) is stable only on a finite interval γ ∈ [0,�),
� < ∞, and

lim
γ→�

∥∥Tγ (s)
∥∥

2 = ∞. (5.37)

In addition, we consider cases where (5.34) has either a unique or multiple solutions.

5.2.3 S-Root Locus When Ke(K) Is Unique

As in the unsaturated case, we are interested in the points of origin and termination
of the S-root locus. The points of origin clearly remain the same as in the unsaturated
case. The points of termination, however, may not be the same because, as it turns
out, Ke(K) may not tend to infinity as K increases. To discriminate between these
two cases, consider the following equation

β −
∥∥∥∥∥∥ F� (s)C (s)

1 +
(

α
√

2/π
β

)
P (s)C (s)

∥∥∥∥∥∥
2

= 0, (5.38)

for the unknown β. Note that, while (5.38) is always satisfied by β = 0, it may admit
nonzero solutions as well. However, the uniqueness of Ke(K) implies the uniqueness
of a nonzero solution of (5.38). Indeed, the following holds:

Lemma 5.1. If Ke(K) is unique for all K, then

(i) Ke(K) is continuous and strictly monotonically increasing.
(ii) Equation (5.38) admits at most one positive solution β = β∗ > 0.

Proof. See Section 8.4.

Theorem 5.1. Assume that Tγ (s) is asymptotically stable for all γ > 0 and (5.34)
admits a unique solution for all K > 0. Then,

(i) lim
K→∞Ke (K) = α

√
2/π

β∗ < ∞ (5.39)

if and only if (5.38) admits a unique solution β = β∗ > 0;

(ii) lim
K→∞Ke (K) = ∞ (5.40)

if and only if β = 0 is the only real solution of (5.38).

Proof. See Section 8.4.

Theorem 5.2. Assume that Tγ (s) is asymptotically stable only for γ ∈ [0,�), � <

∞, (5.37) holds, and (5.34) admits a unique solution for all K > 0. Then,

lim
K→∞Ke (K) = α

√
2/π

β∗ < �, (5.41)
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where β = β∗ > 0 is the unique positive solution of (5.38).

Proof. See Section 8.4.

Note that (5.41) implies that, under the conditions of Theorem 5.2, the S-root
locus can never enter the right-half plane. Thus, a closed loop LPNI system with
saturating actuator cannot be destabilized by an arbitrarily large gain even if the
relative degree of the plant is greater than two or if it has non-minimum phase
zeroes.

As it follows from Theorems 5.1 and 5.2, in the limit as K → ∞, the quasilinear
system of Figure 5.10 has a closed loop transfer function given by

Tter (s) = κC(s)P(s)
1 + κC (s)P (s)

, (5.42)

where

κ = lim
K→∞Ke (K) . (5.43)

Definition 5.3. The S-termination points of the S-root locus are the poles of Tter(s).

Thus, as K → ∞, the S-poles, defined by (5.35), travel monotically along the
S-root locus from the open loop poles to the S-termination points defined by (5.42)
and (5.43). If κ = ∞, then the S-termination points coincide with the open loop zeros;
otherwise, the S-root locus terminates prematurely.

Example 5.1. Consider the system of Figure 5.9 with

P (s) = s + 15
s (s + 2.5)

, α = 0.16, (5.44)

and C(s),�, and F�(s) given by

C (s) = 1, � = 1rad/sec,

F�(s) =
√

3
�

(
�3

s3 + 2�s2 + 2�2s +�3

)
.

(5.45)

It is straightforward to verify that, for this system, Tγ (s) is asymptotically stable for
all γ > 0 and (5.34) admits a unique solution for K > 0, that is, the conditions of
Theorem 5.1 are satisfied. Since (5.38) admits a positive solution β = 2.58, (5.39)
and (5.43) result in κ = 0.33. Figure 5.11 shows Ke(K) as a function of K. When K
is small, we see that Ke(K) ≈ K, since the actuator does not saturate. Clearly, as K
increases, Ke(K) indeed tends to the limit κ .

Figure 5.12 shows both the unsaturated and S-root loci of the system under
consideration. The termination points are at s = −1.4150 ± 1.7169i. Here, and in
all subsequent figures, the S-termination points are indicated by small squares. The
shaded area of Figure 5.12 represents the admissible domain for a high quality of
tracking derived in Section 5.1. Clearly, the S-root locus never enters the admissible
domain, and the achievable tracking quality is limited by the S-termination points.
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Figure 5.11. Ke(K) for Example 5.1 with α = 0.16.
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Figure 5.12. Unsaturated and S-root loci for Example 5.1 with α = 0.16.

Figure 5.13 shows the output of the nonlinear and quasilinear systems when K = 150
(that is, when the saturated closed loop poles are located close to the S-termination
points). Clearly, the tracking quality of the stochastically linearized system is poor
due to dynamic lag. As predicted, the same is true for the original nonlinear system.

To improve the tracking performance, we increase α to 0.3 (here β = 0 is the only
solution of (5.38), and, thus, the termination points are at the open loop zeroes). As
illustrated in Figure 5.14, this causes the S-root locus to enter the admissible domain,
and hence, choosing K large enough results in a high quality of tracking. This is
verified in Figure 5.15, where we see that the quality of tracking is good for both the
stochastically linearized and original nonlinear systems.
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Figure 5.13. Tracking quality with S-poles located near the S-termination points (K = 150)
for Example 5.1 with α = 0.16.
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Figure 5.14. Unsaturated and S-root loci for Example 5.1 with α = 0.3.

Example 5.2. Consider the system of Figure 5.9 with

P (s) = 1
s (s + 1)(s + 2)

, α = 1, (5.46)

and C(s),�, and F�(s) as defined in (5.45). It is easily verified that Tγ (s) is stable only
for γ ∈ [0,5.96) and (5.34) has a unique solution for K > 0, that is, the conditions of
Theorem 5.2 are satisfied. Noting that β = 1.1 is the solution to (5.38), it follows from
(5.41) and (5.43) that κ = 0.722. The resulting S-root locus, illustrated in Figure 5.16,
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Figure 5.16. Unsaturated and S-root loci for Example 5.2.

never enters the right-half plane (the termination points are at s =−2.2551,−0.3725±
0.4260i).

5.2.4 S-Root Locus When Ke(K) Is Nonunique: Motivating Example

In some cases, (5.34) admits multiple solutions. To illustrate the complexities that
arise in this situation we use the following motivating example.
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Figure 5.17. Left- and right-hand sides of (5.34) for the system defined in (5.47).

Consider the system of Figure 5.9 defined by

P (s) = s2 + 10s + 27.25
s2 (s + 5)

, α = 0.4, � = 1.1rad/sec, K = 5, (5.47)

with C(s) and F�(s) as in (5.45). Figure 5.17 illustrates the left- and right-hand sides
of (5.34) for this system, where it is clear that three solutions exist:

K(1)
e = 0.1283,K(2)

e = 1.0153,K(3)
e = 4.35. (5.48)

We are interested in the behavior of these solutions not only for K = 5, but for
all K > 0. Accordingly, Figure 5.18 shows Ke(K) as a function of K for the above
example, from which a number of important observations can be made:

• For K < 2.55, the solution of (5.34) is unique; multiple solutions exist for all
K ≥ 2.55.

• As K → ∞, three possible limiting values of Ke(K) occur:

κ1 = 0.1285, κ2 = 1.0154, κ3 = ∞. (5.49)

Thus, the S-root locus has three different sets of S-termination points.
• At K = 2.55, the S-root locus has an S-origination point, corresponding to the

appearance of two additional solutions.
• The range of Ke(K) excludes the open interval between κ1 and κ2, that is,

(0.1285,1.0154).

The branches of Figure 5.18 imply the following phenomenology of S-poles
behavior for the system of Figure 5.9. For K < 2.55, there exists a unique set of



5.2 Saturated Root Locus 151

4

3

2

1K2

K1

0 1 2 3
K

K
e(

K
)

4 5 6

Figure 5.18. Ke(K) as a function of K for the system defined in (5.47).

three S-poles, and the closed loop behaves accordingly. For K > 2.55, there are three
sets of S-poles, and due to the stochastic nature, the system behavior can be charac-
terized as jumping from one of these sets to another. It could be argued that the set
of S-poles defined by the negative slope branch of Figure 5.18 does not correspond to
a sustainable steady state, and therefore, the jumping phenomenon occurs between
the poles defined by the positive slope branches of Figure 5.18.

To substantiate this phenomenology, consider the system of Figure 5.9 defined
by (5.47). As mentioned before, this system leads to three values of Ke(K) (defined
in (5.48)) and, therefore, to three corresponding values of the steady state standard
deviation of error:

σ
(1)

ê = 2.49, σ
(2)

ê = 0.31, σ
(3)

ê = 0.053. (5.50)

Since the value of σ
(2)

ê corresponds to Ke(K) on the negative slope branch of Figure

5.18, it is expected that the closed loop system exhibits jumping between σ
(1)

ê and

σ
(3)

ê . To illustrate this behavior, we simulate the system at hand for 10,000 seconds
and examine the standard deviation over a 100 second moving window. The results
are shown in Figure 5.19. As one can see, the “simulated standard deviation,” σ̃ê,
jumps roughly between the values of 0.05 and 2.5. This corroborates the described
phenomenology.

These features give rise to the S-root locus illustrated in Figure 5.20, where
the arrows indicate the movement of the S-poles as K increases. The S-termination
points are denoted, as before, by the squares, while the S-origination points are
indicated by strikes orthogonal to the root locus. The termination points are at s =
−5.0115,−5.0885,−0.0585 ± 0.8338i,−0.4634 ± 2.2853i; the S-origination points are
at s = −5.1209,−0.6395 ± 2.6535i. The parts of the S-root locus corresponding to
the jumping phenomenon are indicated by broken lines. The insets of Figure 5.20
are intended to magnify the S-root locus in the vicinity of the S-termination points.
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Figure 5.19. Illustration of jumping phenomenon of system defined in (5.47).
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Figure 5.20. S-root locus for the system defined in (5.47).

Note that the S-root locus does not contain the parts of the unsaturated root locus
corresponding to Ke(K) ∈ (0.1283,1.0153). Thus, the S-root locus for this system
differs from the unsaturated case in the following:

• It contains areas of uncertain behavior due to the jumping phenomenon.
• It is only a proper subset of the unsaturated root locus, missing an intermediate

portion.
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5.2.5 S-Root Locus When Ke(K) Is Nonunique: General Analysis

It is, of course, desirable to formulate general results pertaining to the multiple solu-
tions case. Although the complexities outlined above lead to analytical difficulties,
some useful deductions can be made.

Theorem 5.3. Assume that (5.34) has multiple solutions, and the only solution of
(5.38) is β = 0. Then:

(i) The S-root locus coincides with the unsaturated root locus, parameterized by
Ke(K) rather than K.

(ii) There exists an S-origination point, implying that there is a range of K for
which the jumping phenomenon takes place.

Proof. See Section 8.4.

As an illustration of Theorem 5.3, consider the system of (5.47), with α = 0.53.
In this case, (5.38) admits a unique solution β = 0, but Ke(K) is non-unique for some
K (see Figure 5.21). The resulting S-root locus is shown in Figure 5.22.

Theorem 5.4. Assume that (5.34) has multiple solutions, and, along with β0 = 0,
(5.38) admits solutions β = βi > 0, i = 1,2, ...,n. Then:

(i) Each βi corresponds to an S-termination point defined by

κi = α
√

2/π

βi
, (5.51)

and (5.42).
(ii) If n is even, then the solution β0 = 0 also gives a termination point, defined

by κ0 = ∞.
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Figure 5.21. Ke(K) as K tends to infinity for the system defined in (5.47) with α = 0.53.
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Figure 5.22. S-root locus for the system defined in (5.47) with α = 0.53.

(iii) Assume that (5.38) admits at least one simple positive solution. Then the
S-root locus is a proper subset of the unsaturated root locus.

Proof. See Section 8.4.

The motivating example (5.47) can be viewed as an illustration of Theorem 5.4.

5.2.6 Approach to Controller Design to Avoid Nonunique Ke(K)

As discussed above, a closed loop system with a controller C(s) that leads to multiple
solutions of (5.34), exhibits quite a complex behavior. Indeed, the random “jumping”
from one set of closed loop S-poles to another, results in different tracking errors
on different time intervals. Although, using large deviation theory, it is possible to
evaluate the residence time in each set of closed loop S-poles and then estimate
the “average” value of the tracking error, this value, even when small, would not
necessarily guarantee good system performance for all time intervals.

Therefore, we propose a design methodology intended to avoid multiple solu-
tions of (5.34). To accomplish this, we propose to select, if possible, a controller C(s)
that results in a unique Ke(K) for all K > 0, and then select K so that the closed loop
S-poles are at the desired locations. A question arises as to when such a C(s) does
exist. The answer is as follows:

Theorem 5.5. If P(s) is stable and minimum phase and F�(s)/P(s) is strictly
proper, there exists C(s) such that the solution of (5.34) is unique for all K > 0.

Proof. See Section 8.4.



5.2 Saturated Root Locus 155

–6 –5 –4 –3 –2 –1 0 1
–6

–4

–2

0

2

4

6

jω

σ

Figure 5.23. S-root locus for the system defined in (5.47) with C(s) as in (5.52).

In the example of system (5.47), selecting

C (s) = s + 0.7
s2 + 10s + 27.25

, (5.52)

results in a unique Ke(K) (with κ = ∞, as per Theorem 5.1). The S-root locus for
this case is illustrated in Figure 5.23.

5.2.7 S-Root Locus and Amplitude Truncation

In the previous sections we have used the S-root locus to characterize the dynamics of
systems with saturating actuators. However, the performance may be poor not only
due to the location of S-poles, but also due to output truncation by the saturation.
Accordingly, in this section we introduce and compute S-truncation points, which
characterize the region of the S-root locus where truncation does not occur. To
accomplish this, we use the notion of trackable domain introduced in Section 3.1.

The trackable domain, TD, is defined by the magnitude of the largest step input
that can be tracked in the presence of saturation. For the system of Figure 5.9, it is
given by

|TD| =
∣∣∣∣ 1
KC (0)

+ P (0)

∣∣∣∣α, (5.53)

where C(0) and P(0) are the d.c. gains of the controller and plant, respectively.
Clearly, the trackable domain is infinite when P(s) has at least one pole at the origin;
otherwise, it is finite, assuming that C(0) �= 0. Although (5.53) is based on step signals,
it has been shown in Section 3.2 that TD can also be used to characterize the tracking
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quality of random signals, in particular, based on the indicator

I0 = σr

|TD| , (5.54)

where σr is the standard deviation of the reference signal. Specifically, when I0 < 0.4,
tracking practically without output truncation is possible, whereas for I0 > 0.4 it is
not. To formalize this threshold, and keeping in mind that |TD| is monotonically
decreasing in K (and, therefore, I0 is monotically increasing), we introduce the
following definition.

Definition 5.4. The S-truncation points are the poles of

Ttr (s) = KtrC(s)P(s)
1 + KtrC (s)P (s)

, (5.55)

where

Ktr = Ke
(
KI0

)
(5.56)

and

KI0 = min {K > 0 : I0 = 0.4} . (5.57)

Note that when P(s) has a pole at the origin, I0 = 0, and the S-root locus has
no S-truncation points. To illustrate the utility of S-truncation points, we use the
following example:

Example 5.3. Consider the system of Figure 5.9 defined by

P (s) = s + 20
(s + 15)(s + 0.5)

,C (s) = 1,α = 0.8,� = 1,

and F�(s) as in (5.45). As obtained from Theorem 5.1, the limiting gain of this system
is κ = 20.015 (the S-termination points are obtained through (5.42)). Figure 5.24
shows I0 for this system as a function of K, from which we determine that KI0 = 2.2.
The truncation gain can then be evaluated as Ktr = Ke(2.2) = 2.15. The resulting
S-root locus is given in Figure 5.25, where the S-termination and S-truncation points
are denoted by the white and black squares, respectively (the S-termination points
are at s = −17.7575 ± 9.6162i; the S-truncation points are at s = −3.5924,−14.057).
Although the S-root locus enters the shaded region for high-quality dynamic tracking,
the position of the truncation points limit the achievable performance. Figure 5.26
illustrates the output response of the system when the control gain is K = 20 > KI0 .
The saturated closed loop poles are located at −16 ± j9.5 (i.e., in the admissible
domain), but beyond the truncation points. This leads to good dynamic tracking, but
with a clipped response. Clearly, this can be remedied by increasing α, as illustrated
in Figure 5.27, which shows the S-root locus when α = 0.92 (the S-termination points
are at s = −20,−∞; the S-truncation points are at s = −17.5800 +±9.5731i). Figure
5.28 shows the corresponding plot for the same location of S-poles as before. Clearly
the clipping practically does not occur (the output overlays the reference).
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Figure 5.24. I0 as a function of K for Example 5.3.
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Figure 5.25. Unsaturated and S-root loci for Example 5.3 with α = 0.8.

In conclusion, note that if S-truncation points exist, then they occur prior to the
S-termination points (since the latter correspond to K = ∞).

5.2.8 Calibration of the S-Root Locus

Let s∗ be an arbitrary point on the S-root locus, that is,

1 + Ke (K)C
(
s∗)P (s∗)= 0, (5.58)

where

0 ≤ Ke (K) < κ . (5.59)
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Figure 5.26. Tracking quality when K = 20 for Example 5.3 with α = 0.8.
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Figure 5.27. S-root locus for Example 5.3 with α = 0.92.
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Figure 5.28. Tracking quality for Example 5.3 with α = 0.92.
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Figure 5.29. Difference in calibration between unsaturated and S-root locus.

To calibrate the S-root locus means to find the particular K such that (5.58) is satisfied
(i.e., the S-poles are located at s∗). This is accomplished using the following corollary
of Theorem 5.1.

Corollary 5.1. For arbitrary s∗ on the S-root locus, there exists a unique K∗ > 0
such that K = K∗ satisfies (5.58). Moreover, K∗ is the unique solution of

Ke = K∗erf

 α√
2K∗

∥∥∥ F�(s)C(s)
1+KeP(s)C(s)

∥∥∥
2

 , (5.60)

where

Ke = 1
|C (s∗)P (s∗)| . (5.61)

Proof. See Section 8.4.

Note that (5.60) can be solved by a standard bisection algorithm. Figure 5.29
illustrates the differences in calibration gains between an unsaturated and S-root
locus (using the system of Example 5.1).

5.2.9 Application: LPNI Hard Disk Servo Design

We consider the hard disk drive servo problem of Subsection 5.1.4, where the control
objective is to maintain the disk head above a circular track that exhibits random
irregularities, which can be modeled as a bandlimited noise. The model for the plant
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was considered to be

P (s) = 4.382 × 1010s + 4.382 × 1015

s2
(
s2 + 1.596 × 103s + 9.763 × 107

) , (5.62)

while the controller was selected as

C (s) = K (s + 1058)
(
s2 + 1596s + 9.763 × 107)(

s2 + 3.719 × 104s + 5.804 × 108
)2 . (5.63)

Here, we impose the additional assumption that the input to the plant is constrained
by a saturation with α = 0.006. The bandwidth of the reference is 692 rad/sec, and
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Figure 5.30. S-root locus for hard disk drive example.
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F�(s) is as defined in (5.45). For this system, the conditions of Theorem 5.2 hold, and
it results in

κ = 1.0509 × 106.

The corresponding S-root locus is shown in Figure 5.30, where the admissible domain
is indicated by the shaded region. Note that since P(s) contains poles at the ori-
gin, the S-root locus does not have S-truncation points. To meet the performance
specification, we select K so that

Ke (K) = 5.7214 × 105, (5.64)

which results in a pair of dominant S-poles located at (−2.83 ± j9.06) × 103, that is,
in the admissible domain. Using Corollary 5.1 with (5.64) yields:

K = 6.208 × 105.

Figure 5.31 illustrates the tracking quality for both the stochastically linearized and
original nonlinear systems. As predicted, the nonlinear system exhibits a tracking
quality similar to that of the stochastically linearized system, and achieves a standard
deviation σe = 0.047σr . It is noteworthy that this performance matches that obtained
by a more complicated nonlinear anti-windup design methodology.

5.3 Summary

• In the problem of random reference tracking in linear systems, the admissible
domains of closed loop poles are determined by the quality indicators intro-
duced in Chapter 3. It turns out that these domains are qualitatively similar to
but quantitatively different from those for tracking deterministic references
(i.e., defined by the settling time and the overshoot).

• The closed loop poles of LPNI systems are defined as the closed loop poles of
the corresponding stochastically linearized systems. The locus traced by these
poles, as the controller gain changes from 0 to ∞, is referred to as the root
locus of an LPNI system.

• For LPNI systems with saturating actuator, the S-root locus originates at
open loop poles and ends at the so-called termination points. The location of
the termination points are calculated using a transcendental equation. If this
equation has a positive solution, the S-root locus terminates prematurely –
before it reaches the open loop zeros.

• In addition, the S-root loci are equipped with the so-called truncation points –
beyond these points, amplitude truncation takes place. An equation for
calculating these points is provided.

• If the quasilinear gain is not unique, the LPNI system has multiple sets of
closed loop poles, each corresponding to a particular solution of the tran-
scendental equation. In this case, the system exhibits a “jumping” pattern of
behavior – defined by one set of the poles or another.
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• Similar to the usual root locus, the S-root locus can be used for designing
random reference tracking controllers for LPNI systems in the time domain.

• Root loci for LPNI systems with nonlinearities other than saturation can be
constructed using the same approach as in the S-root locus case.

• The S-root locus and admissible domains provide a time domain solution of
the Narrow Sense Design problem introduced in Section 1.2.

5.4 Problems

Problem 5.1. Consider the tracking system of Figure 5.1. Assume that

C(s)P(s) = ω2
n

s(s + 2ζωn)
(5.65)

and F�(s) is the 3rd order Butterworth filter

F�(s) =
√

3
�

(
�3

s3 + 2�s2 + 2�2s +�3

)
(5.66)

driven by standard white noise. For � = 10 rad/sec, construct the admissible domain
for the following values of tracking quality indicators:

(a) I2 < 0.2, I3 < 0.4;
(b) I2 < 0.1, I3 < 0.3;
(c) I2 = 0.1, I3 = 0.2.

Problem 5.2. Repeat Problem 5.1 using the coloring filter

F�(s) = �

s +�
(5.67)

and comment on the difference of the results.

Problem 5.3. Consider the tracking system of Figure 5.1 with C(s)P(s) and F�(s)
as in Problem 5.1. Assume that the reference bandwidth is � = 16 rad/sec. For each
of the following values of the damping ratio ζ , determine the range of ωn so that the
closed loop poles lie in the admissible domain defined by I2 < 0.2, I3 < 0.4:

(a) ζ = 0.3;
(b) ζ = 0.707;
(c) ζ = 1.

Problem 5.4. Consider the tracking system of Figure 5.1 with

P(s) = 1
s(s + 2)(s + 4)

, (5.68)

and F�(s) as in (5.66). Assume that the reference bandwidth is � = 16 rad/sec.

(a) Design a controller C(s) so that the dominant closed loop poles lie in the
admissible domain defined by I2 < 0.2, I3 < 0.4.
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(b) By simultation, check if the resulting closed loop system exhibits the
intended performance.

Problem 5.5. Consider the tracking system of Figure 5.1 with

P(s) = 88.76
s(s + 21.53)(s + 2.474)

. (5.69)

Assume that the control objective is to track a reference signal of bandwidth � =
200 rad/sec generated by the filter (5.66) driven by standard white noise.

(a) Find a specification in terms of I2 and I3 that ensures no more than 10%
tracking error.

(b) Using the resulting admissible domain and the notion of dominant poles,
design a controller that meets the specification.

(c) Now, assume that the voltage at the input of the plant is known to saturate
with the limits α = ±0.5V , that is, the system has the structure of Figure 5.9
with K = 1. Simulate the system and investigate the tracking performance.

(d) Explain the tracking performance by evaluating the closed loop S-poles
and their proximity to the admissible domain of part (b).

Problem 5.6. Consider the tracking system of Figure 5.9 with the plant speci-
fied by

P(s) = s + 10
s(s + 1)

. (5.70)

Assume that the reference signal is generated by the coloring filter (5.66) with � =
10 rad/sec driven by standard white noise. The actuator is the saturation satα(·) and
the controller is C(s) = 1.

(a) Compute the limiting gain κ and S-termination points for the following
values of α:
i. α = 0.1,
ii. α = 0.2,
iii. α = 1.

(b) Draw the corresponding S-root loci.
(c) Does this tracking system exhibit amplitude truncation?

Problem 5.7. Consider the tracking system of Figure 5.9 with the plant speci-
fied by

P(s) = s + 10
(s + 2)(s + 1)

. (5.71)

Assume that the reference signal is generated by the coloring filter (5.66) with � =
10 rad/sec driven by standard white noise.

(a) Compute the S-termination and S-truncation points for
i. α = 0.1,
ii. α = 0.2,
iii. α = 1.
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FΩ(s) C(s) P(s)dz∆(u)wr
−

y
K

uer

Figure 5.32. Problem 5.11.

(b) Draw the corresponding S-root loci.

Problem 5.8. Consider the tracking system of Figure 5.9 with the plant speci-
fied by

P(s) = 1
s(s + 1)

, (5.72)

and reference signal given by the coloring filter (5.66) with � = 10 rad/sec driven by
standard white noise. Determine the S-termination points and draw the S-root locus
for each of the following cases:

(a) C(s) = 1,α = 1;
(b) C(s) = 10,α = 1;
(c) C(s) = 1,α = 0.1;
(d) Comment on the changes to the S-root locus due to changes in C(s) and α.

Problem 5.9. Consider the tracking system of Figure 5.9 with

P(s) = s2 + 10
s(s2 + 5)

,C(s) = 10,K = 1. (5.73)

Assume that the reference signal is generated by the coloring filter (5.66) with � =
10 rad/sec driven by standard white noise.

(a) Numerically determine the range of α for which (5.38) admits multiple
solutions.

(b) Choose one such value of α and simulate the system to observe the bistable,
that is, jumping behavior.

Problem 5.10. Consider the tracking system of Figure 5.9 with the plant

P(s) = 88.76
s(s + 21.53)(s + 2.474)

, (5.74)

and proportional controller C(s) = 1. Assume that the reference signal is generated
by the coloring filter (5.66) driven by standard white noise. Determine the minimum
value of α such that a reference of bandwidth � = 20 rad/sec can be tracked with
high quality. Use the admissible domain I2 < 0.2, I3 < 0.3.

Problem 5.11. Consider the tracking system of Figure 5.32 where the actuator is
a deadzone nonlinearity dz�(u) defined by (2.23). Develop a method for constructing
a “DZ-root locus.” Specifically,

(a) Find expressions for the limiting gain.
(b) Find expressions for DZ-termination points.
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Figure 5.33. Problem 5.14.

(c) Plot the DZ-root locus for the system defined by

P(s) = 1
s(s + 1)

, C(s) = 1, � = 1.

Problem 5.12. Repeat Problem 5.11 for the case of actuator quantization defined
by (2.35).

Problem 5.13. Repeat Problem 5.11 for the case of a quantized actuator with
saturation given by (2.38).

Problem 5.14. Develop a method for constructing a “sensor S-root locus,” which
we define as Ss-root locus. For this purpose, consider the LPNI tracking system of
Figure 5.33, where the actuator is linear and the sensor is the saturation satβ(y). Note
that in this case, the equivalent sensor gain is given by:

Ns(K) = erf

 β√
2
∥∥∥F�(s)P(s)C(s)K

1+P(s)C(s)KNs

∥∥∥
2

 . (5.75)

(a) Find an expression for the limiting gain

κ = lim
K→∞KNs(K). (5.76)

(b) Find expressions for the Ss-termination points.
(c) Find, if any, expressions for the Ss-truncation points.
(d) Draw the Ss-root locus for

P(s) = 1
s(s + 1)

, C(s) = 1, β = 0.5, (5.77)

where F�(s) is the coloring filter (5.66) with � = 10rad/sec driven by
standard white noise.
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6 Design of Disturbance Rejection Controllers
for LPNI Systems

Motivation: The LQR and LQG techniques are widely used for designing distur-
bance rejection controllers for linear systems. In this chapter, quasilinear versions of
these techniques are developed and extended to simultaneous design of controllers
and instrumentation, that is, actuators and sensors.

Overview: We begin with developing the SLQR/SLQG technique, where the “S”
stands for “saturated” (Section 6.1). Then, we extend LQR/LQG to the so-called
ILQR/ILQG (where the “I” stands for “instrumented”), which is intended for simul-
taneous design of controllers, sensors, and actuators (Section 6.2). For each of these
methods, we show that the solution is given by the usual Lyapunov and Ricatti
equations coupled with additional trancendental equations, which account for the
Lagrange multipliers of the associated optimization problems and the quasilinear
gains. Bisection algorithms for solving these coupled equations are provided.

6.1 Saturated LQR/LQG

6.1.1 Scenario

The LQR/LQG design methodology is one of the main state space techniques for
designing linear controllers for linear plants, assuming that the actuators and sensors
are also linear. Clearly, this methodology is not applicable to nonlinear systems.
Is an extension to LPNI systems possible? A positive answer to this question is
provided in this section for systems with saturating actuators. The resulting technique
is referred to as SLQR/SLQG, where the “S” stands for “saturated.” Extensions to
other nonlinearities and to nonlinearities in actuators and sensors simultaneously
are also possible using the approach presented here.

This approach can be outlined as follows: First, the equations of the closed
loop LPNI system are quasilinearized using stochastic linearization. Then, the usual
Lagrange multiplier optimization technique is applied to the resulting quasilinear
system with a quadratic performance index. Since the gain of the quasilinear system
depends on the standard deviation of the signals at the input of the nonlinearities

167
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(either actuators, or sensors, or both), the resulting synthesis relationships consist not
only of the usual Lyapunov and Ricatti equations but also transcendental equations,
which specify the quasilinear gain and the Lagrange multiplier associated with the
minimization problem. Finally, the existence and uniqueness of solutions to the
synthesis equations are analyzed, and an algorithm for computing these solutions is
presented.

In addition to the above, we show that actuator saturation leads to performance
limitations of optimal closed loop LPNI systems, similar to those of optimal linear
systems with non-minimum phase plants. Thus, closed loop systems with saturating
actuators cannot reject disturbances to arbitrary levels, even if the plant is minimum
phase. A method for calculating the limit of achievable performance is provided.
Also, we show that to obtain the optimal performance, the actuator must, in fact,
saturate. Thus, design approaches based on saturation avoidance are not optimal.

Since the SLQR/SLQG controllers are intended to be used in the original closed
loop LPNI system, one more problem is addressed: the problem of stability and
performance verification of closed loop LPNI systems with SLQR/SLQG controllers.
In this regard, we show that the property of (global) exponential stability of the
quasilinear system is inherited by the closed loop LPNI system in a weaker, that is,
semi-global, sense. Lastly, we indicate that the level of disturbance rejection of the
closed loop LPNI system is, in most cases, close to that of the corresponding optimal
quasilinear system.

6.1.2 Problem Formulation

Consider the system shown in Figure 6.1, where P(s) is the plant, C(s) is the controller,
satα(u) and A(s) are the nonlinearity and the dynamics of the actuator, and Fi(s) and
Hi(s), i = 1,2 are coloring and weighting filters, respectively. Signals u, v, y, ym ∈
R are the controller output, actuator output, plant output, and measured output,
respectively, w1, w2 ∈R are standard uncorrelated white noise processes, z1, z2 ∈R
are the controlled outputs.

The assumption that w1 and w2 are standard white noise processes (i.e., of unit
intensity) does not restrict generality since it can be enforced by rescaling the plant

C(s) satα(·) P(s)
u

ym

z2 z1

F1(s)

F2(s)

H1(s)H2(s)

w2

w1

A(s)
y

−

v

Figure 6.1. System model.
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and the controller. The assumption that all signals are scalar is made to simplify the
presentation. An extension to the vector case is discussed in Subsection 6.1.6.

Assume that the system, excluding the controller, has the state-space represen-
tation

ẋG = AxG + B1w + B2satα(u),
z = C1xG + D12u,

ym = C2xG + D21w,
(6.1)

where xG = [xT
P xT

A xT
F1

xT
F2

xT
H1

xT
H2

]T ∈R
nxG , w = [w1 w2]T , and z = [z1 z2]T . Let σ 2

z
denote the steady state variance of z.

The stochastically linearized version of (6.1) is

˙̂xG = Ax̂G + B1w + B2Nû,
ẑ = C1x̂G + D12û,

ŷm = C2x̂G + D21w,

N = erf
(

a√
2σû

)
,

(6.2)

where σû is the standard deviation of the controller output.
The main problem considered in this section is: Given (6.2), find a controller

C(s), which stabilizes the stochastically linearized closed loop system when w = 0 and
minimizes σ 2

ẑ when w �= 0. This problem is referred to as SLQR in the case of state
space feedback and SLQG in the case of dynamic output feedback.

Solutions of the SLQR and SLQG problems and corresponding verification
problems are given in Subsections 6.1.3 and 6.1.4, respectively.

6.1.3 SLQR Theory

SLQR synthesis equations: Consider the open loop system

ẋG = AxG + B1w + B2satα(u),
z = C1xG + D12u

(6.3)

with the state feedback controller

u = KxG, (6.4)

and assume the following:

Assumption 6.1.
(i) (A,B2) is stabilizable;
(ii) (C1,A) is detectable;
(iii) D12 = [0 √

ρ]T , ρ > 0;
(iv) DT

12C1 = 0;
(v) A has no eigenvalues in the open right-half plane.

Assumptions (i)–(iv) are standard in the LQR theory. Assumption (v) is
introduced to achieve semi-global stability of the closed loop system (6.3) and (6.4).
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The closed loop system (6.3) and (6.4) is governed by

ẋG = AxG + B2satα(KxG)+ B1w,
z = (C1 + D12K)xG.

(6.5)

Application of stochastic linearization to this system yields

˙̂xG = (A + B2NK)x̂G + B1w,
ẑ = (C1 + D12K)x̂G,

N = erf
(

a√
2σû

)
,

(6.6)

Theorem 6.1. Under Assumption 6.1, the SLQR problem

min
K

σ 2
ẑ , (6.7)

where the minimization is over all K such that A + B2NK is Hurwitz, has a unique
solution. The minimum value of the cost is

min
K

σ 2
ẑ = tr

(
C1RCT

1

)
+ρ

N2

(ρ +λ)2 BT
2 QRQB2, (6.8)

and a state feedback gain K that achieves this minimum is

K = − N
ρ +λ

BT
2 Q, (6.9)

where (Q,R,N ,λ) is the unique solution of the following system of equations

ATQ + QA − N2

ρ +λ
QB2BT

2 Q + CT
1 C1 = 0, (6.10)

(A − N2

ρ +λ
B2BT

2 Q)R + R(A − N2

ρ +λ
B2BT

2 Q)T + B1BT
1 = 0, (6.11)(

N2

ρ +λ

)2

BT
2 QRQB2 − N2α2

2
[
erf−1(N)

]2 = 0, (6.12)

λ− ρ√
π

2
N

erf−1(N)
exp

([
erf−1(N)

]2
)

− 1
= 0. (6.13)

In addition, if R is nonsingular, then the state feedback gain K given by (6.9) is unique.

Proof. See Section 8.5.

In the proof of this theorem, it is shown that the left-hand side of (6.12), viewed
as an implicit function of N , is continuous and changes sign between 0 and 1 only
once. This suggests the following algorithm to compute the SLQR feedback gain.

SLQR Bisection Algorithm 6.1: Given a desired accuracy ε > 0,
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(a) Start with N1 = 0 and N2 = 1
(b) Let N = (N1 + N2)/2
(c) Calculate λ from (6.13)
(d) Solve the Riccati equation (6.10) for Q
(e) Solve the Lyapunov equation (6.11) for R
(f) Calculate the left-hand side of (6.12) and call it δ

(g) If |N2 − N1| < ε, go to step (i)
(h) If δ < 0, let N1 = N , else let N2 = N , and go to step (b)
(i) Calculate K from (6.9).

Corollary 6.1. SLQR Bisection Algorithm 6.1 provides the solution of the SLQR
problem with desired accuracy after a finite number of iterations.

Proof. See Section 8.5.

Note that equations (6.8)–(6.13) reduce to the standard LQR equations when
the saturation is removed. Indeed, letting α tend to infinity, it is easy to see that N
and λ approach 1 and 0, respectively. Thus, SLQR is a proper extension of LQR.

SLQR performance limitations: It is well known in LQR theory that any arbitrarily
small output variance can be attained if the plant is minimum phase. Below, it is
shown that this is not true in the SLQR case, and limits for the best achievable
performance are provided.

Theorem 6.2. Let Assumption 6.1 hold, assume C1(sI −A)−1B1 �≡ 0, and view ρ

of Assumption 6.1(iii) as a parameter. Denote the first term in the optimal value of the
cost expression (6.8) as γ 2(ρ), that is,

γ 2(ρ) = tr
(
C1R(ρ)CT

1

)
. (6.14)

Then, γ 2(ρ) is an increasing function of ρ and

lim
ρ→0+ γ 2(ρ) = γ 2

0 > 0. (6.15)

Proof. See Section 8.5.

Thus, the variance of ẑ1 cannot be made smaller than γ 2
0 , and this value can be

determined using SLQR Bisection Algorithm 6.1 with sufficiently small ρ.

Optimal level of saturation: It is of interest to investigate whether and to what extent
the SLQR controller activates the saturation. This is quantified below.

Corollary 6.2. The SLQR controller results in saturation activation given by

P{|û| > 1} = 1 − N , (6.16)

where N with R, Q, and λ are the solution of (6.10)–(6.13).

Proof. See Section 8.5.
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Thus, to minimize σ 2
ẑ , the actuator should experience saturation to the degree

defined by (6.16).

Stability verification: Below, we analyze stability properties of the original sys-
tem (6.3) with the SLQR controller (6.9).

Theorem 6.3. Consider the undisturbed version of the closed loop system
(6.3), (6.4):

ẋG = AxG + B2satα(u),
z = C1xG + D12u.

(6.17)

Let Assumption 6.1 hold, assume (Q,R,N ,λ) is the solution of (6.10)–(6.13) and K is
the SLQR gain (6.9). Then

(i) xG = 0 is the unique equilibrium point of (6.17), (6.9);
(ii) this equilibrium is exponentially stable;
(iii) a subset of its domain of attraction is given by

X = {xG ∈RnxG : xT
G(εQ)xG ≤ 4α2

BT
2 (εQ)B2

}, (6.18)

where

ε = N2

ρ +λ
; (6.19)

(iv) if A is Hurwitz, all solutions of the closed loop system (6.17), (6.9) are
bounded.

Proof. See Section 8.5.

Note that since the origin of the undisturbed system (6.17), (6.9) is exponentially
stable, it follows that the closed loop system (6.3), (6.9) is also small-signal finite-gain
L2 stable.

Next, we show that by choosing an appropriate ρ, any set in RnxG can be made
a subset of the domain of attraction of (6.17), (6.9).

Theorem 6.4. Under Assumption 6.1, for every bounded set B, there exists a ρ∗ > 0
such that, for all ρ ≥ ρ∗, the closed loop system (6.17), (6.9) is exponentially stable and
B is contained in its domain of attraction.

Proof. See Section 8.5.

Thus, although the undisturbed version of the stochastically linearized closed
loop system (6.6), (6.9) is globally exponentially stable, the real closed loop sys-
tem (6.17), (6.9) inherits this property in a weaker sense, that is, in the sense
of semi-global stability. Of course, to obtain a given domain of attraction, the
performance index (and therefore, the controller) should be modified accordingly.
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Note that since for a given controller, the closed loop system (6.17), (6.9) is only
asymptotically stable, rather than globally asymptotically stable, additive disturbance
B1w (see equation (6.3)) may, in principle, force the system outside of the domain of
attraction and, perhaps, even destabilize the closed loop behavior. To check whether
this is possible, one may use the Popov stability criterion and determine if (6.17), (6.9)
is in the Popov sector. If it is, destabilization is impossible.

Performance verification: The exact LQR design problem for a system with saturat-
ing actuator is: Given

ẋG = AxG + B1w + B2satα(u),
z = C1xG + D12u,
u = KxG,

(6.20)

find K so that

Jexact := σ 2
z (6.21)

is minimized over all K, which render the closed loop system asymptotically stable.
As it was pointed out above, the solution of this problem is unknown. Instead, we
formulated and solved the following stochastically linearized design problem: Given

˙̂xG = (A + B2NK)x̂G + B1w,
ẑ = (C1 + D12K)x̂G,

N = erf
(

a√
2σû

)
,

(6.22)

find K such that

JSLQR := σ 2
ẑ (6.23)

is minimized over all K such that A+B2NK is Hurwitz. The solution of this problem
is given by K defined in (6.9). We use this controller, denoted below as KSLQR, for
the original system (6.3), that is, obtain the following closed loop system:

˙̃xG = Ax̃G + B1w + B2satα(ũ),
z̃ = C1x̃G + D12ũ,
ũ = KSLQRx̃G.

(6.24)

The problem of performance verification consists of determining how well σ 2
z̃

approximates minK Jexact and estimating the relative error |σ 2
z̃ − σ 2

ẑ |/σ 2
z̃ . These

issues can be addressed in both asymptotic and non-asymptotic settings. In the asymp-
totic case, that is, when disturbance intensity tends to zero, it is possible to prove that
σ 2

z̃ approximates well σ 2
z and is approximated well by σ 2

ẑ . In the non-asymptotic case,
it is possible to show by examples that in most cases the relative error is well within
10%. However, in some specifically contrived situations, the relative error may be
as large as 20%, but this requires a pathological choice of system parameters.
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6.1.4 SLQG Theory

SLQG synthesis equations: Consider the open loop system

ẋG = AxG + B1w + B2satα(u),
z = C1xG + D12u,

ym = C2xG + D21w

(6.25)

with the output feedback controller

ẋC = MxC − Lym,
u = KxC ,

(6.26)

where xC ∈RnxC , and assume the following:

Assumption 6.2.
(i) (A,B2) is stabilizable and (C2,A) is detectable;
(ii) (A,B1) is stabilizable and (C1,A) is detectable;
(iii) D12 = [0 √

ρ]T , ρ > 0 and D21 = [0 √
µ], µ > 0;

(iv) DT
12C1 = 0 and B1DT

21 = 0;
(v) A has no eigenvalues in the open right-half plane.

With the above controller, the closed loop system is

ẋG = AxG + B2satα(KxC)+ B1w,
ẋC = MxC − LC2xG − LD21w,

z = C1xG + D12KxC .
(6.27)

Application of stochastic linearization to this system yields

˙̂xG = Ax̂G + B2NKx̂C + B1w,
˙̂xC = Mx̂C − LC2x̂G − LD21w,
ẑ = C1x̂G + D12Kx̂C ,

N = erf
(

a√
2σû

)
.

(6.28)

Defining

Ã =
[

A B2NK

−LC2 M

]
, B̃ =

[
B1

−LD21

]
,

C̃ =
[

C1 D12K
]

, K̃ =
[

0 K
]

,

(6.29)

the stochastically linearized state space equations can be rewritten compactly as

˙̂x = Ãx̂ + B̃w,
ẑ = C̃x̂,
û = K̃x̂,

(6.30)

where x̂ = [x̂T
G x̂T

C]T .
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Theorem 6.5. Under Assumption 6.2, there exists a unique controller C(s) =
K(sI − M)−1L that solves the SLQG problem

min
K,L,M

σ 2
ẑ , (6.31)

where the minimization is over all (K,L,M) such that Ã is Hurwitz. Moreover, the
minimum value of the cost is

min
K,L,M

σ 2
ẑ = tr{C1(P + R)CT

1 }+ρ
N2

(ρ +λ)2 BT
2 QRQB2, (6.32)

and a state space realization for the controller is

K = − N
ρ +λ

BT
2 Q,

L = −PCT
2

1
µ

,

M = A + B2NK + LC2,

(6.33)

where (P,Q,R,S,N ,λ) is the unique solution of the following system of equations:

AP + PAT − 1
µ

PCT
2 C2P + B1BT

1 = 0, (6.34)

ATQ + QA − N2

ρ +λ
QB2BT

2 Q + CT
1 C1 = 0, (6.35)

(A − N2

ρ +λ
B2BT

2 Q)R + R(A − N2

ρ +λ
B2BT

2 Q)T+PCT
2 C2P

1
µ

= 0, (6.36)

(A − PCT
2 C2

1
µ

)TS + S(A − PCT
2 C2

1
µ

)+ N2

ρ +λ
QB2BT

2 Q = 0, (6.37)(
N2

ρ +λ

)2

BT
2 QRQB2 − N2α2

2
[
erf−1(N)

]2 = 0, (6.38)

λ− ρ√
π

2
N

erf−1(N)
exp

([
erf−1(N)

]2
)

− 1
= 0. (6.39)

In addition, if R and S are nonsingular, then the realization {M,L,K} given above is
a minimal realization for C(s).

Proof. See Section 8.5.

The proof of this theorem suggests the following bisection algorithm to compute
the SLQG controller.
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SLQG Bisection Algorithm 6.2 Given a desired accuracy ε > 0,

(a) Start with N1 = 0 and N2 = 1
(b) Let N = (N1 + N2)/2
(c) Calculate λ from (6.39)
(d) Solve the Riccati equations (6.34) and (6.35) for P and Q, respectively
(e) Solve the Lyapunov equations (6.36) and (6.37) for R and S, respectively
(f) Calculate the left-hand side of (6.38) and call it δ

(g) If |N2 − N1| < ε, go to step (i)
(h) If δ < 0, let N1 = N , else let N2 = N , and go to step (b)
(i) Calculate K, L, M from (6.33).

As in the case of SLQR, this algorithm is convergent and provides the controller
C(s) with a desired accuracy.

Similar to the SLQR case, equations (6.32)–(6.39) reduce to the standard LQG
equations when the saturation is removed. Note also that since Q depends on P, the
separation principle does not hold for SLQG.

Structure of the SLQG controller: Below, the structure of the SLQG controller is
investigated. Specifically, it is shown that the SLQG controller determined above has
the structure of an observer-based controller. In addition, a new nonlinear SLQG
control law is introduced.

Recall that the controller determined above is given by

ẋC = MxC − Lym,
u = KxC .

(6.40)

Substituting M from (6.33), these equations can be written in the form of an observer-
based controller:

ẋC = AxC + B2Nu − L(ym − C2xC),
u = KxC .

(6.41)

This suggest the following nonlinear SLQG control law

ẋC = AxC + B2satα(u)− L(ym − C2xC),
u = KxC .

(6.42)

In this case, although the controller is nonlinear, the estimation error e = xG − xC

satisfies the usual linear homogeneous equation

ė = (A + LC2)e, (6.43)

and hence, true estimation takes place. Note further that the linear controller (6.41)
and the nonlinear controller (6.42) yield exactly the same stochastically linearized
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performance. Consequently, in the sequel, we use the nonlinear version of the SLQG
controller.

Stability verification: Next, we study the stability of the closed loop system formed
by the plant (6.25) and the SLQG controller (6.42) in the absence of external
input w.

Theorem 6.6. Consider the undisturbed version of system (6.25):

ẋG = AxG + B2satα(u),
y = C2xG.

(6.44)

Let Assumption 6.2 hold and the SLQG controller be given by (6.42). Then

(i) (xG,xC) = (0,0) is the unique equilibrium point of (6.44), (6.42);
(ii) this equilibrium is exponentially stable;
(iii) if A and M are Hurwitz, all solutions of the closed loop system (6.44), (6.42)

are bounded.

Proof. See Section 8.5.

Performance verification: Performance verification results, similar to those for the
SLQR, remain valid for the SLQG case. An example, illustrating the accuracy of
stochastic linearization in the SLQG case, is given below.

Example 6.1. Consider the system

ẋG =
 −1 −2 −1

1 0 0
0 1 0

xG +
 0

0
1

w1 +
 1

5
0

sat(u),

z1 =
[

0 1 1
]

xG, z2 =
[ √

ρ

]
u,

ym =
[

0 0 3
]

xG +
[

1 × 10−4
]
w2.

(6.45)

The open loop variance of z1 is 1. Suppose that the specification is to reduce the closed
loop variance of z1 to around 0.025. First, using Theorem 6.1, with a very small ρ, we
estimate the smallest achievable σ 2

ẑ1
as 0.015. Next, we apply Theorem 6.5 to obtain

an SLQG controller. With ρ = 0.0095, SLQG Solution Algorithm 6.2 results in the
controller

C(s) = 616.67s2 + 589.16s + 589.79
s3 + 325.09s2 + 7.58 × 103s + 8.66 × 103 . (6.46)

This controller achieves σ 2
ẑ1

= 0.025 and N = 0.745. Since the plant is filtering, we
expect that the variance of z1 defined by (6.45) and (6.46) is close to 0.025. Simulations
show that this variance is, indeed, 0.0254.
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Figure 6.2. Time traces of z1 and u in system (6.45), (6.46).

When the SLQG controller is implemented as (6.42), the results remain almost
the same. For this implementation, the values of K and L are

K =
[

−0.255 −6.417 −6.168
]

,

L =
[

0.332 0.001 −100.000
]T

.
(6.47)

Traces of z1 and u in the closed loop system (6.45), (6.46) are shown in Figure 6.2,
where the controller is off for the first 25 seconds and on for the next 25 seconds. The
graph of u also includes the clipping level ±1, indicating that the signal at the input
of the plant is the clipped version of u.

6.1.5 Application: Ship Roll Damping Problem

Model: Damping roll oscillation caused by sea waves is of importance for passenger
ships. The reason is that roll oscillations lead to passenger discomfort, property dam-
age, and reduced crew effectiveness. There is experimental evidence that passenger
discomfort can be measured by the standard deviation of the roll angle. Specifically,
the standard deviation of the roll angle should be less than 3 deg for performing
intellectual work and less than 2.5 deg for passenger ship comfort.

Several approaches to damping ship roll oscillations have been proposed and
implemented. In one of them, the ship is equipped with two actively controlled
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ship

sea level

wing

Figure 6.3. Cross section of the ship.

C(s) A(s)

d

u

ym
S(s)

P(s)f(·)
u1 v z

−

Figure 6.4. System model for ship roll damping problem.

wings attached to its stern (see Figure 6.3). The travel of the wings is limited to a
range of ±18 deg, which is modeled as actuator saturation. We assume that the waves
correspond to a sea condition in which the wind velocity is 15.4 m/s, and they are
normal to the direction of navigation.

The block diagram of the system, including the ship, actuator, sensor, controller,
and wave disturbance, is shown in Figure 6.4. In this figure, P(s) is the ship transfer
function from the total torque v+d (N·m) applied by the wings and the wave distur-
bance to the roll angle z (rad); A(s) is the transfer function from the voltage u (V)
applied to the hydraulic actuator that drives the wings to the wings dipping angle u1

(rad), and f (u1) is the saturation nonlinearity that relates the wing dipping angle to
the torque generated by the wings; S(s) is the transfer function of the gyroscope that
is used as a roll angle sensor with output ym (V); and finally, C(s) is the controller
that uses ym to generate the control voltage u.

From the data provided in the literature, P(s), A(s), S(s), and f (u1) are as follows:

P(s) = 1.484 × 10−6

s2 + 1.125s + 1.563
, A(s) = 0.330

s + 1.570
,

S(s) = 11.460, f (u1) = 7.337 × 104 sat( u1

0.314
).

(6.48)

We model the disturbance torque generated by the waves as a wide sense stationary
(WSS) stochastic process generated by the filter

F1(s) = 7.224 × 104s
s2 + 0.286s + 0.311

, (6.49)

driven by standard white noise.
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Combining the state space descriptions of P(s), F1(s), and S(s), we obtain the
augmented system

ẋG =


−1.125 −1.563 0.985 0

1 0 0 0
0 0 −0.286 −0.311
0 0 1 0

xG +


0
0
1
0

w1 +


1
0
0
0

sat(u),

(6.50)

z1 =
[

0 0.109 0 0
]

xG,

y1 =
[

0 1.248 0 0
]

xG,

where we have used the substitution u = u1/0.314 to normalize the saturation
characteristic.

The open loop standard deviation of z1 is 5.55 deg. Since the sea condition con-
sidered is very rough, our goal is to reduce the standard deviation of z1 below 3 deg.
Ignoring the saturation, the lead controller

C(s) = 35
s + 0.1
s + 10

(6.51)

is designed to achieve this goal with σz1 = 2.64 deg. However, when this controller is
implemented in the actual system, simulations reveal that the standard deviation of z1

is 3.14 deg, and hence, the performance of this controller does not meet specifications.
Of course, reducing the controller gain makes the degradation smaller at the expense
of providing poor disturbance rejection. Indeed, the controller

C(s) = 10
s + 0.1
s + 10

(6.52)

essentially avoids saturation, but achieves an inadequate disturbance rejection since
it yields σz1 = 4.21 deg.

Design: Using the SLQR Bisection Algorithm 6.1 with a very smallρ, the best achiev-
able level of disturbance rejection, as measured by the standard deviation of the
roll angle, is estimated to be 2.08 deg. Recall that our goal is to reduce σz1 below
3 deg, and here, we aim at obtaining σẑ1 = 2.5 deg. Increasing ρ, we find that when
ρ = 4.703 × 10−4, σẑ1 = 2.5 deg and the corresponding SLQR state feedback gain is

K =
[

−0.766 −1.049 −0.486 0.027
]

, (6.53)

and N = 0.5375. Simulations reveal that the value of σz1 is about 2.54 deg. Thus, this
controller achieves the desired performance.
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Figure 6.5. Time traces of z1 with SLQG feedback (—) and open loop (· · ·).

Similarly, SLQG Bisection Algorithm 6.2 with ρ = 1.649×10−3 and µ = 1×10−4

yields the SLQG controller gains

K =
[

−1.050 −1.465 −0.649 0.036
]

,

L =
[

−28.121 −6.713 −87.028 −36.231
]T

.
(6.54)

This controller also achieves σẑ1 = 2.5 deg. Using simulations, the standard deviation
of z1 is determined as 2.56 deg. A time trace of z1 with this SLQG controller is shown
in Figure 6.5 (the solid curve) together with the corresponding open loop z1 (the
dotted curve). Clearly, the SLQG controller leads to a substantial reduction of ship
roll oscillations.

6.1.6 Generalizations

In this subsection, several generalizations of the results obtained above are briefly
outlined.

Arbitrary nonlinearities: The methods developed in this section can be readily
extended to systems that contain other nonlinearities in the loop, such as deadzone,
friction, and quantization. Consider, for example, an arbitrary nonlinearity f (u) in
the actuator model. It follows that the equivalent gain N of f (u) is a function of σ 2

û ,
that is, N = N(σ 2

û ). Solving for σ 2
û = σ 2

û (N), it is easy to see that equations (6.12) and
(6.13) in Theorem 6.1, and equations (6.38) and (6.39) in Theorem 6.5 take the form

(
N2

ρ +λ

)2

BT
2 QRQB2 − N2σ 2

û (N) = 0, (6.12′), (6.38′)
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and

λ+ ρ

N
2

σ 2
û

′(N)

σ 2
û (N)

+ 1

= 0, (6.13′), (6.39′)

respectively, where σ 2
û

′(N) is the derivative of σ 2
û (N) with respect to N . With these

modifications, if N2σ 2
û is a decreasing function of N , Theorems 6.1 and 6.5 remain

valid, and Bisection Algorithms 6.1 and 6.2 are applicable. However, when N2σ 2
û is

not a decreasing function of N , the corresponding existence and uniqueness results
do not follow directly from the developed results, and further research is needed to
settle them.

Nonlinearities in sensors and actuators: If both actuator and sensor are nonlinear,
the solution of the SLQR/SLQG problem can be obtained in a manner similar to
that of Subsections 6.1.3 and 6.1.4, except that each nonlinearity is associated with a
separate nonlinear equation.

MIMO systems: Throughout the previous subsections, it is assumed that u and
y are scalar. When y ∈ Rny is a vector, the extension follows immediately from
the previous results by replacing each occurrence of CT

2 /µ with CT
2 (D21DT

21)
−1,

provided that D21DT
21 is nonsingular. On the other hand, when u ∈ Rnu is a

vector, the extension requires multivariable stochastic linearization. It can be
shown that the equivalent gain N of a decoupled vector-valued saturation non-
linearity satA(u) = [satα1(u1) · · · satαnu

(unu)]T is given by the diagonal matrix N =
diag{N1, . . . ,Nnu}, where each Nk is the equivalent gain of the individual nonlin-
earity satαk (uk). With this result, the desired extension follows from the previous
results by replacing each occurrence of (N/(ρ + λ))BT

2 with (DT
12D12 + �)−1NBT

2 ,
where � = diag{λ1, . . . ,λnu} is the corresponding Lagrange multiplier, provided that
DT

12D12 is nonsingular and diagonal.

6.2 Instrumented LQR/LQG

6.2.1 Scenario

Section 6.1 provides a method for designing controllers for LPNI systems when the
parameters of the instrumentation are given a priori. The goal of this section is to
develop a method for simultaneous design of controllers and instrumentation. To
accomplish this, we parameterize the actuators and sensors by the severity of their
nonlinearities, for example, levels of saturation, steps of quantization, and so on.
Then, we introduce a performance index, which includes both the system behavior
and the parameters of the instrumentation. Assuming that this performance index is
quadratic, we derive synthesis equations for designing optimal controllers and instru-
mentation simultaneously. The resulting technique is referred to as ILQR/ILQG,
where the “I” stands for “instrumented”.

More specifically, assume, for example, that the actuator and sensor are satu-
rating with the saturation levels α and β, respectively, and consider the system of
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C(s) satα(·) P(s)

w1

satb(·)

u y

H1(s)F1(s)

F2(s)

H2(s)

z2 z1

w3

w2

ym m

−

Figure 6.6. LPNI system configuration for ILQR/ILQG problem formulation.

Figure 6.6, where, as usual, P(s) is the plant, C(s) is the controller, F1(s), and F2(s)
are coloring filters, µ is a static gain used for LQG synthesis, and H1(s), and H2(s) are
weighting filters. The signals u,y,ym ∈ R are, respectively, the control, plant output,
and measured output, while w1, w2, w3 ∈ R are independent white noise processes.
The controlled (performance) outputs are z1,z2 ∈ R.

The assumption that signals are scalar is made to simplify the technical presenta-
tion. This is not restrictive, and generalization to multivariable systems is discussed
in Subsection 6.2.4.

Assume that the system, excluding the controller, has the following state space
representation:

ẋG = AxG + B1w + B2satα (u) ,
z = C1xG + D12u,
y = C2xG,

ym = satβ(y)+ D21w,

(6.55)

where xG is the state vector, w = [w1 w2 w3]T , z = [z1 z2]T , and D21 = [0 0 µ].
The stochastically linearized version of (6.55) is given by

˙̂xG = Ax̂G + B1w + B2Naû,
ẑ = C1x̂G + D12û,

ŷm = NsC2x̂G + D21w,
(6.56)

where

Na = erf
(

α√
2σû

)
,

Ns = erf

(
β√
2σŷ

)
.

(6.57)

Given (6.56), the design problem considered here is: Design a controller, and
select α and β in order to minimize

J = σ 2
ẑ +ηaα

2 +ηsβ
2,
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where ηa and ηs are positive constants. This problem is referred to as:

• ILQR, when the only nonlinearity is in the actuator and the controller is a
linear state feedback of the form

û = Kx̂G; (6.58)

• ILQG, when both actuator and sensor are nonlinear, and the controller is an
output feedback of the form

˙̂xC = Mx̂C − Lŷm,
û = Kx̂C .

(6.59)

Since the controllers (6.58) and (6.59), along with instrumentation satα(·) and
satβ(·), are intended to be used in the LPNI system of Figure 6.6, in addition to the
above design problems, the following verification problem must be addressed: With
the ILQR/ILQG controller

u = KxG (6.60)

or

ẋC = MxC − Lym,
u = KxC ,

(6.61)

and instrumentation satα(·) and satβ(·), characterize the stability and performance of
the resulting closed loop LPNI system.

The ILQR and ILQG problems, along with their associated verification
problems, are considered in Subsections 6.2.2 and 6.2.3, respectively.

6.2.2 ILQR Theory

ILQR synthesis: Consider the open loop LPNI system,

ẋG = AxG + B1w + B2satα (u) ,
z = C1xG + D12u,

(6.62)

with linear state feedback

u = KxG. (6.63)

Let Assumption 6.1 of Section 6.1 hold.
From (6.62) and (6.63), the closed loop system is described by

ẋG = AxG + B2satα (KxG)+ B1w,
z = (C1 + D12K)xG.

(6.64)
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Applying stochasic linearization to (6.64) results in

˙̂xG = (A + B2NK) x̂G + B1w,

ẑ = (C1 + D12K) x̂G,

N = erf
(

α√
2σû

)
.

(6.65)

The ILQR Problem is: Find the value of the gain K and parameter α of the
actuator, which ensure

min
K,α

{
σ 2

ẑ +ηα2
}

,η > 0, (6.66)

where the minimization is over all pairs (K,α) such that A + B2NK is Hurwitz.
This is a constrained optimization problem, since (6.66) can be rewritten as

min
K,α

{
tr
(
C1RCT

1

)
+ρKRKT +ηα2

}
, (6.67)

where R satisfies

(A + B2NK)R + R(A + B2NK)T + B1BT
1 = 0, (6.68)

with N defined by

KRKT − α2

2

[
erf−1 (N)

]−2 = 0. (6.69)

Theorem 6.7. Under Assumption 6.1, the ILQR problem is solved by

K = − N
λ+ρ

BT
2 Q, (6.70)

α = erf−1(N)
√

2
√

KRKT , (6.71)

where (Q,R,N ,λ) is the unique solution of

ATQ + QA − N2

ρ +λ
QB2BT

2 Q + CT
1 C1 = 0, (6.72)

(
A − N2

ρ +λ
B2BT

2 Q

)
R + R

(
A − N2

ρ +λ
B2BT

2 Q

)T

+ B1BT
1 = 0, (6.73)

λ− ρ

N
√

π

2erf−1(N)
exp

(
erf−1 (N)2

)
− 1

= 0, (6.74)

η − λ

2
(
erf−1(N)

)2 = 0, (6.75)
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while the optimal ILQR cost is

min
K,α

{
σ 2

ẑ +ηα2
}

= tr
(
C1RCT

1

)
+ρ

N2

(ρ +λ)2 BT
2 QRQB2 + 2ηKRKTerf−1 (N)2 .

(6.76)

Proof. See Section 8.5.

To find the solution of (6.72)–(6.75), a standard bisection algorithm can be used.
Indeed, using (6.74) to substitute for λ in (6.75) yields

h(N)− ρ

η
= 0, (6.77)

where

h(N) = N
√

πerf−1(N)exp
(
erf−1 (N)2

)
− 2erf−1(N)2. (6.78)

It is shown in the proof of Theorem 6.7 that h(N) is continuous and monotonically
increasing for N ∈ [0,1). This leads to the following ILQR solution methodology:

ILQR Bisection Algorithm 6.3: Given a desired accuracy ε > 0,

(a) Find an ε-precise solution N of (6.77) using bisection (with initial conditions
N− = 0,N+ = 1)

(b) Find λ from (6.74) or (6.75)
(c) Find Q from (6.72)
(d) Find R from (6.73)
(e) Compute K and α from (6.70) and (6.71).

Note that ILQR can be viewed as a generalization of the SLQR theory presented
in Section 6.1. Indeed, if α is fixed, (6.75) becomes superfluous and (6.71) becomes a
constraint, so that the minimization (6.67) amounts to solution of the SLQR problem.

ILQR performance limitations: Assume that ρ and η are design parameters and
denote the first term in the right-hand side of (6.76) as γ 2(ρ,η), that is,

γ 2(ρ,η) := tr
(
C1R(ρ,η)CT

1

)
, (6.79)

where, from (6.73), R(ρ,η) ≥ 0. Note that γ 2(ρ,η) is the variance of the output ẑ1 of
the quasilinear system. The following theorem establishes performance limitations
on γ 2(ρ,η).

Theorem 6.8. Under Assumption 6.1,

(i) γ 2(ρ,η) is an increasing function of ρ and

lim
ρ→0+ γ 2 (ρ,η) = tr

(
C1R̄ηCT

1

)
, (6.80)
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where (R̄η ≥ 0,Q̄η ≥ 0) is the unique solution of(
A − 2

πη
B2BT

2 Q̄η

)
R̄η + R̄η

(
A − 2

πη
B2BT

2 Q̄η

)T

+ B1BT
1 = 0, (6.81)

ATQ̄η + Q̄ηA − 2
πη

Q̄ηB2BT
2 Q̄η + CT

1 C1 = 0; (6.82)

(ii) γ 2(ρ,η) is an increasing function of η and

lim
η→0+ γ 2 (ρ,η) = γ 2

ρ0, (6.83)

where γ 2
ρ0 denotes the optimal output variance achievable by conventional

LQR, that is, with linear instrumentation;
(iii) if A is Hurwitz,

lim
ρ→∞γ 2 (ρ,η) = lim

η→∞γ 2 (ρ,η) = γ 2
OL, (6.84)

where γ 2
OL denotes the open loop output variance of z1.

Proof. See Section 8.5.

Thus, for any η, the output variance cannot be made smaller than tr
{
C1R̄ηCT

1

}
;

for a given ρ, the output variance cannot be made smaller than γ 2
ρ0; as η and ρ tend

to ∞, the optimal strategy is to operate the system in an open loop regime.

ILQR stability verification: The problem of ILQR stability verification consists of
investigating the stability properties of the closed loop LPNI system (6.64), with
ILQR controller (6.70) and instrumentation (6.71). To address this problem, consider
the following undisturbed version of (6.64):

ẋG = AxG + B2satα (KxG) ,
z = (C1 + D12K)xG.

(6.85)

Assume that the pair (K,α) is obtained from (6.70) and (6.71), and (Q,R,N ,λ) is the
corresponding solution of (6.72)–(6.75).

Theorem 6.9. For the closed loop system (6.85) with (6.70), (6.71):

(i) xG = 0 is the unique equilibrium;
(ii) this equilibrium is exponentially stable;
(iii) a subset of its domain of attraction is given by

X =
{

xG ∈ Rnx : xT
G

(
QB2BT

2 Q
)

xG ≤ 4(ρ +λ)2α2

N4

}
. (6.86)

Proof. See Section 8.5.

The additive disturbance w may force the system to exit the domain of attraction.
One may use tools from absolute stability theory, such as the Popov stability criterion,
to verify that destabilization by such a disturbance is impossible.
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Figure 6.7. ILQR solution for a double integrator as a function of actuator penalty η.

Illustrative example: The following example illustrates the behavior of the ILQR
solution as the instrumentation penalty η is increased. Consider the standard double-
integrator plant in the form (6.62), with system matrices

A =
[

0 0
1 0

]
,B1 = B2 =

[
1
0

]

C1 =
[

0 1
0 0

]
,D12 =

[
0√
ρ

]
,

(6.87)

and assume that ρ = 1.
Figure 6.7 shows the behavior of the ILQR solution for a range of η. Clearly, as

η approaches 0+, α and |K| increase, the equivalent gain N tends to 1, and the ILQR
solution coincides with the conventional LQR solution. As η increases, the output
variances σ 2

ẑ1
and σ 2

û increase, as does the optimal ILQR cost J. This is consistent
with Theorem 6.8, noting that the double-integrator plant (6.87) does not have a
finite open loop steady state variance.

6.2.3 ILQG Theory

ILQG synthesis equations: Consider the open loop LPNI system of Figure 6.6
represented as

ẋG = AxG + B1w + B2satα (u) ,
z = C1xG + D12u,
y = C2xG,

ym = satβ(y)+ D21w,

(6.88)
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with output feedback controller

ẋC = MxC − Lym,
u = KxC .

(6.89)

Let Assumption 6.2 of Section 6.1 hold. Furthermore, assume that F2(s) is strictly
proper. This ensures that D21w is the only direct noise feedthrough onto the
measured output ym.

From (6.88) and (6.89), the closed loop LPNI system is

ẋG = AxG + B1w + B2satα (KxC) ,
ẋC = MxC − L

(
satβ(C2xG)+ D21w

)
,

z = C1xG + D12KxC .
(6.90)

Applying stochastic linearization to (6.90) results in

˙̂xG = Ax̂G + B1w + B2NaKx̂C ,

˙̂xC = Mx̂C − LNsC2x̂G − LD21w,

ẑ = C1x̂G + D12Kx̂C ,

ŷm = NsC2x̂G + D21w,

Na = erf
(

α√
2σû

)
,

Ns = erf

(
β√
2σŷ

)
,

(6.91)

which can be rewritten as

˙̂x =
(
Ã + B̃2ÑC̃2

)
x̂ + B̃1w,

ẑ = C̃1x̂,
(6.92)

where

Ã =
[

A 0
0 M

]
, Ñ =

[
Na 0
0 Ns

]
,

B̃1 =
[

B1

−LD21

]
, C̃1 =

[
C1 D12K

]
,

B̃2 =
[

B2 0
0 −L

]
, C̃2 =

[
0 K

C2 0

]
,

(6.93)

and x̂ = [x̂T
G x̂T

C]T .
The ILQG Problem is: Find the values of K,L,M,α, and β, which ensure

min
K,L,M,α,β

{
σ 2

ẑ +ηaα
2 +ηsβ

2
}

,ηa > 0,ηs > 0, (6.94)

where the minimization is over all (K,L,M,α,β) such that (Ã + B̃2ÑC̃2) is Hurwitz.



190 Design of Disturbance Rejection Controllers

Similar to the ILQR case, this problem can be rewritten as

min
K,L,M,α,β

{
tr
(
C̃1P̃C̃T

1

)
+ηaα

2 +ηsβ
2
}

, (6.95)

where P̃ satisfies (
Ã + B̃2ÑC̃2

)
P̃ + P̃

(
Ã + B̃2ÑC̃2

)T + B̃1B̃T
1 = 0 (6.96)

with Ñ defined by

diag
{
C̃2P̃C̃T

2

}
− 1

2
�
[
erf−1

(
Ñ
)]−2 = 0, (6.97)

� =
[

α2 0
0 β2

]
. (6.98)

Theorem 6.10. Under Assumption 6.2, the ILQG problem (6.94) is solved by

K = − Na

λ1 +ρ
BT

2 Q, (6.99)

L = −PCT
2

Ns

µ
, (6.100)

M = A + B2NaK + LNsC2, (6.101)

α = erf−1(Na)
√

2
√

KRKT , (6.102)

β = erf−1(Ns)
√

2
√

C2(P + R)CT
2 , (6.103)

where (P,Q,R,S,Na,Ns,λ1,λ2) is a solution of

AP + PAT −
(

N2
s

µ

)
PCT

2 C2P + B1BT
1 = 0, (6.104)

ATQ + QA −
(

N2
a

ρ +λ1

)
QB2BT

2 Q + CT
1 C1 +λ2CT

2 C2 = 0, (6.105)

(A + B2NaK)R + R(A + B2NaK)T +µLLT = 0, (6.106)

(A + LNsC2)
T S + S (A + LNsC2)+ρKTK = 0, (6.107)
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λ1 − ρ

Na
√

π

2erf−1(Na)
exp

(
erf−1 (Na)

2
)

− 1
= 0, (6.108)

(
C2PSPCT

2

)
NT

s µ−
√

πλ2β
2

4
erf−1(Ns)

−3 × exp
(
erf−1(Ns)

2
)

= 0, (6.109)

ηa − λ1

2
(
erf−1(Na)

)2 = 0, (6.110)

ηs − λ2

2
(
erf−1(Ns)

)2 = 0, (6.111)

which minimizes the ILQG cost

JILQG = tr
(
C1(P + R)CT

1

)
+ρ

N2

(ρ +λ)2 BT
2 QRQB2 + 2ηaKRKTerf−1 (Na)

2

+ 2ηsC2(P + R)CT
2 erf−1 (Ns)

2 . (6.112)

Proof. See Section 8.5.

The following technique can be used to obtain the ILQG solution:

ILQG Bisection Algorithm 6.4: Given a desired accuracy ε > 0,

(a) With h(·) defined in (6.78), find an ε-precise solution Na of the equation

h(Na)− ρ

ηa
= 0, (6.113)

using bisection (with initial conditions N−
a = 0,N+

a = 1)
(b) Find λ1 from (6.108) or (6.110)
(c) For any Ns, the left-hand side of (6.109) can now be determined by find-

ing λ2, P, Q, R, and S, by solving, in sequence, (6.111), (6.104), (6.105),
(6.106), and (6.107). Hence, the left-hand side of (6.109) can be expressed
as function of Ns

(d) Find all Ns ∈ [0,1] that satisfy (6.109) by using a root-finding technique such
as numerical continuation or generalized bisection

(e) For each Ns found in the previous step, compute K,L,M,α,β from (6.99)–
(6.103)

(f) Find the quintuple (K,L,M,α,β) that minimizes JILQG from (6.112).

Note that the optimal ILQG solution may correspond to operating openloop,
that is, α,β = 0 and K(sI − A)−1L ≡ 0.

Also, in contrast to conventional LQG, due to the interdependence of (6.104)–
(6.111) on both Na and Ns, the separation principle does not hold for ILQG.
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ILQG controller structure: The ILQG controller (6.89) can be rewritten in the
standard observer-based form as

ẋC = AxC + B2Nau − L(ym − NsC2xC) ,
u = KxC ,

(6.114)

which suggests the following nonlinear implementation:

ẋC = AxC + B2satα(u)− L
(
ym − satβ(C2xC)

)
,

u = KxC .
(6.115)

With (6.115), in the absence of the disturbance w, the estimation error e = xG − xC

satisfies

ė = Ae + L
(
satβ (C2xG)− satβ(C2xC)

)
, (6.116)

so that when C2xC and C2xG are sufficiently small,

ė = (A + LC2)e, (6.117)

and true estimation occurs. Note that (6.114) and (6.115) yield the same quasilinear
closed loop performance.

ILQG stability verification: We now verify the stability of the LPNI system (6.88)
controlled by the nonlinear ILQG controller (6.115) with ILQG instrumentation
(6.102)–(6.103). Consider the undisturbed version of (6.88) with the controller
(6.115), that is,

ẋG = AxG + B2satα (KxC) ,
ẋC = AxC + B2satα(KxC)− L

(
ym − satβ(C2xC)

)
,

ym = satβ(C2xG),
z = C1xG + D12KxC .

(6.118)

Assume that (K,L,M,α,β) is the ILQG solution (6.99)–(6.103), and

(P,Q,R,S,Na,Ns,λ1,λ2)

is the corresponding solution of (6.104)–(6.111). We have the following:

Theorem 6.11. For the closed loop system (6.118) with (6.99)–(6.103):

(i) [xG,xC] = 0 is the unique equilibrium;
(ii) this equilibrium is exponentially stable;
(iii) if xG(0) = xC(0), a subset of its domain of attraction is given by the set Y ×Y ,

where

Y =
{

xG ∈ Rnx : xT
G

(
QB2BT

2 Q
)

xG ≤ 4(ρ +λ1)
2α2

N4
a

}
∩

{
xG ∈ Rnx : xT

GCT
2 C2xG ≤ β2

}
. (6.119)

Proof. See Section 8.5.
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Illustrative example: Reconsider the double integrator example of Subsection 6.2.2,
represented in the form (6.88), with A,B2,C1,D12 as defined in (6.87) and

B1 =
[

0 0
1 0

]
,D21 =

[
0

√
µ

]
,C2 = C1. (6.120)

Assume that ρ = µ = 1 × 10−4 and consider the following two cases:

Case 1: Fix ηs = 2 × 10−3 and examine σ 2
ẑ1

, α, β as functions of ηa.

Case 2: Fix ηa = 2 × 10−3 and examine σ 2
ẑ1

, α, β as functions of ηs.

Figure 6.8 illustrates the ILQG solution for Case 1, where the ηa axis is displayed
on a logarithmic scale. Clearly, as ηa increases, α decreases and σ 2

ẑ1
increases. Note

that β also decreases, showing that the synthesis of actuator and sensor are not
decoupled.

Figure 6.9 shows the behavior for Case 2. As expected, when ηs increases,
β decreases and σ 2

ẑ1
increases. In addition, observe that α increases, again

demonstrating the lack of separation in ILQG.

6.2.4 Generalizations

Arbitrary nonlinearities: Similar to SLQR/SLQG, the ILQR/ILQG methodologies
can be extended to nonlinearities other than saturation. For such nonlinearities, the
Lagrange multiplier technique is applied as before, but using different expressions
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Figure 6.8. ILQG solution for a double integrator as a function of actuator penalty ηa.

0

5

10

15

s2
z1

0

5

10

15

20

25

a

0.01

0.02

0.03

0.04

0.05

0.06

0.07

b

10−8 10−6 10−4

hs

10−8 10−6 10−4

hs

10−8 10−6 10−4

hs

Figure 6.9. ILQG solution for a double integrator as a function of sensor penalty ηs.



194 Design of Disturbance Rejection Controllers

for the quasilinear gains. If fα(u) and gβ(y) are the actuator and sensor nonlinearities,
the general expressions for the quasilinear gains are

Na = F (σû) =
∞∫

−∞
f ′
α(x)

1√
2πσû

exp

(
− x2

2σ 2
û

)
dx, (6.121)

Ns = G (σŷ
)= ∞∫

−∞
g′
β(x)

1√
2πσŷ

exp

(
− x2

2σ 2
ŷ

)
dx. (6.122)

For example, if gβ(y) is the symmetric deadzone defined in (2.23),

G(σŷ) = 1 − erf

(
β/2√
2σŷ

)
. (6.123)

Similarly, if gβ(y) is the quantizer (2.35) then

G(σŷ) = Qm

(
β√
2σŷ

)
, (6.124)

where

Qm (z) := 2z√
π

[
m∑

k=1

e− 1
4 (2k−1)2(z)2

]
. (6.125)

For the ILQR problem (6.67), the constraint (6.69) now becomes

KRKT −
[
F−1 (N)

]−2 = 0. (6.126)

Similarly, for ILQG, (6.97) becomes

diag
{
C̃2P̃C̃T

2

}
− diag

{[
F−1 (Na)

]−2
,
[
G−1 (Ns)

]−2
}

= 0, (6.127)

where F and G are assumed to be invertible. Existence and uniqueness of the
ILQR/ILQG solution will, of course, depend on the specific form of these functions.

MIMO systems: The methods presented in Subsections 6.2.2 and 6.2.3 can be
extended to the multivariable case. Specifically, consider the MIMO version of (6.88),
where u ∈ Rp and y,ym ∈ Rq, p,q > 1, where α, β are understood as

α := [α1 ... αp]T , β := [β1 ... βq]T , (6.128)

and

satα(u) := [satα1(u1) ... satαp(up)]T , (6.129)

satβ(y) := [satβ1(y1) ... satβq(yq)]T . (6.130)
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As before, the quasilinearization of this system is given by (6.91)–(6.93) with the
equivalent gains of (6.129) and (6.130) specified by

Na = diag
(
Na1 ,Na2 , ...,Nap

)
, (6.131)

and

Ns = diag
(
Ns1 ,Ns2 , ...,Nsq

)
, (6.132)

respectively, where

Nak = erf

(
αk√
2σûk

)
, Nsl = erf

(
βl√
2σŷl

)
, (6.133)

for k = 1, ...,p and l = 1, ...,q.
The ILQG problem (6.94) now becomes

min
K,L,M,α,β

{
σ 2

ẑ +αTWaα +βTWsβ
}

, (6.134)

where Wa,Ws are diagonal and positive definite. Clearly, this can be rewritten as

min
K,L,M,α,β

{
tr
(
C̃1P̃C̃T

1

)
+αTWaα +βTWsβ

}
, (6.135)

subject to the constraints (6.96) and (6.97), with � in (6.97) becoming

� =
[

diag(ααT ) 0
0 diag(ββT )

]
. (6.136)

The optimization is carried out in a manner analagous to the proof of Theorem 6.10,
and the necessary conditions for minimality are obtained in terms of the Lagrange
multiplier � = [λ1, ...,λ(p+q)].

6.2.5 Application: Ship Roll Damping Problem

Model and problem: The model here remains the same as in Subsection 6.1.5, but
with a saturating sensor (along with saturating actuator, see Figure 6.10), that is,

ẋG =


−1.125 −1.563 0.985 0

1 0 0 0
0 0 −0.286 −0.311
0 0 1 0

xG +


0
0
1
0

w1 +


1
0
0
0

satα (u) ,

(6.137)

z1 =
[

0 0.109 0 0
]

xG, (6.138)

y =
[

0 1.248 0 0
]

xG, (6.139)

ym = satβ(y)+√
µw2. (6.140)
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Figure 6.10. Block diagram for ship roll example.

Note that the system is normalized so that α = 1 corresponds to an angular travel
of 18 degrees. Below, we demonstrate the utility of ILQR/ILQG as compared with
SLQR/SLQG.

ILQR solution: The following design objectives are specified:

(1) σẑ1 < 3 rad
(2) α ≤ 1.

Using the ILQR solution method with the penalties η = 3.5×10−3 and ρ = 1×10−6,
we obtain

K =
[

−5.641 −7.565 −3.672 0.2058
]

, (6.141)

α = 0.78 ⇒ 14 deg, (6.142)

resulting in

σẑ1 = 2.72. (6.143)

Numerical simultation of the nonlinear system with this controller and actuator
reveals that

σz1 = 2.79, (6.144)

which verifies the accuracy of the quasilinearization. Clearly, the design objectives
are met. Note that by simultaneously synthesizing the controller and instrumentation,
we find a solution that uses a saturation authority of less than 18 degrees.
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Figure 6.11. Time trace of z1 for ship-roll example.

ILQG solution: Using the parameters ηa = 2.55×10−3, ηs = 1×10−10, ρ = 1×10−5,
and µ = 1 × 10−5, the ILQG solution method results in

K =
[

−2.029 −2.798 −1.264 0.0709
]

, (6.145)

L =
[

−80.77 −16.09 −281.41 −100.38
]T

, (6.146)

α = 0.91 ⇒ 16.4deg, β = 0.35 ⇒ 6.3deg, (6.147)

leading to

σẑ1 = 2.56. (6.148)

Simulation of the nonlinear system yields

σz1 = 2.77, (6.149)

which meets the performance specification. As anticipated, the performance of the
actual nonlinear system (6.149) is within 8% of its quasilinear approximation (6.148).
Figure 6.11 shows a time trace of z1 for both the open and closed loop systems.
Note that in open loop σz1 = 5.5, so that control results in a 50% performance
improvement.

6.3 Summary

• The LQR/LQG design methodology can be extended to LPNI systems. This
is accomplished by applying the LQR/LQG approach to stochastically lin-
earized versions of the systems at hand. For the case of saturating actuators,
the resulting technique is referred to as SLQR/SLQG.
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• The solution of the SLQR/SLQG problem is provided by the usual Ricatti
and Lyapunov equations coupled with two transcendental equations, which
account for the quasilinear gain and the Lagrange multiplier associated with
the optimization problem. The solutions of these equations can be found using
a bisection algorithm.

• Analyzing the SLQR/SLQG solution, it is shown that the optimal controllers
necessarily saturate the actuators. In other words, controller design strategies
based on saturation avoidance are not optimal.

• The performance limitations of SLQR/SLQG are quantified using the cheap
control methodology, and it is proved that the SLQR/SLQG controllers do
not reject disturbances to an arbitrary level, even if the plant is minimum
phase.

• In addition, it is shown that, while the SLQR/SLQG controller ensures global
asymptotic stability of the stochastically linearized system, the actual, LPNI
system inherits this property in a weaker, semi-global stability sense.

• A new problem of state space design for LPNI systems is the so-called
ILQR/ILQG problem, where the “I” stands for “Instrumented.” Here, the
usual LQR/LQG cost is augmented by additional terms representing the
instrumentation parameters. As a result, the ILQR/ILQG methodology
allows for designing the optimal controller and instrumentation simultane-
ously.

• The solution of the ILQR/ILQG problem is given by coupled Ricatti, Lya-
punov, and transcendental equations. A bisection algorithm to calculate these
solutions with any desired accuracy is provided.

• The extent to which the actual, LPNI systems with ILQR/ILQG controllers
inherit the stability properties and performance of the stochastically linearized
systems is similar to those of SLQR/SLQG.

• The SLQR/SLQG method provides a state space solution of the Narrow Sense
Design problem introduced in Section 1.2.

• The ILQR/ILQG method provides a state space solution of the Wide Sense
Design problem introduced in Section 1.2.

6.4 Problems

Problem 6.1. An automotive active suspension system is shown in Figure 6.12.
Here u is the suspension force provided by a hydraulic actuator. The disturbance d
is the road profile. Such a system can be modeled as


ẋ1

ẋ2

v̇1

v̇2

=


0 0 1 0
0 0 0 1

−10 −10 −2 2
60 −660 12 −12




x1

x2

v1

v2

+


0
0

0.00334
−0.02

u +


0
0
0

600

d.
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Figure 6.12. Problem 6.1.

For simplicity, assume that d is standard white noise. The control objective is to
ensure good ride quality, in terms of the standard deviation of x1, by rejecting the
disturbance.

(a) Use conventional LQR to design a state feedback controller in order to
achieve 90% disturbance rejection.

(b) Assume that the actuator can deliver a maximum force of ±10N . Use
stochastic linearization to determine the disturbance rejection performance
degradation of the design obtained in (a).

(c) Now, use SLQR to design a state feedback controller to achieve 90%
disturbance rejection in the presence of the above saturating actuator.

(d) Find an estimate for the region of attraction of your design.
(e) Suppose that the outputs of the system are defined as y1 = x1 − x2 and

y2 = v1 −v2. Use SLQG to design an output feedback controller to recover
the performance obtained in part (c).

(f) Simulate the SLQG design and plot the output response.
(g) A more realistic model for the disturbance is given by colored noise of

bandwidth � = V , where V is the velocity of the car.
i. Based on this �, model the disturbance as the output of the filter

F�(s) = �

s +�
(6.150)

driven by white noise. Redesign your SLQG controller.
ii. Given this disturbance model, is it possible to use an actuator with a

lower maximum force?
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Problem 6.2. Develop an extension of LQR for the case of linear actuators and
nonlinear sensors. For this purpose, consider the scalar LPNI system specified by

ẋ = −x + u + d,

y = x,

ym = dz� (y) ,

u = Kym,

where x ∈ R and dz� (·) is the deadzone nonlinearity given in (2.23). Assume that
the disturbance d is standard white noise.

(a) Find an analytical solution of the problem:

min
K

(
σy +ρσu

)
,ρ > 0.

(b) Using your solution, obtain a controller for ρ = 1 and � = 1.
(c) Simulate the LPNI system with your controller design. Does the simulated

performance match the intended design?

Problem 6.3. Develop an extension of SLQR for nonlinearities in both actuators
and sensors. Specifically, consider the scalar LPNI system given by

ẋ = −x + satα(u)+ d,

y = x,

ym = dz� (y) ,

u = Kym,

where x ∈ R and dz� (·) is the deadzone nonlinearity given in (2.23). Find an analytical
solution of the problem:

min
K

(
σ 2

y +ρσ 2
u

)
,ρ > 0.

Problem 6.4. Consider the active suspension of Problem 6.1 where the distur-
bance d is standard white noise. The hydraulic actuator is to be chosen to minimize
its cost while maintaining an acceptable level of disturbance rejection.

(a) Use ILQR to design a state feedback controller and an actuator that
achieves 85% disturbance rejection.

(b) By varying the ILQR penalties, plot tradeoff curves that illustrate the
disturbance rejection performance versus the maximum actuator force.
What is the smallest saturation level required to achieve 99% disturbance
rejection?

Problem 6.5. A servo model is given by θ̇

ω̇

i̇

=
 0 1 0

0 0 4.438
0 −12 −24


 θ

ω

i

+
 0

0
20

v +
 0

−7.396
0

TL
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where θ is the servo angle, ω is the angular velocity, and i is the current. The input
to the servo is the voltage v, while TL is the load torque. The control objective is to
reject random fluctuations in TL.

(a) Assume that TL is standard white noise. Use ILQR to choose a voltage
saturation level and find a state feedback controller that achieves 90%
disturbance rejection.

(b) Suppose that the only measured output is the servo angle, that is, y = θ .
Use ILQG to choose a voltage saturation level and find an output feedback
controller that achieves 90% disturbance rejection. How does the voltage
saturation level compare with that from part (a).

(c) Now, assume that, in addition to the actuator, the measured signal is sat-
urated, that is, ym = satβ(y). Use ILQG to design an output feedback
controller that achieves 85% disturbance rejection. What are the actuator
and sensor specifications, that is, values of α and β.

(d) Simulate the system to evaluate the performance of your controller with
respect to other disturbances: sinusoidal, square-wave, sawtooth. Plot the
appropriate output responses.

Problem 6.6. Develop an ILQR theory for systems with actuator quantization.
Specifically, consider the SISO LPNI system specified by

ẋ = Ax + B1qz(u)+ B2d,
y = C1x,
u = Kx,

where x ∈ Rnx and qz(·) is given by (2.35). Using the definition of Qm(·) in (6.125)
and assuming that Q−1

m (·) exists, find a closed form solution for the ILQR problem

min
K,�

(
σ 2

y +ρσ 2
u +η

1
�2

)
,ρ > 0,η > 0.

Problem 6.7. Develop an ILQG theory for systems with sensor quantization.
Specifically, consider the SISO LPNI system specified by

ẋ = Ax + B1u + B2d,

y = C1x,

ym = qz� (y) ,

where x ∈ Rnx and qz(·) is given by (2.35). The controller is specified by

ẋc = Mxc − Lym,

u = Kxc,

where xc ∈ Rnxc . Using the definition of Qm(·) in (6.125) and assuming that Q−1
m (·)

exists, find a closed form solution for the ILQG problem

min
K,�

(
σ 2

y +ρσ 2
u +η

1
�2

)
,ρ > 0,η > 0.
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Problem 6.8. Using the solution of Problem 6.7, repeat parts (c) and (d) of
Problem 6.5 but with a quantized measurement, that is, ym = qz�(y). Here, assume
that the actuator is linear (i.e., the voltage does not saturate).

Problem 6.9. Consider the active suspension of Problem 6.1, where the distur-
bance d is standard white noise. Assume that the actuator is linear and the outputs
are y1 = x1 − x2 and y2 = v1 − v2. Moreover, assume that the sensors are saturating,
that is, ym1 = satα1(y1) and ym2 = satα2(y2). Use the MIMO extension technique of
Subsection 6.2.4 to find an ILQG solution that ensures 98% disturbance rejection.
What are the required values of α1 and α2?

Problem 6.10. The ILQR problem considered in Section 6.2 is formulated in
terms of disturbance rejection. Establish the duality of this problem with the ILQR
problem for reference tracking. To accomplish this, consider the SISO system

ẋ = Ax + B1satα(u),

y = C1x,

u = r − Kx,

where x ∈ Rnx and the reference r is generated by the system

ẋr = Arxr + B2w,

r = C2xr ,

where xr ∈ Rnxr . Find a closed form solution for the ILQR problem

min
K,α

(
σ 2

e +ρσ 2
u +ηα2

)
,ρ > 0,η > 0,

where e = y − r.

Problem 6.11. Prove that it is impossible to obtain multiple solutions of stochastic
linearization equation (2.52) when using an SLQR or ILQR controller.
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7 Performance Recovery in LPNI Systems

Motivation: The nonlinearities in sensors and actuators lead to performance degra-
dation in LPNI systems as compared with linear ones. In this situation, two questions
arise: (1) How can nonlinear instrumentation be selected so that the degradation is
no more than a given bound? (2) Is it possible to modify the controller so that
for a given nonlinear instrumentation, the linear performance is recovered? These
questions motivate the subject matter of this chapter. Specifically, the first question
leads to a method of partial performance recovery and the second to a complete
performance recovery technique.

Overview: We develop techniques for both partial and complete performance recov-
ery. Specifically, we show that the solution of the former is given by a Nyquist stability
criterion-type technique (Section 7.1), while the latter is provided by the so-called
controller boosting approach (Section 7.2).

7.1 Partial Performance Recovery

7.1.1 Scenario

In practice, control systems are often designed using linear techniques. In reality,
control systems often (or, perhaps, always) include saturating actuators. The question
arises: How large should the level of saturation be so that the performance predicted
by linear design does not degrade too much? In this section, this question is addressed
in the framework of the disturbance rejection problem. The scenario is as follows:

• The disturbance is a Gaussian random process and the performance is
measured by the standard deviation of the output.

• The linear design (i.e., the design under the assumption that no saturation
takes place) results in the output standard deviation, denoted by σyl .

• The saturation is described by the usual expression

satα(u) =


α, u > α,
u, −α ≤ u ≤ α,

−α, u < −α,
(7.1)

where α is the level of saturation.
204
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• The tolerable performance degradation is characterized by a number e > 0,
that is,

σy ≤ (1 + e)σyl , (7.2)

where σy is the standard deviation of the output, y, of the closed loop system
with the controller obtained by the above-mentioned linear design and with
saturating actuator (7.1).

Within this scenario, we provide a method for selecting the level of actuator
saturation, α, which results in performance degradation no more than e.

7.1.2 Problem Formulation

Consider the SISO linear system shown in Figure 7.1(a), where P(s) is the plant,
C(s) the controller, F(s) the coloring filter, and w, ul , and yl , are standard white
noise, control signal, and output, respectively. Suppose that C(s) is designed using
a linear design technique so that the system of Figure 7.1(a) is asymptotically stable
and transfer functions FP

1+PC and FPC
1+PC are strictly proper. Assume also that the goal

of control is disturbance rejection, quantified by the standard deviation of yl . Under
these assumptions, it is easy to see that

σyl =
∥∥∥∥ F(s)P(s)

1 + P(s)C(s)

∥∥∥∥
2
, σul =

∥∥∥∥F(s)P(s)C(s)
1 + P(s)C(s)

∥∥∥∥
2
. (7.3)

Assume now that the above controller is used for the same plant but with a
saturating actuator. The resulting LPNI system is shown in Figure 7.1(b), where all

0
C(s) P(s)

w

yl

–
+ul

F(s)

el

d

(a)  Linear

0
C(s) sata(u) P(s)

w

y
–

+u

F(s)

e

d

v

(b)  LPNI

0
C(s) P(s)

w

ŷ

–
+û

F(s)

ê

d

N

(c)  Stochastically linearized

Figure 7.1. Systems considered.
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signals are denoted by the same symbols as in Figure 7.1(a) but without the subscript
“l”. Assume further that this system remains globally asymptotically stable. One
would like to compare the standard deviation of yl with that of y. To accomplish this,
we use the method of stochastic linearization. The stochastically linearized system is
shown in Figure 7.1(c), where N satisfies

N = erf

 α√
2
∥∥∥ F(s)P(s)C(s)

1+NP(s)C(s)

∥∥∥
2

. (7.4)

Clearly, the standard deviation of ŷ of Figure 7.1 is given by

σŷ =
∥∥∥∥ F(s)P(s)

1 + NP(s)C(s)

∥∥∥∥
2
. (7.5)

Assume that the acceptable level of performance degradation is defined by

σŷ ≤ (1 + e)σyl , (7.6)

where e > 0. The problem considered in this section is: Given e > 0, find a lower
bound on the level of saturation, α, so that σŷ ≤ (1 + e)σyl .

7.1.3 Main Result

Let D(r) denote a closed disk in the complex plane with radius r, centered at (−r −
1, j0) (see Figure 7.2).

Introduce the following assumptions:

Assumption 7.1.
(i) The closed loop LPNI system of Figure 7.1(a) with w = 0 is globally

asymptotically stable;
(ii) Transfer functions FP

1+PC and FPC
1+PC are strictly proper;

(iii) Equation (7.4) has a unique solution N.

D(r)

−1

Re[L( jv)]

Im[L( jv)]

r
0

Figure 7.2. Disk D(r).
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Theorem 7.1. Let Assumption 7.1 hold, and r be such that the Nyquist plot of the
loop gain P(s)C(s) lies entirely outside of D(r). Then, for any e > 0,

σŷ ≤ (1 + e)σyl (7.7)

if

α > β(e,r)σul , (7.8)

where

β(e,r) = √
2(1 + e)erf−1

[
2r + (1 + e)

(1 + e)(2r + 1)

]
. (7.9)

Proof. See Section 8.6.

Figure 7.3 illustrates the behavior of β(e,r) with e = 0.1 and e = 0.05, for a wide
range of r. Obviously, β(e,r) is not very sensitive to r for r > 1. In particular, it is
close to 2 for all r > 1, if e = 0.1. Based on this we formulate:

Rule of thumb 7.1. If α ≥ 2σul , the performance degradation of the linear design
due to actuator saturation is less then 10%.

7.1.4 Examples

Example 7.1. Consider the feedback system with P-controller shown in Figure
7.4, where w is standard white noise. Using the Popov criterion, one can easily check
that this system is globally asymptotically stable for all α > 0. If no saturation takes
place, σyl = 0.02357 and σul = 1.4142. To select a level of saturation, α, that results

r

b
(e

,r
)

e = 0.05

e = 0.1
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Figure 7.3. Function β(e,r).
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Figure 7.4. Example 7.1.
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in less than 10% performance degradation, we draw the Nyquist plot of P(s)C(s) =
60

s(s+2)(s+10)
and determine the largest disk D(r) such that P(jω)C(jω) lies entirely in

its exterior. It turns out that r = 4.2, as shown in Figure 7.5.
Thus, according to Theorem 7.1,

α ≥ β(0.1,4.2)σul = (1.9)(1.4142) = 2.687 (7.10)

guarantees that the degradation of performance is at most 10%. With α = 2.687, the
standard deviation of the output is σŷ = 0.0241, which is larger than σyl by 2.2%. To
obtain σy, we simulate the system of Figure 7.4 and evaluate σy to be 0.0242. This
implies that the performance degradation of the LPNI system is 2.7% and the error
of stochastic linearization in predicting σy is 0.4%.

Example 7.2. Consider the feedback control system with PI-controller shown
in Figure 7.6. Here again, using the Popov criterion, one can easily check that this
system is globally asymptotically stable. Without the saturation, σyl = 0.03571 and
σul = 0.4432. Again, assume that 10% degradation of σy from σyl is acceptable. The
Nyquist plot of P(s)C(s)= 11s+6

s(s2+2s+6)
lies entirely outside of the disk D(80). Therefore,

α ≥ β(0.1,80)σul = 1.86 × 0.4432 = 0.8244 achieves the desired performance. With
α = 0.8244, σŷ = 0.03723, which is larger than σyl by 4.3%. The results of simulations
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Figure 7.5. Nyquist plot and D(r) for Example 7.1.
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provide σy = 0.0371. The performance degradation of the LPNI system is 3.9% and
the error of stochastic linearization in predicting σy is 0.35%.

7.2 Complete Performance Recovery

7.2.1 Scenario

Consider the linear feedback system shown in Figure 7.7(a), where C(s) is the con-
troller and P(s) is the plant. The signals ul , yl , and w denote the controller output,
plant output, and standard white input disturbance, respectively. The disturbance
here is not filtered to simplify the presentation; an extension to a disturbance filtered
by F�(s) is straightforward. Assume that the controller, C(s), is designed to achieve
a certain level of disturbance rejection, specified in terms of the output standard
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ŷ
− +

+

Ns

û
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deviation σyl . In reality, the controller is implemented in the LPNI configuration
shown in Figure 7.7(b), where f (·) and g(·) represent odd static nonlinearities in the
actuator and sensor, respectively.

The performance of the LPNI system typically degrades in comparison with that
of the original linear system in the sense that

σy > σyl . (7.11)

This section presents a technique, referred to as boosting, that describes how, under
certain conditions, the gain of C(s) can be increased to eliminate this degradation.

To accomplish this, we again use the method of stochastic linearization. The
stochastically linearized version of the system of Figure 7.7(b) is shown in Figure
7.7(c), where Na and Ns are solutions of the following equations:

Na = F
(∥∥∥∥ P(s)NsC(s)

1 + NaNsP (s)C (s)

∥∥∥∥
2

)
, (7.12)

Ns = G
(∥∥∥∥ P(s)

1 + NaNsP (s)C (s)

∥∥∥∥
2

)
. (7.13)

The boosting method amounts to a modification of the controller C(s) so that the
quasilinear system completely recovers the performance of the original linear system,
that is,

σŷ = σyl . (7.14)

This is achieved by introducing scalar gains Ka and Ks, as shown in Figure 7.7(d).
The idea is to compensate for the effects of f (u) and g(y) by selecting Ka and Ks to
offset Na and Ns respectively, so that

KaNa = KsNs = 1. (7.15)

Note that, in the quasilinear system, Na and Ns are functions of Ka and Ks, which
makes the boosting problem nontrivial.

When boosting is implemented in the LPNI system, the resulting block diagram
is shown in Figure 7.7(d).

Since Ks, Ka, and C(s) commute, boosting can be implemented by placing a
single gain at the output of C(s) as shown in Figure 7.8, where

Kboost := KaKs. (7.16)

0
C(s) Na P(s)

w

ŷ
– +

+

Ns

û
Kboost

Figure 7.8. Equivalent boosted quasilinear system.
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In this section, we derive conditions under which Ka and Ks exist and provide a
method for their calculation. In addition, we establish a separation principle, which
enables Ka and Ks to be evaluated from the following two simpler subproblems:

(i) a-boosting, that is, boosting to account for only a nonlinear actuator (i.e.,
under the assumption that g(y) = y), and

(ii) s-boosting, that is, boosting to account for only a nonlinear sensor (i.e.,
under the assumption that f (u) = u).

7.2.2 Problem Formulation

a-Boosting: Consider the LPNI system of Figure 7.7(b) with g(y) = y. Hence, the
only nonlinearity is the actuator f (u), and Figure 7.7(d) reduces to Figure 7.9, where

Na = F
(∥∥∥∥ P (s)C(s)Ka

1 + P (s)NaKaC (s)

∥∥∥∥
2

)
(7.17)

and

F(σ ) :=
∞∫

−∞
f ′ (x)

1

σ
√

2π
exp

(
− x2

2σ 2

)
dx. (7.18)

The problem of a-boosting is: Find, if possible, Ka such that

KaNa = 1, (7.19)

where Na itself depends on Ka through (7.17).

s-Boosting: Consider the LPNI system with f (u) = u. Hence, Figure 7.7(b) reduces
to Figure 7.10, where

Ns = G
(∥∥∥∥ P (s)

1 + P (s)NsKsC (s)

∥∥∥∥
2

)
(7.20)
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+û
Ka

Figure 7.9. a-Boosted quasilinear system.
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and

G(σ ) :=
∞∫

−∞
g′ (x)

1

σ
√

2π
exp

(
− x2

2σ 2

)
dx. (7.21)

The problem of s-boosting is: Find, if possible, Ks such that

KsNs = 1, (7.22)

where, again, Ns is a function of Ks through (7.20).
The structure of the LPNI system of Figure 7.7(e) implies that the problems

of a- and s-boosting are not dual. Indeed, observe that for a-boosting, the gain Ka

appears in the forward path between w and the input of the actuator nonlinearity, û.
For s-boosting, Ks does not appear in the path from w to the input of the sensor ŷ.
Consequently, the numerator of the transfer function in (7.17) contains a boosting
gain, whereas that in (7.20) does not. Thus, the two problems are different, and must
be addressed separately.

7.2.3 a-Boosting

Necessary and sufficient condition: As implied by (7.17) and (7.19), the problem of
a-boosting is equivalent to finding Ka that satisfies

KaF
(∥∥∥∥ P (s)C(s)Ka

1 + P (s)NaKaC (s)

∥∥∥∥
2

)
= 1. (7.23)

Theorem 7.2. a-Boosting is possible if and only if

xF
(

x

∥∥∥∥ P (s)C(s)
1 + P (s)C (s)

∥∥∥∥
2

)
= 1 (7.24)

has a positive solution. Any positive solution, x∗, of (7.24) yields a boosting gain

Ka = x∗. (7.25)

Proof. See Section 8.6.

The existence and uniqueness of Ka depend on the specific form of F(·). This is
analyzed below for the saturation nonlinearity. Other nonlinearities can be treated
analogously.

a-Boosting in systems with actuator saturation: Consider the a-boosted system of
Figure 7.9 and let f (·) be the static saturation of authority α, that is,

f (u) = satα(u) =


α, u > +α,
u, −α ≤ u ≤ α,

−α, u < −α.
(7.26)
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In this case,

Na = erf

 α√
2
∥∥∥ P(s)C(s)Ka

1+P(s)NaKaC(s)

∥∥∥
2

. (7.27)

It follows from Theorem 7.2 that a-boosting for the saturation nonlinearity (7.26) is
possible if and only if the equation

xerf
( c

x

)
= 1 (7.28)

has a positive solution, where

c = α√
2
∥∥∥ P(s)C(s)

1+P(s)C(s)

∥∥∥
2

. (7.29)

Theorem 7.3. Equation (7.28) admits a unique positive solution if and only if

α >

√
π

2

∥∥∥∥ P (s)C (s)
1 + P (s)C (s)

∥∥∥∥
2
. (7.30)

Proof. See Section 8.6.

Note that since

σul =
∥∥∥∥ P (s)C (s)

1 + P (s)C (s)

∥∥∥∥
2

(7.31)

and √
π

2
≈ 1.25, (7.32)

the following can be stated:

Rule of thumb 7.2. a-Boosting for a saturating actuator is possible if

α > 1.25σul . (7.33)

Recall that, as it has been shown in Section 7.1,

α > 2σul , (7.34)

without boosting, leads to no more than 10% performance degradation of the linear
design. In comparison, the above rule of thumb implies that complete performance
recovery is possible even if the actuator has less authority than recommended in
Section 7.1.
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Performance recovery by redesigning C(s): If (7.24) does not have a solution, that
is, a-boosting of C(s) is impossible, a question arises: Can C(s) be redesigned in some
other way to achieve σŷ = σyl ? The answer depends on the ability to find a controller
that simultaneously achieves the performance specification with linear actuator and
yields a solution to (7.24). Such a controller is said to be boostable.

In the case of actuator saturation, the boosting condition (7.30) implies that
finding a boostable controller is a linear minimum-effort control problem, that is,
the problem of finding a controller, Copt(s), that minimizes σul for a specified per-
formance level σyl . If (7.30) is not satisfied by this Copt(s), then no linear boostable
controller exists.

7.2.4 s-Boosting

Boosting equation: As implied by (7.20) and (7.22), the problem of s-boosting is
equivalent to finding Ks that satisfies

KsG
(∥∥∥∥ P (s)

1 + P (s)NsKsC (s)

∥∥∥∥
2

)
= 1. (7.35)

Since, unlike a-boosting, Ks enters the argument of G only as a factor of Ns, and
for s-boosting NsKs = 1, the solution of (7.35) is always possible and is given by

Ks = 1

G
(∥∥∥ P(s)

1+P(s)C(s)

∥∥∥
2

) . (7.36)

This result warrants further consideration since it suggests that linear perfor-
mance may be recovered in the presence of any sensor nonlinearity. It turns out
that, although an s-boosting gain can always be found, in some cases the accuracy
of stochastic linearization may be poor. Thus, certain conditions should be satisfied
before using s-boosting. These are developed in Subsection 7.2.7.

7.2.5 Simultaneous a- and s-Boosting

The following separation principle ensures that the results of Subsections 7.2.3 and
7.2.4 remain applicable when actuator and sensor nonlinearities are simultaneously
present.

Theorem 7.4. Simultaneous a- and s-boosting is possible if and only if each is
possible independently. Moreover, the boosting gains, Ka and Ks, are the same as the
individual a- and s-boosting gains, respectively.

Proof. See Section 8.6.
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0
C(s) f (·) P(s)

w

ȳ
–

g(·)

ū
Ka

Ks

Figure 7.11. LPNI system with boosted controller for stability verification.

7.2.6 Stability Verification in the Problem of Boosting

It is important to verify the stability of the original LPNI system with the boosted
controller. This amounts to performing stability analysis for the nonlinear system
shown in Figure 7.11.

The stability properties of the LPNI system can be ascertained using the theory
of absolute stability. Here, the global asymptotic stability of the origin can be verified
by using tools such as the circle or Popov criteria. Although these are strong results,
the conditions are only sufficient and not necessary.

In general, for the LPNI system of Figure 7.11, the local stability of any equi-
librium can be ascertained via Lyapunov’s indirect method. For example, in the
case where f (·) and g(·) are saturation functions of the form (1.8), the origin is
asymptotically stable if the numerator of the equation

1 + KaKsC(s)P(s) = 0

has all roots in the open left half plane. In this case, the region of attraction can be
estimated by using well-known Lyapunov function-based techniques.

7.2.7 Accuracy of Stochastic Linearization in the Problem of Boosting

It is assumed that the boosted quasilinear system accurately predicts the behavior of
the corresponding nonlinear system. This section validates the accuracy of stochastic
linearization when boosting is performed. Design guidelines are formulated to avoid
cases where accuracy is poor.

Accuracy of a-boosting: To validate the accuracy of stochastic linearization in the
context of a-boosting, the following statistical study, similar to that described in
Subsection 2.3.2, is performed: We consider 2500 first-order and 2500 second-order
plants of the form:

P1(s) = 1
Ts + 1

, (7.37)

P2(s) = ω2
n

s2 + 2ζωn +ω2
n

. (7.38)

The controller is C(s) = K and the actuator is a saturation of the form (7.26). The
system parameters are randomly and equiprobably selected from the following sets:
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T ∈ [0.01,10],
ωn ∈ [0.01,10], ζ ∈ [0.05,1],
K ∈ [1,20],
α ∈ (αmin,2αmin],

where αmin is the right-hand side of (7.30). Boosting is performed for each system,
and the LPNI system is simulated to identify the error of stochastic linearization,
defined as

eSL = |σy −σŷ|
σŷ

. (7.39)

Accuracy is very good: 73.6% of the systems yield eSL < 0.05 and only 8.7% of
systems yield eSL > 0.1. Further analysis reveals that these latter cases occur when
the signals u and y are highly non-Gaussian. This is consistent with the assumption of
stochastic linearization, namely that those signals should be approximately Gaussian.

In general, stochastic linearization is accurate when the closed loop linear system
provides a sufficient amount of low-pass filtering. A similar situation holds for the
method of describing functions.

Accuracy of s-boosting: A similar statistical study is performed to validate the accu-
racy of stochastic linearization in the context of s-boosting. Here, the sensor is
assumed to be a quantizer with saturation given in (2.38), and C(s) = K. We consider
1000 first- and 1000 second-order plants of the form (7.37) and (7.38), with system
parameters chosen equiprobably from the following sets:

T ∈ [0.01,10],
ωn ∈ [0.01,10], ζ ∈ [0.05,1],
K ∈ [1,20],
m ∈ [1,10], � ∈ (0,2σyl ],

where σyl is the nominal linear performance to be recovered. Let �1 = 2� denote the
quantizer deadzone. As illustrated in Figure 7.12, simulations reveal that accuracy
degrades significantly as the ratio σyl/�1 decreases. This is expected, since when
σyl/�1 is small, most of the output signal lies in the quantizer deadzone. Hence,
the nonlinear system operates in an effectively open loop regime. Our experience
indicates that to avoid this situation, the following should be observed:

σyl

�1
> 0.33. (7.40)

This leads to:

Rule of thumb 7.3. s-Boosting for a quantized sensor is possible if �1 < 3σyl ,
that is,

� < 1.5σyl . (7.41)
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Figure 7.12. eSL as function of σyl /2�.

This rule of thumb may seem “generous,” since intuition would suggest that �

should be, at most, one standard deviation. The extra deadzone width allowance
comes from boosting, which increases the loop gain.

When (7.41) is satisfied, the accuracy of s-boosting is similar to that of a-boosting.
Again, accuracy is generally very good, and fails in those scenarios where the plant
has insufficient filtering characteristics.

Similar results hold when g(y) is the deadzone nonlinearity (2.23). In general,
Rule of thumb 7.3 should be observed for any sensor nonlinearities that exhibit small
gain near the origin.

7.2.8 Application: MagLev

Consider the problem of controlling the vertical displacement of a magnetically sus-
pended ball (MagLev), illustrated in Figure 7.13. The input of the system is the
current i(t), while the output is the vertical displacement of the ball y(t).

To coincide with a commercial MagLev experimental apparatus (Feedback Inc.
Magnetic Levitation System), the following linearized model and the disturbance
intensity, provided by the manufacturer, are used:

P(s) = Y(s)
I(s)

= 37.20
s2 − 2180

, (7.42)

σ 2
d = 1.2 × 10−5. (7.43)

Consider the PID controller

C(s) = 200 + 5s + 200
s

, (7.44)
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i(t)

m
y(t)

Figure 7.13. MagLev System.

which stabilizes the linear system. The resulting output standard deviation is

σyl = 0.029cm. (7.45)

The experimental apparatus is configured so that the current to the plant is con-
strained by a saturation with authority α = ±0.3A. The measured output is quantized
by � = 0.005 cm. Simulation of the system with this nonlinear instrumentation
results in

σy = 0.049cm, (7.46)

a degradation of 83%.
It is easily verified that σul = 0.1069, and hence (7.30) is satisfied. Thus, the

conditions of Theorem 7.4 are met, and boosting can be used to recover the original
linear performance. Solving (7.28) and (7.36) results in

KaKs = Kboost = 2.8. (7.47)

Using this boosting gain in a MATLAB simulation yields the desired result:

σy = 0.0271 cm. (7.48)

This result is verified experimentally. The boosted controller C̄(s) = KboostC(s)
is applied to the MagLev through standard AD/DA hardware, and a pseudo-white
noise excitation is applied at the input of the plant. The resulting experimentally
measured output standard deviation is

σỹ = 0.0252 cm, (7.49)

where ỹ denotes the output signal measured experimentally. Thus, a successful
recovery of the designed performance is demonstrated.

7.3 Summary

• The problem of partial recovery of linear performance is solved using the
Nyquist plot of the loop gain.
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• Based on this solution, the following rule of thumb is obtained: The per-
formance degradation is less then 10% if

α > 2σul ,

where α is the level of actuator saturation and σul is the standard deviation of
the signal at the output of the controller in the case of a linear actuator.

• The complete recovery of linear performance can be attained by boosting
controller gains to account for nonlinearities in actuators (a-boosting) and
sensors (s-boosting).

• A necessary and sufficient condition for a-boosting is provided in terms of
positive solutions of a transcendental equation.

• The following rule of thumb stems from this equation: a-Boosting for
saturating actuators is possible if

α > 1.25σul ,

where, as before, α is the level of actuator saturation and σul is the standard
deviation of the signal at the output of the controller in the case of a linear
actuator.

• s-Boosting is always possible, as long as stochastic linearization can be applied.
In the case of a quantized sensor, this occurs when

� < 1.5σyl

where � is the quantization step and σyl is the standard deviation of the system
output in the case of a linear sensor.

• For the boosting method, a separation principle holds: a- and s-boosting
designed separately provide complete boosting of an LPNI system when they
are applied simultaneously.

• The methods of this chapter provide solutions for the Partial and Complete
Performance Recovery problems introduced in Section 1.2.

7.4 Problems

Problem 7.1. Consider the linear system shown in Figure 7.14 and assume that

P(s) = 1
s(s + 2)

, C(s) = 3, F(s) = 1
s + 0.1

. (7.50)

(a) Find the standard deviation of yl .
(b) Draw the Nyquist plot of the loop gain L(s) = P(s)C(s).
(c) Find the largest r such that the Nyquist plot lies entirely outside of the disk

D(r), where D(r) is defined in Figure 7.2.
(d) Assume now that the actuator is saturating. Use Theorem 7.1 to select the actu-

ator saturation level α so that performance degradation is not more than 5%.
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Figure 7.14. Problem 7.1.
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Figure 7.15. Problem 7.2.

(e) Use the rule of thumb of Subsection 7.1.3 to select the actuator saturation
level α so that performance degradation is not more than 5%. Compare the
resulting saturation level with that from part (d).

Problem 7.2. Consider the linear system shown in Figure 7.4 and assume that

P(s) = 1
s

, C(s) = 10, F(s) = 0.3
s + 0.1

. (7.51)

(a) Use Theorem 7.1 to select the actuator saturation level α so that performance
degradation from linear design is not more than 10%.

(b) Use the rule of thumb of Subsection 7.1.3 to select the actuator saturation
level α so that performance degradation is not more than 10%.

(c) Plot the standard deviation of y as a function of α and from the plot select α

so that performance degradation is not more than 10%. Compare the result
with those from part (a) and (b).

Problem 7.3. Repeat parts (a), (b), and (c) of Problem 7.2 for the system of
Figure 7.15, where

P(s) = 1.484 × 10−6

s2 + 1.125s + 1.563
, C(s) = 132.36(s + 0.1)

(s + 10)(s + 1.57)
,

F(s) = 7.224 × 104s
s2 + 0.286s + 0.311

.

(7.52)

Problem 7.4. Consider the linear system in Figure 7.14 and assume that

P(s) = 1
s + 1

, F(s) = 1
5s + 1

. (7.53)

(a) Design C(s) so that the standard deviation of yl is less or equal to 0.1.
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(b) Assume now that the actuator is saturating and select α so that performance
degradation is not more than 5%.

Problem 7.5. Consider the disturbance rejection system of Figure 7.7(a). Assume
that the plant and controller are given by

P(s) = 1
s(s + 2)(s + 4)

, C(s) = 1. (7.54)

(a) Calculate the standard deviation of the output, σyl .
(b) Now, assume that the actuator is a saturation with α = 0.5 and the sensor is

linear (see Figure 7.7(b)). By simulation, determine σy and assess the level
of performance degradation as compared with σyl .

(c) Calculate the a-boosting gain for performance recovery.
(d) By simulation, determine σy when the controller has been augmented with

the a-boosting gain. Has the performance been recovered?

Problem 7.6. Consider the system of Figure 7.7(a). Assume that the plant and
controller are given by

P(s) = 1
s(s + 1)(s + 2)

, C(s) = 1, (7.55)

resulting in a desirable level of disturbance rejection σyl . Now, assume that the
system is implemented in the configuration of Figure 7.7(b), where the actuator is
the saturation f (·) = satα(·) and the sensor is linear.

(a) Determine the range of α for which a-boosting is possible.
(b) Plot the a-boosting gain as a function of α.
(c) Now, assume that the actuator is the deadzone dz�(·) defined in (2.23).

Determine the range of � for which a-boosting is possible.
(d) Plot the a-boosting gain as a function of �.

Problem 7.7. Find conditions for a-boosting in the case of reference tracking.
Specifically, consider the system of Figure 7.16(a), where P(s) is the plant and C(s)

C(s) P(s)w
yl

–
el

FΩ(s)

(a)

C(s) P(s)w
y

−
e

f (u)
u

(b)

FΩ(s)

Figure 7.16. Problem 7.7.
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is the controller designed to achieve a standard deviation of tracking error σel . Now,
assume that the system is implemented with a nonlinear actuator as shown in Figure
7.16(b), resulting in performance degradation.

(a) Find an expression for an a-boosting gain that recovers the linear perfor-
mance, that is, σê = σel .

(b) Does this boosting gain always exist?
(c) By simulation, demonstrate the accuracy of a-boosting in reference tracking

using the plant and controller

P(s) = 1
s(s + 1)

, C(s) = 1.

Problem 7.8. Consider the system of Figure 7.7(a). Assume that the plant and
controller are given by

P(s) = 1
s(s + 2)

, C(s) = 1, (7.56)

resulting in a desirable level of disturbance rejection σyl . Now, assume that the system
is implemented in the configuration of Figure 7.7(b), where the actuator is linear and
the sensor is the quantization g(·) = qn�(·), given by (2.35).

(a) Plot the s-boosting gain as a function of �.
(b) By simulation, show that the accuracy of s-boosting deteriorates as �

increases.

Problem 7.9. Consider the system of Figure 7.7(a). Assume that the plant and
controller are given by

P(s) = 1
s(s + 2)

, C(s) = 1, (7.57)

resulting in a desirable level of disturbance rejection σyl . Now, assume that the
system is implemented in the configuration of Figure 7.7(b), where the actuator is
the saturation f (·) = satα(·) and the sensor is the deadzone g(·) = dz�(·) given by
(2.23).

(a) For α = 0.5 and � = 0.2, determine the a- and s-boosting gains.
(b) By simulation, evaluate the accuracy of combined a- and s-boosting.

Problem 7.10. Consider the servo model given by θ̇

ω̇

i̇

=
 0 1 0

0 0 4.438
0 −12 −24


 θ

ω

i

+
 0

0
20

v +
 0

−7.396
0

TL,

where v is the voltage input and TL is the load torque. Assume that TL is a white
noise disturbance that is to be rejected.
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(a) Assuming that the actuator and sensor are linear, design a controller that
achieves 90% disturbance rejection.

(b) Now, assume that the actuator is a saturation of authority α = 1. By
simulation, determine the level of performance degradation.

(c) Use a-boosting to recover the linear performance. Validate the perfor-
mance by simulation.

Problem 7.11. Consider the servo model of Problem 7.10. Use conventional
LQR to design a state feedback control for the performance index

JLQR = ρσ 2
v +σ 2

θ .

For ρ ∈ (0,10], plot the minimum value of α for which a-boosting is possible.

Problem 7.12. Develop a theory for MIMO boosting. Specifically, consider the
LPNI system specified by

ẋ = Ax + B1f (u)+ B2w

y = Cx

ym = g(y)

where x ∈ Rnx , u ∈ Rnu , and y,ym ∈ Rny . Let the control be given by

u = Kym,

which has been designed with the assumption that all instrumentation is linear. In
reality, the instrumentation f (·) and g(·) is nonlinear as in (6.129) and (6.130). The
stochastically linearized closed loop system is given by

˙̂x = Ax̂ + B1Naû + B2w

ŷ = Cx̂

ŷm = Nsy

û = Kŷm

(a) Assuming that the sensor is linear, find conditions for a-boosting, that is,
give an expression for Ka such that NaKa = I .

(b) Assuming that the actuator is linear, find conditions for s-boosting, that is,
give an expression for Ks such that KsNs = I .

(c) Investigate whether a separation principle exists for simultaneous a- and
s-boosting?

Problem 7.13. Consider the active suspension system given by
ẋ1

ẋ2

v̇1

v̇2

=


0 0 1 0
0 0 0 1

−10 −10 −2 2
60 −660 12 −12




x1

x2

v1

v2

+


0
0

0.00334
−0.02

u +


0
0
0

600

d.
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Assume that the performance output is z = v1. Moreover, assume that all states can
be measured.

(a) Design a state feedback control of the form u = Kx, where x = [x1 x2 v1 v2],
to achieve 90% disturbance rejection.

(b) Now, assume that the sensor is a MIMO saturation specified by

f (·) = [sat0.5(x1) sat0.5(x2) sat0.5(v1) sat0.5(v2)].

(c) Use the MIMO s-boosting theory derived in the previous problem to
recover the performance of part (a).
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8 Proofs

8.1 Proofs for Chapter 2

Proof of Theorem 2.1. A standard variational argument can be used to determine
the optimal n(t). Indeed, for an arbitrary δn(t), consider the variation

�ε[n(t),δn(t)] = ε[n(t)+ δn(t)]− ε[n(t)]. (8.1)

By definition, n(t) minimizes ε[n(t)] if �ε[n(t),δn(t)] ≥ 0, for all δn(t). Now, from
(2.10), it follows that

�ε[n(t),δn(t)] = E{2[δn(t)∗ u(t)][n(t)∗ u(t)− f [u(t)]]+ [δn(t)∗ u(t)]2}. (8.2)

Thus, �ε[n(t),δn(t)] ≥ 0, for all δn(t) if and only if

δε[n(t),δn(t)] = E{2[δn(t)∗ u(t)][n(t)∗ u(t)− f [u(t)]]} = 0, (8.3)

for all δn(t). Letting rvu(τ ) be the cross-correlation function between v(t) and u(t),
and rv̂u(τ ) be the cross-correlation function between v̂(t) and u(t), it is easy to see
that δε[n(t),δn(t)] = 0, for all δn(t) if and only if∫ +∞

−∞
[rv̂u(τ )− rvu(τ )]δn(τ )dτ = 0, (8.4)

for all δn(t). Hence, the optimal n(t) must satisfy

rv̂u(τ ) = rvu(τ ). (8.5)

Next, since u(t) is a zero-mean Gaussian process, it follows that

rvu(τ ) = E{f ′[u(t)]}ruu(τ ), (8.6)

where ruu(τ ) is the autocorrelation of u(t). This result together with

rv̂u(τ ) = n(τ )∗ ruu(τ ) (8.7)

225
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implies that the optimal linear system has the impulse response

n(t) = E{f ′[u(t)]}δ(t), (8.8)

where δ(t) is the unit impulse function. �

Proof of Theorem 2.3. Under Assumption 2.1, the second term in (2.50), as a func-
tion of x, is continuous, and its range covers the range of x. Thus, the existence of a
solution is guaranteed by the intermediate value theorem. �

8.2 Proofs for Chapter 3

Proof of Theorem 3.1. The proof is divided into the following four cases: (a) 0 <

|C0| < ∞ and |P0| < ∞; (b) |C0| = ∞ and |P0| < ∞; (c) C0 = 0; (d) |P0| = ∞.
Case (a): 0 < |C0| < ∞ and |P0| < ∞. For unique estep

ss , one of the following takes
place: limt→∞ v(t) = α, limt→∞ v(t) = −α, or −α < limt→∞ v(t) < α. Consider first
−α < limt→∞ v(t) < α. Here, the steady state is identical to that of the linear system,
that is,

estep
ss = lim

s→0

r0

1 + P(s)C(s)
= r0

1 + P0C0
. (8.9)

This implies that

lim
t→∞u(t) = r0C0

1 + P0C0
, (8.10)

The inequalities −α < limt→∞ v(t) < α hold if and only if

| lim
t→∞u(t)| < α, (8.11)

which takes place if and only if ∣∣∣∣ r0C0

1 + P0C0

∣∣∣∣< α. (8.12)

This proves statement (i).

In order to show (ii), divide the range of r0 into four sets: r0 >

∣∣∣∣ 1
C0

+ P0

∣∣∣∣α,

r0 < −
∣∣∣∣ 1
C0

+ P0

∣∣∣∣α, r0 =
∣∣∣∣ 1
C0

+ P0

∣∣∣∣α, and r0 = −
∣∣∣∣ 1
C0

+ P0

∣∣∣∣α. First, we consider the

set r0 >

∣∣∣∣ 1
C0

+ P0

∣∣∣∣α and show that estep
ss = r0 − P0α if C0 > 0. For unique estep

ss , one

of the following takes place: limt→∞ v(t) = α or limt→∞ v(t) = −α. Suppose that
limt→∞ v(t) = −α. Then, estep

ss = r0 + P0α, and

lim
t→∞u(t) = C0(r0 + P0α) ≤ −α. (8.13)

This implies that

r0 ≤ −
(

1
C0

+ P0

)
α, (8.14)
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which leads to a contradiction:∣∣∣∣ 1
C0

+ P0

∣∣∣∣α < r0 ≤ −
(

1
C0

+ P0

)
α. (8.15)

Thus, limt→∞ v(t) = α, and, consequently, estep
ss = r0 − P0α.

Similarly, one can show that estep
ss = r0 + P0α if C0 < 0. Combining the two, we

obtain estep
ss = r0 − (signC0)P0α.

For the set r0 < −
∣∣∣∣ 1
C0

+ P0

∣∣∣∣α, similar arguments yield estep
ss = r0 + (signC0)P0α.

Hence, we obtain estep
ss = r0 − (signr0C0)P0α for |r0| >

∣∣∣∣ 1
C0

+ P0

∣∣∣∣α.

Next, we consider r0 =
∣∣∣∣ 1
C0

+ P0

∣∣∣∣α. Using similar derivations, one can show that

estep
ss = r0 − (signC0)P0α if (1 + C0P0) > 0. If (1 + C0P0) < 0, two estep

ss exist: estep
ss =

r0−P0α and estep
ss = r0+P0α. Since a unique estep

ss is assumed, the case of (1+C0P0)< 0

is excluded. Similarly, r0 = −
∣∣∣∣ 1
C0

+ P0

∣∣∣∣α yields estep
ss = r0 + (signC0)P0α, if estep

ss is

unique.
Combining the results for all four sets, we conclude that estep

ss = r0−(signr0C0)P0α

for |r0| ≥
∣∣∣∣ 1
C0

+ P0

∣∣∣∣α, which proves (ii).

Case (b): |C0| = ∞ and |P0| < ∞. First, we investigate the situation when −α <

limt→∞ v(t) < α, that is, when the steady state is identical to that of the linear system
and

lim
t→∞u(t) = r0

P0
. (8.16)

The inequalities −α < limt→∞ v(t) < α hold if and only if

| lim
t→∞u(t)| < α, (8.17)

which takes place if and only if ∣∣∣∣ r0

P0

∣∣∣∣< α. (8.18)

This proves statement (i).
Similarly to the Case (a), we divide the range of r0 into four sets: r0 > |P0|α,

r0 < −|P0|α, r0 = |P0|α, and r0 = −|P0|α. First we consider the set r0 > |P0|α
and show that estep

ss = r0 + P0α if C0 = ∞. For unique estep
ss , one of the following

takes place: limt→∞ v(t) = α or limt→∞ v(t) = −α. Suppose limt→∞ v(t) = −α. Then,
estep

ss = r0 +P0α, and, since C0 = ∞, estep
ss ≤ 0 for limt→∞ v(t) = −α to take place. This

implies

r0 + P0α ≤ 0, (8.19)

which leads to a contradiction:

|P0|α < r0 ≤ −P0α. (8.20)
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Therefore, limt→∞ v(t) = α, and, consequently, estep
ss = r0 − P0α. Similarly, one can

show that estep
ss = r0 + P0α if C0 = −∞. Combining the two, we obtain estep

ss = r0 −
(signC0)P0α.

For r0 < −|P0|α, similar arguments yield estep
ss = r0 + (signC0)P0α. Hence, we

obtain estep
ss = r0 − (signr0C0)P0α, if |r0| > |P0|α.

Finally, consider r0 = |P0|α. One can show that estep
ss = r0 − (signC0)P0α if (1 +

C0P0) > 0. If (1 + C0P0) < 0, two estep
ss exist: estep

ss = r0 − P0α and estep
ss = r0 + P0α.

Since a unique estep
ss is assumed, the case of (1 + C0P0) < 0 is excluded. Similarly,

r0 = −|P0|α yields estep
ss = r0 + (signC0)P0α, if estep

ss is unique.
Again, combining the results for all four sets, we conclude that estep

ss = r0 −
(signr0C0)P0α for |r0| > |P0|α, which proves statement (ii).

Case (c): C0 = 0. For this case, we need to show only (i). Since C(s) has a zero at
s = 0, under the assumption that estep

ss exists

lim
t→∞u(t) = lim

s→0
estep

ss C(s) = 0. (8.21)

Therefore, estep
ss is identical to that of the linear case. This proves statement (i).

Case (d): |P0| = ∞. For this case, again, we need to show only (i). Since P(s) has
a pole at s = 0,

lim
t→∞v(t) = 0 (8.22)

must be satisfied for estep
ss to exist. Therefore, estep

ss is identical to that of the linear
case. This proves statement (i). �

The proof of Theorem 3.2 is based on the following two lemmas.

Lemma 8.1. Assume that with r0 = 0, the equilibrium point xp = 0, xc = 0 of
(3.10) is globally asymptotically stable, and this fact can be established by means of a
Lyapunov function of the form

V(x) = xTQx +
∫ Cx

0
satα(τ )dτ > 0, Q ≥ 0, (8.23)

where C = [−DcCp Cc] and x = [xT
p xT

c ]T . Let

A =
[

Ap 0
−BcCp Ac

]
, B =

[
Bp

0

]
, C =

[
−DcCp Cc

]
, (8.24)

and

M = (A + BC)T (Q + 1
2

CTC)+ (Q + 1
2

CTC)(A + BC), (8.25)

where Ap, Bp, Cp, Ac, Bc, Cc, Dc are given in (3.10). Then,

(i) A + BC is Hurwitz,
(ii) Q + 1

2 CTC > 0,
(iii) M ≤ 0,
(iv) (A + BC, M) is observable.
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Proof. Using (8.24), rewrite (3.10) with r0 = 0 as

ẋ = Ax + B satα(u),

u = Cx.
(8.26)

If |Cx| ≤ α, V(x) of (8.23) reduces to

V(x) = xT (Q + 1
2

CTC)x, (8.27)

the derivative of V(x) along the trajectory of (8.26) becomes

V̇(x) = xTMx, (8.28)

and (8.26) can be written as
ẋ = (A + BC)x. (8.29)

Since the closed loop system (8.26) is globally asymptotically stable, A+BC is Hur-
witz, which proves (i). Since V(x) > 0 and V̇(x) ≤ 0, matrices Q + 1

2 CTC and M
are positive definite, and negative semidefinite, respectively. This proves (ii) and
(iii). Finally, (i), (ii), and (iii) imply that the pair (A+BC, M) is observable, which
proves (iv).

Lemma 8.2. Assume that with r0 = 0, the equilibrium point xp = 0, xc = 0 of
(3.10) is globally asymptotically stable, and this fact can be established by means of a
Lyapunov function of the form (8.23). Then, for every asymmetric saturation,

satαβ(u) : = satα(u +β)−β

=


α −β, if u ≥ α −β,

u, if −α −β < u < α −β,

−α −β, if u ≤ −α −β,

(8.30)

with |β| < α, the closed loop system (3.10) with r0 = 0, that is,

ẋp = Apxp + Bp satαβ(u),

ẋc = Acxc + Bc(−y),

y = Cpxp,

u = Ccxc + Dc(−y),

(8.31)

is globally asymptotically stable.

Proof. It will be shown that, based on V(x) of (8.23), a Lyapunov function can
be found that establishes global asymptotic stability of (8.31) for any β ∈ (−α, α).

Without loss of generality, assume 0 < β < α. Introducing the substitution ξ =
α

α +β
x and the notation µ = α

α +β
u, rewrite (8.31) as

ξ̇ = Aξ + Bψ(µ),

µ = Cξ ,
(8.32)
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where A, B, and C are defined in (8.24) and ψ(µ) = α

α +β
satαβ

(
α +β

α
µ

)
, that is,

ψ(µ) =


γ , if µ ≥ γ ,

µ, if −α < µ < γ ,

−α, if µ ≤ −α,

(8.33)

γ = α(α −β)

α +β
< α.

For the closed loop system (8.32), (8.33), select a Lyapunov function candidate
as follows:

V1(ξ) = ξTQξ +
∫ µ

0
ψ(τ)dτ , (8.34)

where Q is the same as in (8.23). The derivative of V1(ξ) along the trajectories of
(8.32), (8.33) is

V̇1(ξ) = ξT (ATQ + QA)ξ +ψ(Cξ)(2BTQ + CA)ξ + CB[ψ(Cξ)]2, (8.35)

while the derivative of V(x) along the trajectories of (3.10) is

V̇(x) = xT (ATQ + QA)x + satα(Cx)(2BTQ + CA)x + CB[satα(Cx)]2. (8.36)

Now we show by contradiction that V̇1(ξ) ≤ 0. Assume there exist ξ∗ �= 0 such
that V̇1(ξ

∗) > 0. This ξ∗ must satisfy ψ(Cξ∗) �= satα(Cξ∗), that is, Cξ∗ > γ , otherwise,

it would result in V̇(x) > 0 at x = ξ∗. Define x∗ = α

γ
ξ∗. Then, Cx∗ > α, ψ(Cξ∗) = γ ,

and satα(Cx∗) = α. Substituting x∗ in (8.36) yields

V̇(x∗) = x∗T
(ATQ + QA)x∗ + satα(Cx∗)(2BTQ + CA)x∗ + CB[satα(Cx∗)]2

= (α/γ )2ξ∗T
(ATQ + QA)ξ∗ +α(2BTQ + CA)ξ∗α/γ + CBα2

= (α/γ )2[ξ∗T
(ATQ + QA)ξ∗ + γ (2BTQ + CA)ξ∗ + CBγ 2]

= (α/γ )2[ξ∗T
(ATQ + QA)ξ∗ +ψ(Cξ∗)(2BTQ + CA)ξ∗ + CB[ψ(Cξ∗)]2]

= (α/γ )2V̇1(ξ
∗) > 0,

(8.37)

which contradicts the fact that the global asymptotic stability of system (3.10) is
established by (8.23). Therefore, V̇1(ξ) ≤ 0 for all ξ �= 0.

Next we show, again by contradiction, that the only solution of (8.32), (8.33)
that is contained in {ξ : V̇1(ξ) = 0} is the trivial solution ξ(t) ≡ 0. Let ξ̃ (t), t ≥ 0, be a
nontrivial solution of (8.32), (8.33) that satisfies V̇1(ξ̃ (t))≡ 0. Assume first Cξ̃ (t)≤−γ

for all t ≥ 0. Since satα(Cξ̃ (t)) = ψ(Cξ̃ (t)), system (3.10) and system (8.32), (8.33) are
identical; therefore, x̃(t) = ξ̃ (t) is a nontrivial solution of (3.10) as well. Moreover, as
it follows from (8.35) and (8.36), V̇(x̃(t)) = V̇1(ξ̃ (t)) ≡ 0. This leads to a contradiction.
Hence, ξ̃ (t) cannot satisfy Cξ̃ (t) ≤ −γ for all t ≥ 0.
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Assume now that Cξ̃ (t) ≥ γ for all t ≥ 0. Then, from (8.32), (8.33),

ξ̃ (t) = eAt ξ̃ (0)+
∫ t

0
eAτ Bγ dτ . (8.38)

Define x̃(t) = α
γ
ξ̃ (t). Then, since Cx̃(t) > α and

x̃(t) = α

γ
ξ̃(t) = eAtx̃(0)+

∫ t

0
eAτ Bαdτ , (8.39)

x̃(t) is a solution of (3.10). Moreover, using the chain of equalities similar to (8.37), we
obtain V̇(x̃(t)) = (α/γ )2 V̇1(ξ̃ (t)) ≡ 0. This again leads to a contradiction. Hence, ξ̃ (t)
cannot satisfy Cξ̃ (t) ≥ γ for all t ≥ 0 either. Therefore, there must exist an interval
(t1, t2), t1 < t2, such that |Cξ̃ (t)| < γ for all t ∈ (t1, t2). In this interval,

ξ̃ (t) = e(A+BC)(t−t1)ξ̃ (t1), ∀t ∈ (t1, t2), (8.40)

and
V̇1(ξ̃ (t)) = ξ̃T (t)Mξ̃ (t) = 0, ∀t ∈ (t1, t2), (8.41)

where M is defined in (8.25). Since M is negative semidefinite by Lemma 8.1, it
follows that

Mξ̃ (t) = Me(A+BC)(t−t1)ξ̃ (t1) = 0, ∀t ∈ (t1, t2). (8.42)

This, however, contradicts the observability of (A + BC, M), which must take place
according to Lemma 8.1. Thus, ξ̃ (t) ≡ 0 is the only solution of (8.32), (8.33) contained
in {ξ : V̇1(ξ) = 0}.

Finally, it can be shown, again by contradiction, that V1(ξ) > 0 for all ξ �= 0 and
that V1(ξ) → ∞ as |ξ | → ∞. Therefore, the system (8.32) and (8.33), and, hence,
(8.31) is globally asymptotically stable.

Proof of Theorem 3.2. The proof is provided for the following three cases separately:
(a) |C0| < ∞ and |P0| < ∞; (b) |C0| = ∞ and |P0| < ∞; (c) |P0| = ∞.

Case (a): |C0| < ∞ and |P0| < ∞. Define

u∗ = C0

1 + C0P0
r0, y∗ = C0P0

1 + C0P0
r0,

x∗
p = −A−1

p Bp u∗, x∗
c = −A−1

c Bc(r0 − y∗).
(8.43)

Using
x̂p = xp − x∗

p, x̂c = xc − x∗
c , ŷ = y − y∗, û = u − u∗, (8.44)

rewrite (3.10) as

˙̂xp = Apx̂p + Bp satαu∗(û),

˙̂xc = Acx̂c + Bc(−ŷ),

ŷ = Cpx̂p,

û = Ccx̂c + Dc(−ŷ),

(8.45)

where satαu∗(û) = satα(û + u∗)− u∗.
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Note that the condition r0 ∈ TD implies |u∗| < α. Therefore, Lemma 8.2 ensures
the global asymptotic stability of (8.45). Hence, the steady state exists and y(t)
converges to y∗, that is, a unique estep

ss exists.
Case (b): |C0| = ∞ implies that Ac has an eigenvalue 0. Choose x∗

c �= 0 to satisfy

Acx∗
c = 0, Ccx∗

c = r0

P0
, (8.46)

and let

u∗ = r0

P0
, y∗ = r0, x∗

p = −A−1
p Bpu∗. (8.47)

Proceeding similarly to (a), it can be shown that if r0 ∈ TD, then a unique estep
ss exists.

Case (c): |P0| = ∞ implies Ap has an eigenvalue 0. Choose x∗
p �= 0 to satisfy

Apx∗
p = 0, Cpx∗

p = r0, (8.48)

and let u∗ = 0, y∗ = r0, x∗
c = 0. Similarly to (a), it can be shown that a unique estep

ss

exists. This completes the proof. �

Proof of Theorem 3.3. Part (i): Consider the system shown in Figure 8.1(a) with
ramp input. Equivalently, it can be represented as shown in Figure 8.1(b), where the
input is step. We refer to these systems as system (a) and (b), respectively. Since
the input to system (b) is a step function, eramp

ss of system (a) can be analyzed using
Theorem 3.1 applied to system (b). Indeed, introducing

P̂(s) = sP(s), Ĉ(s) = 1
s

C(s), (8.49)

and noting that

P̂0 = P1, Ĉ0 = ∞, (8.50)

condition (3.29) for system (a) is equivalent to |r1| <

∣∣∣∣ 1

Ĉ0
+ P̂0

∣∣∣∣α for system (b).

Then, it follows from the proof of Theorem 3.1 that | limt→∞ u(t)| < α. Therefore,
eramp

ss must be identical to that of the system with linear actuator, that is,

eramp
ss = r1

limt→∞ sP(s)C(s)
. (8.51)

C(s) P(s)
y

–
u vr(t) = r1t1(t)

r(t) = r11(t)

e

(a)

1
s C(s) sata(u)

sata(u)

sP(s)
ẏ

–
u vė

(b)

Figure 8.1. Block diagram of a system with ramp input and its equivalent representation.
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Since P1 = limt→∞ sP(s) �= 0, it follows that

lim
t→∞sP(s)C(s) = lim

t→∞sP(s) lim
t→∞C(s) = P1C0, (8.52)

and

eramp
ss = r1

P1C0
, (8.53)

which proves statement (i).
Part (ii) is proved similarly. �

Proof of Theorem 3.4. Part (i): Due to the stability assumption, |S(jω)| is continuous
and bounded. Given ε > 0, choose ω0 such that∣∣∣ |S(j0)|2 −|S(jω)|2

∣∣∣< ε

2
, ∀ω < ω0 (8.54)

is satisfied. Using (8.54) and the fact that ||F�(s)||2 = 1, the following holds:

∣∣∣RS(�)2 −|S(j0)|2
∣∣∣= ∣∣∣∣ 1π

∫ ∞

0
|F�(jω)|2

(
|S(jω)|2 −|S(j0)|2

)
dω

∣∣∣∣
≤ 1

π

∫ ∞

0
|F�(jω))|2||S(jω)|2 −|S(j0)|2|dω

= ε

2
1
π

∫ ω0

0
|F�(jω)|2dω + M2

r
1
π

∫ ∞

ω0

|F�(jω)|2dω

<
ε

2
+ M2

r
1
π

∫ ∞

ω0

|F�(jω)|2dω.

(8.55)

The term M2
r

1
π

∫∞
ω0

|F�(jω)|2dω can be made smaller than
ε

2
if � is sufficiently small.

Hence, we obtain ∣∣∣ RS(�)2 −|S(j0)|2
∣∣∣< ε, (8.56)

for � sufficiently small. This proves statement (i).
Part (ii) is proved analogously.
Part (iii) follows directly from (3.50). �

Proof of Theorem 3.5. Part (i): It is sufficient to show that equation (3.75) is satisfied

with N = 1. By assumption,
∥∥∥ F�(s)C(s)

1+P(s)C(s)

∥∥∥
2

is finite for any �. As σr tends to zero, due

to the property of erf(·), N = 1 solves equation (3.75).

Part (ii): We show that as � tends to infinity, the quantity
∥∥∥ F�(s)C(s)

1+NP(s)C(s)

∥∥∥
2

in

(3.75) converges to C∞ regardless of N , where C∞ = lims∈R, s→∞ |C(s)|. Indeed,
given ε > 0, choose ω0 such that∣∣∣∣∣C2∞ −

∣∣∣∣ C(jω)

1 + NP(jω)C(jω)

∣∣∣∣2
∣∣∣∣∣< ε

2
, ∀ω > ω0. (8.57)
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Such ω0 exists since P(s) is strictly proper and C(s) is proper. Then, using (8.57) and
the fact that ||F�(s)||2 = 1, the following holds:∣∣∣∣C2∞ −

∥∥∥∥ F�(s)C(s)
1 + NP(s)C(s)

∥∥∥∥
2

∣∣∣∣= ∣∣∣∣ 1π
∫ ∞

0
|F�|2

(
C2∞ −

∣∣∣ C
1+NPC

∣∣∣2)dω

∣∣∣∣
≤ 1

π

∫ ω0

0
|F�|2

∣∣∣∣C2∞ −
∣∣∣ C

1+NPC

∣∣∣2∣∣∣∣dω + 1
π

∫ ∞

ω0

|F�|2 ε

2
dω

<
1
π

3
�

∫ ω0

0

∣∣∣∣C2∞ −
∣∣∣ C

1+NPC

∣∣∣2∣∣∣∣dω + ε

2
.

(8.58)

As � tends to infinity, the term 1
π

3
�

∫ ω0
0

∣∣∣∣C2∞ −
∣∣∣ C

1+NPC

∣∣∣2∣∣∣∣dω can be made smaller

than ε/2, and, thus, ∣∣∣∣C2∞ −
∥∥∥∥ F�(s)C(s)

1 + NP(s)C(s)

∥∥∥∥
2

∣∣∣∣< ε. (8.59)

Hence, the solution of (3.75) as � → ∞ is given by

N1 = erf
(

α√
2σrC∞

)
. (8.60)

Similarly, it can be shown that lim�→∞ ||F�/(1 + N1PC)||2 = 1. Thus,

lim
�→∞SRS(�,σr) = lim

�→∞ lim
N→N1

∥∥∥ F�

1+NPC

∥∥∥
2
= 1, (8.61)

which proves (ii).
Part (iii) is proved similarly. �

8.3 Proofs for Chapter 4

Proof of Theorem 4.1. A straightforward linear analysis applied to (4.23) yields
diag{σ 2

û ,σ 2
ˆ̃y }= diag{K̃P̃K̃T }, where P̃ is the solution of the Lyapunov equation (4.25).

Using this result in (4.20) and (4.21) gives equation (4.26). Finally, equation (4.24)
follows from σ 2

ẑ = tr{C̃R̃C̃T }. �

Proof of Theorem 4.2. We need the following auxiliary result for the proof. Assume
R ∈ Rn×n, R = RT > 0 and Ã ∈ Rn×n is Hurwitz, then the solutions P and Q of

ÃP + PÃT + R = 0, (8.62)

ÃQ + QÃT + R ≤ 0, (8.63)

satisfy P = PT > 0, Q = QT > 0 and

P ≤ Q. (8.64)
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This result can be easily verified by noting that (8.62) and (8.63) yield

Ã(Q − P)+ (Q − P)ÃT ≤ 0 (8.65)

and this implies

Q − P ≥ 0 (8.66)

by the Lyapunov theorem.
Now, assume that (A+BNK) is Hurwitz. Then there exists a unique symmetric

positive definite solution of

(A + BNK)P + P(A + BNK)T + BBT = 0, (8.67)

and the variance at the output is less than or equal to γ 2 if

CPCT ≤ γ 2. (8.68)

Let Q solve

(A + BNK)Q + Q(A + BNK)T + BBT ≤ 0. (8.69)

Then, by the above result, P ≤ Q. So,

CPCT ≤ CQCT , (8.70)

which implies that (8.68) is satisfied whenever

CQCT ≤ γ 2 (8.71)

is satisfied. �

Proof of Theorem 4.3. We first show that

KCQCTKT − 2α2

π
< 0, (8.72)

and

(A + BNK)Q + Q(A + BNK)T + BBT ≤ 0. (8.73)

hold if and only if

N = f (N) (8.74)

has a solution N > 0 for

f (N) := erf

(
αN√

2KQKT

)
. (8.75)

Indeed, function f (N) is monotonically increasing on [0,∞), concave on [0,∞),
bounded from above by 1 on [0,∞), and is zero at the origin. Therefore, (8.74) has a
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solution N > 0 if and only if d2

dN2 f (N)

∣∣∣
N=0

> 1. This is true if and only if (8.72), (8.73)

are satisfied. Now, (8.74), (8.75) are exactly (4.49) subject to (4.50), (4.51), which,
when solved, give the exact value for N . Thus, the LMIs (4.53) and (4.54) follow
directly from this result with Y = KP̄ and (4.53) is the Schur complement of (8.72).
Inequality (4.55) follows from Theorem 4.2 and ensures the desired performance.

�

8.4 Proofs for Chapter 5

Proof of Lemma 5.1. Part (i): To prove continuity, note that (5.34) can be rewritten
as

F(K,Ke(K)) = 0, (8.76)

where

F (x,y) = y − xerf

 α√
2x
∥∥∥ F�(s)C(s)

1+yP(s)C(s)

∥∥∥
2

 (8.77)

is an analytic function. Hence, Ke(K) is a root of an analytic equation that depends
on a parameter K. As it is well known, the roots of such an equation are continuous
with respect to the parameter, and the result follows.

The proof of strict monotonicity is by contradiction. Indeed, let us assume that
there exists K1,K2 such that K2 > K1 and Ke(K1) = Ke(K2) = K∗

e . This implies that

K2erf
(

α√
2K2σ ∗

)
= K1erf

(
α√

2K1σ ∗

)
, (8.78)

where

σ ∗ =
∥∥∥∥ F� (s)C (s)

1 + K∗
e C (s)P (s)

∥∥∥∥
2
. (8.79)

However, it is straightforward to verify that the function

f (x) = xerf
( c

x

)
(8.80)

is strictly monotonic for all c > 0. Hence (8.78) implies K1 = K2, which contradicts the
assumption that K2 > K1. Therefore, Ke(K) must be a strictly monotonic function.

Part (ii): Note that (5.34) can be expressed equivalently as

Ke (K) = Kerf
(

α√
2Kφ (K)

)
, (8.81)

where

φ (K) =
∥∥∥∥ F� (s)C (s)

1 + Ke (K)P (s)C (s)

∥∥∥∥
2
. (8.82)
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By expanding erf(·) in (8.81), in Taylor series, one obtains

Ke (K) =
√

2K√
π

(
α

Kφ(K)
− 1

3

(
α

Kφ(K)

)3

+ ...

)
. (8.83)

It follows from continuity and strict monotonicity that the limit of Ke(K) as
K → ∞ either exists or is infinity. The remainder of the proof is by contradiction.
Namely, assume that β1 and β2 are any two distinct positive solutions of (5.38), while
Ke(K) is unique for all K. Taking the limit of (8.82) and (8.83) results in

lim
K→∞Ke (K) = lim

K→∞

(
α
√

2/π

φ (K)
−

√
2/π

3

(
α3

K2φ3 (K)

)
+ . . .

)
(8.84)

and

lim
K→∞φ (K) =

∥∥∥∥∥∥∥∥
F� (s)C (s)

1 +
(

lim
K→∞Ke (K)

)
P (s)C (s)

∥∥∥∥∥∥∥∥
2

. (8.85)

These constitute equations for the limits of Ke(K) and φ(K) when K tends to infinity.
Two possible solutions of (8.84) and (8.85) exist, given by:

lim
K→∞Ke (K) = α

√
2/π

βi
.

lim
K→∞φ (K) = βi, i = 1,2.

Clearly, this contradicts the assumption of uniqueness of solution of Ke(K) and
hence, (5.38) cannot admit multiple positive solutions. �

Proof of Theorem 5.1. Part (i):
Necessity: Assume (5.39). Take the limit of (8.82) as K → ∞, using the

assumption that Tγ (s) is stable for all γ > 0, to obtain

lim
K→∞φ (K) =

∥∥∥∥∥∥ F� (s)C (s)

1 +
(

α
√

2/π
β

)
P (s)C (s)

∥∥∥∥∥∥
2

�= φ, (8.86)

where φ > 0. By taking the limit of (8.83) it follows from (8.86) that

lim
K→∞Ke (K) = α

√
2/π

φ
. (8.87)

Hence, from (5.39) we obtain

φ = β. (8.88)

Substituting (8.88) into (8.86) yields (5.38). The uniqueness of solution of (5.38) is
guaranteed by Lemma 5.1.
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Sufficiency: Assume (5.38) admits a unique solution β > 0. Recall that (8.84) and
(8.85) are equations for the limits of Ke(K) and φ(K) when K tends to infinity, and
are satisfied by

lim
K→∞Ke (K) = α

√
2/π

β
, (8.89)

lim
K→∞φ (K) = β. (8.90)

The right-hand sides of (8.89) and (8.90) are the unique solutions of (8.84) and (8.85).
Indeed, suppose that

lim
K→∞Ke (K) = α

√
2/π

βl
,

lim
K→∞φ (K) = φl

also satisfy (8.84) and (8.85). It follows from necessity that βl must be a solution of
(5.38), and thus by Lemma 5.1, βl = β. Then, (8.86) implies φl = β. Hence, (8.89)
and (8.90) are the only solutions of (8.84) and (8.85). The proof concludes by noting
that (8.89) yields (5.39).

Part (ii):
Sufficiency: Recall that the limit of Ke(K) either exists or is infinite. Hence, by

part (i), if β = 0 is the only real solution of (5.38), then the limit of Ke(K) must be
infinity.

Necessity: Assume (5.40). Then it follows from part (i) that (5.38) cannot admit
a unique positive solution. By Lemma 5.1, (5.38) cannot admit multiple positive
solutions, and hence it follows that β = 0 must be the only real solution of (5.38).

�
To prove Theorem 5.2 we need the following lemma.

Lemma 8.3. Let Tγ (s) be asymptotically stable only for γ ∈ [0,�), � < ∞, so that
(5.37) holds, and (5.34) admits a unique solution for all K > 0. Then

Ke (K) < � ∀K > 0. (8.91)

Proof. The proof is by contradiction. Assume that there exists K∗ > 0 such that
Ke(K∗) ≥ �. Then it follows from (5.34) that

Ke
(
K∗)= K∗erf

 α√
2K∗

∥∥∥ F�(s)C(s)
1+Ke(K∗)P(s)C(s)

∥∥∥
2

 . (8.92)

This, however, is a contradiction because the left-hand side of (8.92) is equal to a
positive number, while the right-hand side is 0. �

Proof of Theorem 5.2. By Lemma 8.3, the limit of Ke(K) as K tends to infinity must
exist and satisfy

lim
K→∞Ke (K) ≤ �.

The remainder of the proof follows is analagous to that of Theorem 5.1. �
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Proof of Theorem 5.3. Part (i): We will prove that for any Kd
e > 0 there exists Kd

such that Ke(Kd)= Kd
e . Consider F(Kd,Kd

e ), where F(·, ·) is defined in (8.77). Clearly,

F
(
0,Kd

e

)
= Kd

e > 0. (8.93)

Moreover, Taylor series expansion (8.83) of erf(·) in (8.77) yields,

lim
Kd→∞

F
(
Kd,Kd

e

)
= Kd

e − α
√

2/π∥∥∥ F�(s)C(s)
1+Kd

e P(s)C(s)

∥∥∥
2

. (8.94)

Note that every positive solution β of (5.38) is related to a finite root Kd
e of the

right-hand side of (8.94) through

Kd
e = α

√
2/π

β
,

and vice versa. It follows from (8.94) that

lim
Kd→∞

F
(
Kd,0

)
= − α

√
2/π

‖F� (s)C (s)‖2
< 0. (8.95)

Since (5.38) admits no solution β > 0, the right-hand side of (8.94) has no finite roots.
Moreover, the right-hand side of (8.94) is a continuous function of Kd

e . Hence, (8.95)
implies that

lim
Kd→∞

F
(
Kd,Kd

e

)
< 0. (8.96)

Recall that F(Kd,Kd
e ) is continuous and monotonically decreasing in Kd. It thus

follows from (8.93) and (8.96) that for any Kd
e > 0, F(Kd,Kd

e ) changes sign exactly
once as Kd goes from 0 to∞. Hence, there exists a unique Kd such that F(Kd,Kd

e )= 0.
Thus, Ke(Kd) = Kd

e , and the result follows immediately.
Part (ii): Note that for K = 0, (5.34) admits a unique solution Ke(0)= 0. Hence, by

continuity, (5.34) defines a unique Ke(K) when K is small enough. The S-origination
point occurs when (5.34) starts admitting multiple solutions. �

Proof of Theorem 5.4. Part (i): By the continuity of roots of (8.77), all solutions
Ke(K) of (5.34) must be continuous in K. The remainder of the proof is analagous
to that of sufficiency in Theorem 5.1. Namely, it follows that for each βi,

lim
K→∞Ke (K) = α

√
2/π

βi
(8.97)

and

lim
K→∞φ (K) = βi (8.98)

are valid solutions for the limiting values of Ke(K) and φ(K) (i.e., (8.84) and (8.85)).
Clearly, (8.97) yields (5.51).
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Part (ii): It follows from (5.34) that for any K, stochastic linearization must
yield an odd number of solutions. Hence, if (5.38) yields an even number of (finite)
solutions for the limit of Ke(K), an additional solution must exist, corresponding to
the solution β0 = 0.

Part (iii): Let κ1 denote the limiting gain (given by Part (i)) corresponding to the
largest simple root of (5.38), and define Kt

e such that

κ1 < Kt
e < κ2,

where κ2 denotes the next largest (if any) limiting gain. Clearly, from (8.93),

F
(
0,Kt

e
)
> 0, (8.99)

and since Kd
e = κ1 is the smallest simple root of the right-hand side of (8.94), it follows

from continuity and (8.95) that

lim
Kd→∞

F
(
Kd,Kt

e

)
> 0. (8.100)

Recalling that F(Kd,Kt
e) is continuous and monotonically decreasing in Kd, it follows

from (8.99) and (8.100) that

F
(
Kd,Kt

e

)
�= 0 ∀Kd > 0. (8.101)

Thus, Ke(Kd) = Kt cannot be satisfied for any Kd > 0, and hence Ke(K) cannot lie
in the interval (κ1,κ2). The result follows directly. �

Proof of Theorem 5.5. The proof is by construction. Let C(s) be given by the inverse
of the plant, that is,

C (s) = 1
P (s)

.

Then (5.34) reduces to

Ke = Kerf

(
α√

2K ‖F� (s)/P (s)‖2
(1 + Ke)

)
. (8.102)

For any fixed K > 0, the right-hand side of (8.102) is a strictly concave function of
Ke, starting from a positive value

Kerf

(
α√

2‖F� (s)/P (s)‖2

)
> 0

at Ke = 0 and bounded by K for all Ke > 0. Moreover, the left-hand side of (8.102)
is Ke. Hence, there exists a unique Ke > 0 that satisfies (8.102). �
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8.5 Proofs for Chapter 6

Proof of Theorem 6.1. Let � be the set � = {K : A + B2NK is Hurwitz}. Then, for
any K ∈ �,

σ 2
ẑ = tr{C1RCT

1 }+ρKRKT , (8.103)

where (N ,R) satisfies

(A + B2NK)R + R(A + B2NK)T + B1BT
1 = 0, (8.104)

KRKT − 1

2
[
erf−1(N)

]2 = 0. (8.105)

Hence, the problem at hand is equivalent to

minimize
K∈�

tr{C1RCT
1 }+ρKRKT ,

subject to(A + B2NK)R + R(A + B2NK)T + B1BT
1 = 0, (8.106)

KRKT − 1

2
[
erf−1(N)

]2 = 0.

We use the Lagrange multiplier method to solve this constrained optimization
problem.

First, we check the regularity of the constraints. Let (K,N ,R) be such that it
satisfies the constraints (8.104) and (8.105), and for an arbitrary symmetric matrix Q
and real number λ, define the function

�(K,N ,R) = tr{[(A + B2NK)R + R(A + B2NK)T + B1BT
1 ]Q}

+ λ

KRKT − 1

2
[
erf−1(N)

]2

 .
(8.107)

Then we have

∂�

∂K
= 0 ⇒ NBT

2 QR +λKR = 0, (8.108)

∂�

∂N
= 0 ⇒ KRQB2 +λ

√
π

4

exp
([

erf−1(N)
]2
)

[
erf−1(N)

]3 = 0, (8.109)

∂�

∂R
= 0 ⇒ (A + B2NK)TQ + Q(A + B2NK)+λKTK = 0. (8.110)

Multiplying (8.108) from right by KT and using (8.105), (8.109) we obtain

λ

 1

2
[
erf−1(N)

]2 −
√

π

4
N[

erf−1(N)
]3 exp

([
erf−1(N)

]2
)= 0. (8.111)
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Here, since the expression that multiplies λ is nonzero for all N ∈ (0,1) and as N → 0+,
N → 1−, we conclude that λ = 0. Then, with λ = 0, it follows from (8.110) that Q = 0.
Hence, the regularity conditions are satisfied.

Next, we form the Lagrangian

�(K,N ,R,Q,λ) = tr{C1RCT
1 }+ρ KRKT

+ tr{[(A + B2NK)R + R(A + B2NK)T + B1BT
1 ]Q}

+ λ

KRKT − 1

2
[
erf−1(N)

]2

 ,

(8.112)

where Q and λ are the Lagrange multipliers. Differentiating � with respect to K, N ,
R, Q, and λ, and equating the results to zero, we obtain

[(ρ +λ)K + NBT
2 Q]R = 0, (8.113)

KRQB2 +λ

√
π

4

exp
([

erf−1(N)
]2
)

[
erf−1(N)

]3 = 0, (8.114)

(A + B2NK)TQ + Q(A + B2NK)+ (ρ +λ)KTK + CT
1 C1 = 0, (8.115)

(A + B2NK)R + R(A + B2NK)T + B1BT
1 = 0, (8.116)

KRKT − 1

2
[
erf−1(N)

]2 = 0. (8.117)

Now, it follows from (8.113) that

K = − N
ρ +λ

BT
2 Q + Kn, (8.118)

for an arbitrary Kn in the left null space of R that makes A+B2NK Hurwitz. However,
since KnR = 0, the last term in (8.118) does not affect the value of the performance
measure. Thus, we let

K = − N
ρ +λ

BT
2 Q. (8.119)

Substituting this expression into (8.115), (8.116), and (8.117) immediately gives
(6.10), (6.11), and (6.12), respectively. Multiplying (8.113) from right by KT and
using (8.114) together with (8.117) yields (6.13). Moreover, assuming this K is in �

and substituting it into (8.103) yields (6.8).
Finally, we show that the system of equations (6.10)–(6.13) has a unique solution

for (N ,R,Q,λ) such that K ∈ �. Clearly, for N ∈ (0,1), equation (6.13) defines λ as
a continuous function of N and note that λ = λ(N) > 0. Thus, substituting λ = λ(N)

into (6.10), we obtain the Riccati equation

ATQ + QA − N2

ρ +λ(N)
QB2BT

2 Q + CT
1 C1 = 0. (8.120)
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Since (A,B2) is stabilizable and (C1,A) is detectable for any N ∈ (0,1), this Riccati
equation has a unique positive semidefinite solution for Q = Q(N) such that A +
B2NK(N) is Hurwitz, where

K(N) = − N
ρ +λ(N)

BT
2 Q(N). (8.121)

Similarly, substituting λ = λ(N) and Q = Q(N) into (6.11), we obtain the Lyapunov
equation

[A − N2

ρ +λ(N)
B2BT

2 Q(N)]R + R[A − N2

ρ +λ(N)
B2BT

2 Q(N)]T
+B1BT

1 = 0.
(8.122)

Since A + B2NK(N) is Hurwitz, for any N ∈ (0,1), this Lyapunov equation has also
a unique positive semidefinite solution for R = R(N). In addition, as N → 1−, λ

approaches zero, Q and R remain finite, and A+B2NK remains Hurwitz. Hence, in
order to show that the system of equations (6.10)–(6.13) has a unique solution, it is
sufficient to show that the equation[

N2

ρ +λ(N)

]2

BT
2 Q(N)R(N)Q(N)B2 = N2α2

2
[
erf−1(N)

]2 (8.123)

has a unique solution for N . The right-hand side of this equation is a strictly decreasing
function of N for all N ∈ (0,1), and moreover, it assumes the values 2/π and 0 as
N → 0+ and N → 1−, respectively. Now, we show that the left-hand side of this
equation is an increasing function of N and approaches 0 as N → 0+. For N ∈ (0,1),
define

τ(N) := ρ +λ(N)

N2 . (8.124)

Note that τ(N) is a continuous function of N and it decreases monotonically from
∞ to ρ as N increases from 0 to 1. Moreover, define the function f :(0,1) → R+ as

f [τ(N)] := 1
τ 2(N)

BT
2 Q[τ(N)]R[τ(N)]Q[τ(N)]B2, (8.125)

which is nothing but the left-hand side of (8.123). Note that f (N) is also a continuous
function of N . Differentiating f [τ(N)] with respect to N , we obtain

d
dN

f [τ(N)] = d
dτ

f (τ )
d

dN
τ(N). (8.126)

Since τ(N) is a decreasing function of N , it follows that τ ′(N) < 0 for all N ∈ (0,1).
Thus, to show that f (N) is an increasing function of N , it remains to show that
f ′(τ ) ≤ 0 for all τ ∈ (ρ,∞). Substituting (8.124) into (8.120) and (8.122), respectively,
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it follows that Q(τ ) and R(τ ) satisfy

[A − 1
τ

B2BT
2 Q(τ )]TQ(τ )+ Q(τ )[A − 1

τ
B2BT

2 Q(τ )]
+1

τ
Q(τ )B2BT

2 Q(τ )+ CT
1 C1 = 0,

(8.127)

[A − 1
τ

B2BT
2 Q(τ )]R(τ )+ R(τ )[A − 1

τ
B2BT

2 Q(τ )]T
+B1BT

1 = 0.
(8.128)

Differentiating both sides of these equations with respect to τ , we obtain

[A − 1
τ

B2BT
2 Q(τ )]TQ′(τ )+ Q′(τ )[A − 1

τ
B2BT

2 Q(τ )]
+ 1

τ 2 Q(τ )B2BT
2 Q(τ ) = 0,

(8.129)

[A − 1
τ

B2BT
2 Q(τ )]R′(τ )+ R′(τ )[A − 1

τ
B2BT

2 Q(τ )]T

+1
τ

B2BT
2 [1

τ
Q(τ )− Q′(τ )]R(τ )+ 1

τ
R(τ )[1

τ
Q(τ )− Q′(τ )]B2BT

2 = 0.
(8.130)

Subtracting (8.128) premultiplied by Q(τ ) from (8.127) postmultiplied by R(τ ), and
taking the trace of the resulting equation, we obtain

1
τ

BT
2 Q(τ )R(τ )Q(τ )B2 + tr{C1R(τ )CT

1 }− tr{BT
1 Q(τ )B1} = 0. (8.131)

Differentiating both sides of this equation with respect to τ , we obtain

− 1
τ 2 BT

2 Q(τ )R(τ )Q(τ )B2 − tr{BT
1 Q′(τ )B1}+ tr{C1R′(τ )CT

1 }
+1

τ
BT

2 [Q′(τ )R(τ )Q(τ )+ Q(τ )R′(τ )Q(τ )+ Q(τ )R(τ )Q′(τ )]B2 = 0.
(8.132)

Similarly, subtracting (8.130) premultiplied by Q(τ ) from (8.127) postmultiplied by
R′(τ ), and taking the trace of the resulting equation, we obtain

tr{C1R′(τ )CT
1 }− 2

τ 2 BT
2 Q(τ )R(τ )Q(τ )B2

+1
τ

BT
2 [Q′(τ )R(τ )Q(τ )+ Q(τ )R′(τ )Q(τ )+ Q(τ )R(τ )Q′(τ )]B2 = 0.

(8.133)

Thus, it follows from (8.132) and (8.133) that

f (τ ) = tr{BT
1 Q′(τ )B1}. (8.134)

Differentiating both sides of this equation with respect to τ , we obtain

f ′(τ ) = tr{BT
1 Q′′(τ )B1}. (8.135)
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Moreover, differentiating both sides of (8.129) with respect to τ , we see that Q′′(τ )

satisfies the Lyapunov equation

[A − 1
τ

B2BT
2 Q(τ )]TQ′′(τ )+ Q′′(τ )[A − 1

τ
B2BT

2 Q(τ )]

−2
τ

[1
τ

Q(τ )− Q′(τ )]B2BT
2 [1

τ
Q(τ )− Q′(τ )] = 0.

(8.136)

Subtracting (8.129) from 1/τ times (8.127), it also follows that

[A − 1
τ

B2BT
2 Q(τ )]T [1

τ
Q(τ )− Q′(τ )]+ [1

τ
Q(τ )− Q′(τ )][A − 1

τ
B2BT

2 Q(τ )]
+1

τ
CT

1 C1 = 0.

(8.137)

Equation (8.136) implies that Q′′(τ ) is negative semidefinite, and thus, f ′(τ )≤ 0 for all
τ ∈ (ρ,∞). Therefore, f ′(N) ≥ 0, or equivalently, f (N) is an increasing function of N .
In addition, equation (8.137) implies that Q′(τ )−Q(τ )/τ is also negative semidefinite.
Hence, since A has no eigenvalues in the open right-half plane, it follows that

lim
N→0+ f (N) = lim

τ→∞ f (τ ) = 0. (8.138)

As a result, equation (8.123) has a unique solution for N . Note further that since R
is positive semidefinite, the gain K is a global minimizer. �

Proof of Corollary 6.1. This corollary follows from the fact that the right-hand side
of (8.123) is strictly decreasing and the left-hand side is increasing, resulting in a
unique intersection. �

Proof of Theorem 6.2. We first show that the derivative of γ 2(ρ) is nonnegative. For
this purpose, define τ(ρ) as

τ(ρ) = ρ +λ(ρ)

N2(ρ)
. (8.139)

Then, it is clear that γ 2(ρ) depends on ρ through τ(ρ). Thus, it follows from the chain
rule that

d
dρ

γ 2(ρ) = d
dρ

tr{C1R[τ(ρ)]CT
1 } = d

dτ
tr{C1R(τ )CT

1 } d
dρ

τ(ρ). (8.140)

Proceeding similarly to the proof of Theorem 6.1, it can be shown that

tr{C1R′(τ )CT
1 } = −τ tr{BT

1 Q′′(τ )B1}, (8.141)

and Q′′(τ ) is negative semidefinite, and hence, tr{C1R′(τ )CT
1 } ≥ 0. The fact that

τ ′(ρ) > 0 will be verified in Lemma 8.5 below, where it will be shown that 1/τ(ρ) is
a decreasing function of ρ. As a result, γ 2(ρ) is an increasing function of ρ.



246 Proofs

Next, we verify (6.15). Since γ 2(ρ) is continuous and bounded from below, its
limit as ρ goes to 0+ exists. Moreover, it follows from (6.12) that N2σ 2

û (ρ) ≤ 2/π for
all ρ > 0, and therefore,

lim
ρ→0+ γ 2(ρ) �= 0 (8.142)

unless, of course, C1(sI − A)−1B1 = 0. �

Proof of Corollary 6.2. This corollary follows from the fact that Prob{|û| > 1} = 1 −
Prob{|û| ≤ 1} and Prob{|û| ≤ 1} = N . �

Proof of Theorem 6.3. Part (i): By definition, any point xG ∈ Rnx is the equilibrium
point of (6.17) if

AxG + B2ϕ(KxG) = 0, (8.143)

or, equivalently,

(A + B2K)xG + B2[ϕ(KxG)− KxG] = 0. (8.144)

Since A + B2K is nonsingular, it follows that

xG + (A + B2K)−1B2[ϕ(KxG)− KxG] = 0. (8.145)

Premultiplying both sides of this equation by K, we obtain

[1 − K(A + B2K)−1B2]KxG + K(A + B2K)−1B2ϕ(KxG) = 0. (8.146)

If K(A + B2K)−1B2 = 0, then this equation implies that KxG = 0, and in turn,
equation (8.145) implies that xG = 0. If, on the other hand, K(A + B2K)−1B2 = 1,
then equation (8.146) implies that KxG = 0, and then, equation (8.145) implies that
xG = 0. Hence, assume that K(A + B2K)−1B2 �= 0 and K(A + B2K)−1B2 �= 1, then
we claim that

K(A + B2K)−1B2 < 1. (8.147)

To see this, note that

1 − K(A + B2K)−1B2 = det[I − (A + B2K)−1B2K]
= det[(A + B2K)−1]det(A) ≥ 0,

(8.148)

and by assumption K(A + B2K)−1B2 �= 1. Thus, under the above assumptions, it
follows from (8.147) that either

K(A + B2K)−1B2 − 1
K(A + B2K)−1B2

< 0, (8.149)

or

K(A + B2K)−1B2 − 1
K(A + B2K)−1B2

> 1. (8.150)
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Hence, rewriting (8.146) as

ϕ(KxG) = K(A + B2K)−1B2 − 1
K(A + B2K)−1B2

KxG, (8.151)

we see that xG satisfies this equation only when KxG = 0. Hence, once again equation
(8.145) implies that xG = 0.

Part (ii): The fact that the origin xG = 0 is the unique exponentially stable
equilibrium of the closed loop system follows from the Lyapunov’s indirect method.

Part (iii): Since A has no eigenvalues with positive real part, (A,B2) is stabi-
lizable and (C1,A) is detectable, letting {Aco,B2co ,C1co ,D12co} be the controllable
and observable part of the Kalman canonical decomposition of {A,B2,C1,D12}, it is
straightforward to see that the system (6.17) is asymptotically stable if and only if the
system

ẋGco = AcoxGco + B2coϕ(u),

zco = C1coxGco + D12couco ,

uco = KcoxGco

(8.152)

is asymptotically stable. Thus, without loss of generality, we assume that (A,B2)

is controllable and (C1,A) is observable. Then, it follows from the Riccati
equation (6.10) that Q is positive definite. Hence, with ε as defined in (6.19), consider
the Lyapunov function candidate

V(xG) = xT
G(εQ)xG. (8.153)

Taking the derivative of V(xG) along the trajectories of (6.17), we obtain

V̇(xG) = −xT
G[AT (εQ)+ (εQ)A]xG + 2xT

G(εQ)B2ϕ(u)

= −xT
G(εCT

1 C1)xG − ε(ρ +λ)[2/Nuϕ(u)− u2]. (8.154)

Thus, V̇(xG) ≤ 0 if

|u| ≤ 2
N

, (8.155)

or equivalently,

|BT
2 (εQ)xG| ≤ 2. (8.156)

Now, define the set X as

X = {xG ∈ RnxG : xT
G(εQ)xG ≤ γ 2}, (8.157)

and select γ sufficiently small so that the set U defined as

U = {xG ∈ RnxG : xT
G(εQ)B2BT

2 (εQ)xG ≤ 4} (8.158)

contains X . Moreover, define S as

S = {xG ∈ X : V̇(xG) = 0} (8.159)
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and suppose that xG is a trajectory that belongs identically to S. Then, it follows
from (8.154) that C1xG = 0 and KxG = 0. Since (C1,A) is observable, xG must be the
trivial trajectory xG = 0. Hence, by the LaSalle theorem, the equilibrium point xG = 0
of the closed loop system (6.17) is asymptotically stable. Moreover, the set X defined
above is a subset of the domain of attraction of the closed loop system. To verify that
X defined in (6.18) is a subset of the domain of attraction of the closed loop system,
we will find the best possible γ such that U ⊃ X . The coordinate transformation
x̄G = ε1/2Q1/2xG transforms X and U into

X̄ = {x̄G ∈ RnxG : x̄T
Gx̄G ≤ γ 2}, (8.160)

and

Ū = {x̄G ∈ RnxG : x̄T
G(ε1/2Q1/2)B2BT

2 (ε1/2Q1/2)x̄G ≤ 4}, (8.161)

respectively. Thus, U ⊃ X if and only if Ū ⊃ X̄ , or equivalently, the radius r of the
hypersphere x̄T

Gx̄G = γ 2 is less than or equal to the distance d between the origin
x̄G = 0 and the hyperplane BT

2 ε1/2Q1/2x̄G = 2 (see Figure 8.2). Clearly, r = γ and it
can be easily shown that d is given by

d2 = 4

BT
2 (εQ)B2

. (8.162)

Thus, r ≤ d if

γ 2 ≤ 4

BT
2 (εQ)B2

. (8.163)

Hence, the set X is a subset of the domain of attraction of the closed loop system.
Part (iv): The solution of (6.17) starting from xG(0) satisfies

xG(t) = exp(At)xG(0)+
∫ t

0
exp[A(t − τ)]B2ϕ[KxG(τ )]dτ . (8.164)

r

d

0

x̄

ū

Figure 8.2. Illustration of the estimate of the region of attraction.
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Hence,

‖xG(t)‖ ≤ ‖exp(At)xG(0)‖+‖
∫ t

0
exp[A(t − τ)]B2ϕ[KxG(τ )]dτ‖. (8.165)

Then, it follows that

‖xG(t)‖ ≤ exp(−νt)‖xG(0)‖+ 1
ν

[1 − exp(−νt)]‖B2‖
≤ ‖xG(0)‖+ 1

ν
‖B2‖,

(8.166)

where ν is the real part of the rightmost eigenvalue of A. Thus, letting

m = ‖xG(0)‖+ 1
ν
‖B2‖, (8.167)

we see that ‖xG(t)‖ ≤ m for all t ≥ 0. �

To prove Theorem 6.4, we need the following two lemmas:

Lemma 8.4. Assume that (A,B2) is stabilizable, (C1,A) is detectable and A has
no eigenvalues in the open right-half plane. Then, for any ε > 0, there exists a unique
positive semidefinite matrix Q(ε) that satisfies

ATQ(ε)+ Q(ε)A − εQ(ε)B2BT
2 Q(ε)+ CT

1 C1 = 0 (8.168)

such that A − B2BT
2 εQ(ε) is Hurwitz. Moreover,

lim
ε→0+ εQ(ε) = 0. (8.169)

In addition, if (C1,A) is not only detectable but observable, then Q(ε) is positive definite
for all ε > 0.

Proof of Lemma 8.4. The existence of a unique positive semidefinite solution Q(ε)

for all ε > 0 is a standard result. Moreover, it is also easy to establish that Q(ε) is
positive definite if (C1,A) has no stable unobservable modes. Multiplying both sides
of equation (8.168) by ε and letting Q̄(ε) = εQ(ε), we obtain

ATQ̄(ε)+ Q̄(ε)A − Q̄(ε)B2BT
2 Q̄(ε)+ εCT

1 C1 = 0. (8.170)

When ε = 0, the only solution to this equation, for which all eigenvalues of A −
B2BT

2 Q̄(ε) are in the closed left-half plane, is Q̄(ε) = 0. On the other hand, it is
relatively easy to see that the solution of this Riccati equation is continuous at ε = 0
from the right. Hence, Q̄(ε) approaches 0 as ε → 0+. Since Q̄(ε) = εQ(ε), (8.169)
follows. �

Lemma 8.5. With ρ > 0 being a parameter, assume that A, B1, B2, C1, and D12

satisfy Assumption 6.1. For each ρ, let (N(ρ),Q(ρ),R(ρ),λ(ρ)) be the unique solution
of the system of equations (6.10)–(6.13) and define ε(ρ) as

ε(ρ) = N2(ρ)

ρ +λ(ρ)
. (8.171)
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Then, ε(ρ) is a (strictly) decreasing function of ρ and

lim
ρ→∞ε(ρ) = 0+. (8.172)

Moreover, ε(ρ) is also continuous.

Proof of Lemma 8.5. With ε(ρ) as defined in (8.171), omitting the explicit depen-
dence of ε(ρ) on ρ, equations (6.10)–(6.13) can be rewritten as

ε −
√

πN2exp
([

erf−1(N)
]2
)

− 2Nerf−1(N)

√
πexp

([
erf−1(N)

]2
) 1

ρ
= 0, (8.173)

ATQ + QA − εQB2BT
2 Q + CT

1 C1 = 0, (8.174)

(A − εB2BT
2 Q)R + R(A − εB2BT

2 Q)T + B1BT
1 = 0, (8.175)

ε2BT
2 QRQB2 − N2α2

2
[
erf−1(N)

]2 = 0. (8.176)

Clearly, ε(ρ) is a continuous function of ρ. Noting that Q and R are functions of ε,
define

f (ε) = ε2BT
2 QRQB2,

g(N) =
√

πN2exp
([

erf−1(N)
]2
)

− 2Nerf−1(N)

√
πexp

([
erf−1(N)

]2
) ,

h(N) = N2α2

2
[
erf−1(N)

]2 .

(8.177)

Then, equations (8.173) and (8.176) can be written as

f1(ε,N ,ρ) = ε − g(N)/ρ = 0,
f1(ε,N ,ρ) = f (ε)− h(N) = 0.

(8.178)

Hence, by the implicit function theorem, it follows that

dε

dρ
= −

δ(f1, f2)
δ(ρ,N)

δ(f1, f2)
δ(ε,N)

=
1
ρ2 g(N)h′(N)

1
ρ

f ′(ε)g′(N)− h′(N)

. (8.179)

It is straightforward to verify that, for all N ∈ (0,1), g(N)> 0, g′(N)< 0, and h′(N)< 0.
Moreover, it follows from the proof of Theorem 6.1 that f ′(ε) ≥ 0 for all ε > 0.
Hence, ε′(ρ) < 0, and this implies that ε(ρ) is a decreasing function of ρ. In addition,
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proceeding similarly, it can be shown that

dN
dρ

=
1
ρ2 f ′(ε)g(N)

1
ρ

f ′(ε)g′(N)− h′(N)

, (8.180)

which implies that N(ρ) is an increasing function of ρ. Next, we show that as ρ → ∞,
ε(ρ) approaches 0+. Since ρ(ε) is continuous, strictly decreasing and bounded from
below by 0, the limit in (8.172) exists. Since N(ρ) is an increasing function of ρ and is
not identically equal to zero, it follows from (8.173) that as ρ → ∞, ε(ρ) approaches
0+. Moreover, it follows from (8.176) that as ρ → ∞, N(ρ) approaches 1−. �

Proof of Theorem 6.4. It follows from Theorem 6.3 and Lemma 8.4 that, for each
ρ > 0, the SLQR state feedback control law parameterized by ρ guarantees that the
equilibrium xG = 0 of the undisturbed closed loop system (6.17) is asymptotically
stable and the set

X (ρ) =
{

xG ∈ RnxG : xT
G (ε(ρ)Q[ε(ρ)])xG ≤ 4

BT
2 (ε(ρ)Q[ε(ρ)])B2

}
(8.181)

is a subset of its domain of attraction. Since, by Lemma 8.5, ε(ρ) is a decreasing
function of ρ, it follows that the family of ellipsoidal sets X (ρ) is an increasing nested
set family, that is, X (ρ1)⊂X (ρ2) whenever ρ1 <ρ2. Moreover, since ε(ρ) approaches
0+ as ρ → ∞, it follows that

lim
ρ→∞X (ρ) = RnxG . (8.182)

Hence, for the given bounded setB, lettingρ∗ be the smallestρ such thatX (ρ)⊃B, we
conclude that, for every ρ ≥ ρ∗, the SLQR state feedback control law parameterized
by ρ guarantees that the equilibrium xG = 0 of the undisturbed closed loop system
is asymptotically stable and B is contained in its region of attraction. �

Proof of Theorem 6.5. Let � be the set � = {(K,L,M) : Ã is Hurwitz}, where Ã is
as defined in (6.29). Then, for any (K,L,M) ∈ �,

σ 2
ẑ = tr{C̃P̃C̃T }, (8.183)

where (P̃,N) satisfies

ÃP̃ + P̃ÃT + B̃B̃T = 0, (8.184)

K̃P̃K̃T − 1

2
[
erf−1(N)

]2 = 0. (8.185)
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Hence, to within a similarity transformation, the problem at hand is equivalent to

minimize
(K,L,M)∈�

tr{C̃P̃C̃T },

subject toÃP̃ + P̃ÃT + B̃B̃T = 0, (8.186)

K̃P̃K̃T − 1

2
[
erf−1(N)

]2 = 0.

Again, we use the Lagrange multiplier method to solve this constrained optimization
problem and proceed similarly to the proof of Theorem 6.1.

First, we verify the regularity of the constraints. Let (K,L,M,N , P̃) be such that
it satisfies the constraints (8.184) and (8.185), and for an arbitrary symmetric matrix
Q̃ and real number λ, define the function

�(M,L,K,N , P̃) = tr{[ÃP̃ + P̃ÃT + B̃B̃T ]Q̃}+ λ

K̃P̃K̃T − 1

2
[
erf−1(N)

]2

 .

(8.187)

Then with P̃ and Q̃ partitioned as

P̃ =
[

P11 PT
12

P12 P22

]
, Q̃ =

[
Q11 Q12

QT
12 Q22

]
, (8.188)

we have

∂�

∂K
= 0 ⇒ NBT

2 (Q11PT
12 + Q12P22)+λKP22 = 0, (8.189)

∂�

∂L
= 0 ⇒ Q22Lµ− (QT

12P11 + Q22P12)CT
2 = 0, (8.190)

∂�

∂M
= 0 ⇒ QT

12PT
12 + Q22P22 = 0, (8.191)

∂�

∂N
= 0 ⇒ K(P12Q11 + P22QT

12)B2 +λ

√
π

4

exp
([

erf−1(N)
]2
)

[
erf−1(N)

]3 = 0, (8.192)

∂�

∂P̃
= 0 ⇒ ÃTQ̃ + Q̃Ã +λK̃TK̃ = 0. (8.193)

Multiplying (8.189) from right by KT and using (8.192), (8.185) we obtain

λ

 1

2
[
erf−1(N)

]2 −
√

π

4
N[

erf−1(N)
]3 exp

([
erf−1(N)

]2
)= 0. (8.194)

Here, since the expression that multiplies λ is nonzero for all N ∈ (0,1) and as N → 0+,
N → 1−, we conclude that λ = 0. Then, with λ = 0, it follows from (8.193) that Q̃ = 0.
Hence, the regularity conditions are satisfied.
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Next, we form the Lagrangian

�(K,L,M,N , P̃,Q̃,λ) = tr{C̃P̃C̃T }+ tr{[ÃP̃ + P̃ÃT + B̃B̃T ]Q̃}

+ λ

K̃P̃K̃T − 1

2
[
erf−1(N)

]2

 ,
(8.195)

where Q̃ and λ are the Lagrange multipliers. Differentiating � with respect to K, L,
M, N , P̃, Q̃, and λ, and equating the results to zero, we obtain

(ρ +λ)KP22 + NBT
2 (Q11PT

12 + Q12P22) = 0, (8.196)

Q22Lµ− (QT
12P11 + Q22P12)CT

2 = 0, (8.197)

QT
12PT

12 + Q22P22 = 0, (8.198)

K(P12Q11 + P22QT
12)B2 +λ

√
π

4

exp
([

erf−1(N)
]2
)

[
erf−1(N)

]3 = 0, (8.199)

ÃTQ̃ + Q̃Ã + C̃T C̃ +λK̃TK̃ = 0, (8.200)

ÃP̃ + P̃ÃT + B̃B̃T = 0, (8.201)

KP22KT − 1

2
[
erf−1(N)

]2 = 0, (8.202)

where we have used the partitions

P̃ =
[

P11 PT
12

P12 P22

]
, Q̃ =

[
Q11 Q12

QT
12 Q22

]
. (8.203)

Now, assuming that P22 and Q22 are nonsingular, equations (8.196) and (8.197) yield

K = − N
ρ +λ

BT
2 (Q11PT

12 + Q12P22)P
−1
22 , (8.204)

and

L = Q−1
22 (QT

12P11 + Q22P12)CT
2

1
µ

, (8.205)

respectively. Moreover, it follows from (8.198) that

−Q−1
22 QT

12PT
12P−1

22 = I . (8.206)

Then, letting T = PT
12P−1

22 , it follows from equation (8.204) that

K = − N
ρ +λ

BT
2 (Q11PT

12P−1
22 + Q12)

= − N
ρ +λ

BT
2 (Q11PT

12P−1
22 − Q12Q−1

22 QT
12PT

12P−1
22 )

= − N
ρ +λ

BT
2 (Q11 − Q12Q−1

22 QT
12)T .

(8.207)
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Similarly, noting T−1 = −Q−1
22 QT

12, it follows from equation (8.205) that

L = (Q−1
22 QT

12P11 + P12)CT
2

1
µ

= (Q−1
22 QT

12P11 − Q−1
22 QT

12PT
12P−1

22 P12)CT
2

1
µ

= −T−1(P11 − PT
12P−1

22 P12)CT
2

1
µ

.

(8.208)

Hence, defining P and Q as

P = P11 − PT
12P−1

22 P12, Q = Q11 − Q12Q−1
22 QT

12, (8.209)

we obtain

K = − N
ρ +λ

BT
2 QT , (8.210)

and

L = −T−1PCT
2

1
µ

. (8.211)

In addition, equations (8.200) and (8.201) can be rewritten as

ATQ11 + Q11A − CT
2 LTQT

12 − Q12LC2 + CT
1 C1 = 0, (8.212)

ATQ12 + Q12M − CT
2 LTQ22 + Q11B2NK = 0, (8.213)

MTQT
12 + QT

12A − Q22LC2 + KTNBT
2 Q11 = 0, (8.214)

MTQ22 + Q22M + KTNBT
2 Q12 + QT

12B2NK + (ρ +λ)KTK = 0, (8.215)

AP11 + P11AT + B2NKP12 + PT
12KTNBT

2 + B1BT
1 = 0, (8.216)

MP12 + P12AT + P22KTNBT
2 − LC2P11 = 0, (8.217)

APT
12 + PT

12MT + B2NKP22 − P11CT
2 LT = 0, (8.218)

MP22 + P22MT − LC2PT
12 − P12CT

2 LT + LLTµ = 0. (8.219)

Premultiplying both sides of (8.218) by T−1 and subtracting the resulting equation
from (8.219) yields

MP22 − T−1APT
12 − T−1B2NKP22 − LC2PT

12
+P22MT − T−1PT

12MT + T−1P11CT
2 LT + LLTµ− P12CT

2 LT = 0.
(8.220)

Simplifying the left-hand side of this equation we obtain

[M − T−1(A + B2NKT−1 + TLC2)T]P22 = 0. (8.221)

Thus, it follows that

M = T−1(A + B2NKT−1 + TLC2)T . (8.222)
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Having obtained K, L, and M, we verify equations (6.32), (6.33), and (6.34)–(6.39).
To this end, define

R = PT
12P−1

22 P12, S = Q12Q−1
22 QT

12. (8.223)

Premultiplying (8.217) by T and substituting K, L, and M into the resulting equation
gives the Lyapunov equation (6.36). Similarly, postmultiplying (8.213) by T−1 and
substituting K, L, and M into the resulting equation gives the Lyapunov equation
(6.37). Substituting K, L, and M into (8.216) and (8.212), and using (6.36) and (6.37)
gives the Riccati equations (6.34) and (6.35), respectively. Multiplying (8.196) from
right by KT and using (8.199), (8.202) gives (6.39). Substituting K into (8.202) and
using the definition of R gives (6.38). Moreover, assuming that the triple (K,L,M),
given above, is in � and substituting it into (8.183) gives (6.32). To verify (6.33), we
apply the similarity transformation T−1 to the state space realization {M,L,K} to
get {M̄, L̄,K̄} = {TMT−1,TL,KT−1}. Hence, it follows that

K̄ = − N
ρ +λ

BT
2 Q,

L̄ = −PCT
2

1
µ

,

M̄ = A + B2NK̄ + L̄C2,

(8.224)

which are identical to the equations in (6.33), except that for notational simplicity
we have dropped the bars in writing the equations in (6.33).

Finally, we show that the system of equations (6.34)–(6.39) has a unique solution
for (N ,P,Q,R,S,λ) such that (K̄, L̄,M̄) ∈ �. Since (A,B1) is stabilizable and (C2,A)

is detectable, the Riccati equation (6.34) has a unique positive semidefinite solution
for P such that A + L̄C2 is Hurwitz. Moreover, note that P does not depend on N ,
Q, R, S, and λ. With this P, since (A,B2) is stabilizable and (C1,A) is detectable,
it follows from the proof of Theorem 6.1 that equations (6.39), (6.35), (6.36), and
(6.38) have a unique solution (N ,Q,R,λ) such that A+B2NK̄ is Hurwitz, and Q and
R are positive semidefinite. Then substituting P and Q into (6.37) and noting that
A+L̄C2 is Hurwitz, it follows that the Lyapunov equation (6.37) has a unique positive
semidefinite solution for S. In addition, since A + B2NK̄ and A + L̄C2 are Hurwitz,
so is Ã. Hence, equations (6.34)–(6.39) have a unique solution for (N ,P,Q,R,S,λ)

such that (K̄, L̄,M̄) ∈ �. Moreover, since (K̄, L̄,M̄) that minimizes the performance
measure is unique within a similarity transformation, we conclude that C(s) = K̄(sI −
M̄)−1L̄ is also unique.

In the above derivations, we have assumed that P22 and Q22 are nonsingular.
However, by using pseudoinverses it can be shown that this assumption is not neces-
sary. In fact, it can be shown that, P22 is nonsingular if and only if R is nonsingular,
and, similarly, that Q22 is nonsingular if and only if S is nonsingular. When R is sin-
gular, any K̄n in the left null space of R can be added to K̄ in (8.224) without affecting
the value of the performance measure, provided that this does not destroy internal
stability. Similarly, when S is singular, any L̄n in the right null space of S can be added
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to L̄ in (8.224) without affecting the value of the performance measure, provided that
this does not destroy internal stability. Thus, if R or S is singular, then, apart from a
similarity transformation, (K̄, L̄,M̄) that minimizes the performance measure is not
unique. Moreover, noting that R is nonsingular if and only if (A + B2NK̄,PCT

2 ) is
controllable, and that S is nonsingular if and only if (BT

2 Q,A + L̄C2) is observable,
we see that this nonuniqueness occurs if and only if the realization {M̄, L̄,K̄} is not
minimal. Hence, after cancelling the poles and zeros that correspond to such uncon-
trollable or unobservable modes, we conclude that the resulting controller C(s) is
still unique. Moreover, it follows from this discussion that the realization {M̄, L̄,K̄} is
minimal if R and S are nonsingular. Note further that since P̃ is positive semidefinite,
(K̄, L̄,M̄) is a global minimizer. �

Proof of Theorem 6.6. The proof of this theorem is analogous to the proof of
Theorem 6.3, but using the Lyapunov function

V(xG,xC) = xT
GQxG + (xG − xC)TS(xG − xC). (8.225)

�

Proof of Theorem 6.7. We again use the Lagrange multiplier method to find the
necessary conditions for optimality. First, the regularity of the constraints is verified.
Let (K,N ,R,α) satisfy (6.68) and (6.69), and for an arbitrary symmetric matrix Q
and real number λ define

�(K,N ,R,α) = tr
([

(A + B2NK)R + R(A + B2NK)T + B1BT
1

]
Q
)

+λ

KRKT − α2

2
(
erf−1 (N)

)2

 . (8.226)

Differentiating � with respect to K,N ,R,α and equating to zero, we obtain:

NBT
2 QR +λKR = 0, (8.227)

KRQB2 +λ

√
π

4
α2

exp
(
erf −1 (N)2

)
erf −1 (N)3 = 0, (8.228)

(A + B2NK)T Q + Q(A + B2NK)+λKTK = 0, (8.229)

−2λα

2erf−1 (N)2 = 0. (8.230)

Since N ∈ (0,1) and α > 0, it follows from (8.230) that λ = 0, which, through (8.229),
implies that Q = 0. Consequently, (8.227) and (8.228) are satisfied and the constraints
are regular.
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Next, we form the Lagrangian:

�(K,N ,R,Q,λ,α) = tr
(
C1RCT

1

)
+ρKRKT +ηα2

+ tr
([

(A + B2NK)R + R(A + B2NK)T + B1BT
1

]
Q
)

+λ

KRKT − α2

2
(
erf−1 (N)

)2

.

(8.231)

Differentiating � with respect to K,N ,R,Q,λ,α results in(
(ρ +λ)K + NBT

2 Q
)

R = 0, (8.232)

KRQB2 +λα2
√

π

4

exp
(
erf−1 (N)2

)
(
erf−1 (N)

)3 = 0, (8.233)

(A + B2NK)T Q + Q(A + B2NK)+ CT
1 C1 + (ρ +λ)KTK = 0, (8.234)

(A + B2NK)R + R(A + B2NK)T + B1BT
1 = 0, (8.235)

KRKT − α2

2erf−1 (N)2 = 0, (8.236)

2ηα − 2λα

2erf−1 (N)2 = 0. (8.237)

The equations (6.70) and (6.71) for the parameters K and α follow immediately
from (8.232) and (8.236), respectively. Substituting (6.70) into (8.234) and (8.235)
yielding (6.72) and (6.73). Multiplying (8.232) from the right by KT and using (8.233)
and (8.236) yields (6.74). Finally, (6.75) follows immediately from (8.237).

We now argue that the ILQR problem (6.66) has a solution, that is, the minimum
exists and is attained. For that purpose, note that (6.66) can be reformulated as

min
α

{
ηα2 + min

K
σ 2

ẑ

}
. (8.238)

It is known from SLQR theory (Section 6.1) that, under Assumption 6.1, for every
α > 0, the gain K that solves the minimization problem

min
K

σ 2
ẑ (8.239)
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exists. Moreover, the achieved minimum is continuous with respect to α. Thus, the
function

q(α) = ηα2 + min
K

σ 2
ẑ (8.240)

is continuous for α ≥ 0 and tends to ∞ as α → ∞. Hence, q(α) achieves a minimum at
some a∗ ≥ 0. Let K∗ be the minimizer of (8.239) when α = α∗. Then the pair (K∗,α∗)
solves (6.66).

Finally, we prove that (6.72)–(6.75) admits a unique solution. Since (A,B2) is
stabilizable and (C1,A) is detectable, for any N ∈ (0,1),λ > 0, the Ricatti equation
(6.72) has a unique positive semidefinite solution Q such that (A+B2NK) is Hurwitz,
where K satisfies (6.70). With this Q, since (A + B2NK) is Hurwitz, the Lyapunov
equation (6.73) has a unique positive semidefinite solution R. Hence, to show that
(6.72)–(6.75) admits a unique solution, it is sufficient to show that (6.74), (6.75) yields
a unique solution (N ,λ).

Recall that (6.74) can be substituted into (6.75) to yield (6.77). Furthermore,
note that (6.78) can be rewritten as

h(N) = h1(N)h2(N), (8.241)

where

h1(N) = erf−1(N), (8.242)

h2(N) =
(
N

√
πexp

(
erf−1 (N)2

)
− 2erf−1(N)

)
. (8.243)

Taking the derivatives of these functions with respect to N , one can show

h′
1(N),h′′

1(N),h′
2(N),h′′

2(N) > 0.

Moreover, h1(0) = h2(0) = 0 and, thus,

h′(N) > 0, h′′(N) > 0. (8.244)

Clearly, h(0) = 0 and, furthermore, note that h(N) has a vertical asymptote at N = 1.
Thus, since ρ,η > 0, the left-hand side of (6.77) changes sign exactly once in the
interval N ∈ (0,1). Hence, (6.77) yields a unique solution N . Using this N , the value
of λ is uniquely determined by either (6.74) or (6.75).

Since the optimization has an achievable solution, and the necessary conditions
are uniquely satisfied, (6.70) and (6.71) constitute the globally minimizing solution.
The cost (6.76) follows directly. �

Proof of Theorem 6.8. First, we show that the partial derivatives of γ 2(ρ,η) are
nonnegative and then prove parts (i)–(iii) of the theorem.

Define τ(ρ,η) as

τ(ρ,η) = ρ +λ(ρ,η)

N2(ρ,η)
. (8.245)
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It is clear from (6.73) that γ 2(ρ,η) depends on (ρ,η) through τ(ρ,η). Thus,

∂

∂ρ
γ 2 (ρ,η) = ∂

∂ρ
tr
{
C1R(τ (ρ,η))CT

1

}
= d

dτ
tr
{
C1R(τ )CT

1

} ∂

∂ρ
τ (ρ,η) (8.246)

and, similarly,

∂

∂η
γ 2 (ρ,η) = d

dτ
tr
{
C1R(τ )CT

1

} ∂

∂η
τ (ρ,η) . (8.247)

To investigate tr
{
C1R′(τ )CT

1

}
, we substitute (8.245) into (6.72) and (6.73) to

obtain[
A − 1

τ
B2BT

2 Q(τ )

]T

Q(τ )+ Q(τ )

[
A − 1

τ
B2BT

2 Q(τ )

]
+ 1

τ
Q(τ )B2BT

2 Q(τ )+ CT
1 C1 = 0, (8.248)[

A − 1
τ

B2BT
2 Q(τ )

]
R(τ )+ R(τ )

[
A − 1

τ
B2BT

2 Q(τ )

]T

+ B1BT
1 = 0. (8.249)

Differentiating these equations with respect to τ results in[
A − 1

τ
B2BT

2 Q(τ )

]T

Q′ (τ )+ Q′ (τ )

[
A − 1

τ
B2BT

2 Q(τ )

]
+ 1

τ 2 Q(τ )B2BT
2 Q(τ ) = 0, (8.250)

[
A − 1

τ
B2BT

2 Q(τ )

]
R′ (τ )+ R′ (τ )

[
A − 1

τ
B2BT

2 Q(τ )

]T

+ 1
τ

B2BT
2

[
1
τ

Q(τ )− Q′ (τ )

]
R(τ )+ 1

τ
R(τ )

[
1
τ

Q(τ )− Q′ (τ )

]
B2BT

2 = 0. (8.251)

To simplify the notation, we omit below the arguments of Q and R. Premultiplying
(8.249) by Q and subtracting from (8.248), we obtain

1
τ

BT
2 QRQB2 + tr

{
C1RCT

1

}
− tr

{
BT

1 QB1

}
= 0. (8.252)

Taking the derivative of this equation with respect to τ gives

− 1
τ 2 BT

2 QRQB2 + 1
τ

BT
2
[
Q′RQ + QR′Q + QRQ′]B2

+ tr
{
C1R′CT

1

}
− tr

{
BT

1 Q′B1

}
= 0. (8.253)
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Premultiply (8.251) by Q, postmultiply (8.248) by R′, and subtract the latter from the
former. Taking the trace of the result yields

tr
{
C1R′CT

1

}
− 2

τ 2 BT
2 QRQB2 + 1

τ
BT

2
[
Q′RQ + QR′Q + QRQ′]B2 = 0. (8.254)

From (8.253) and (8.254) we obtain

1
τ 2

{
BT

2 QRQB2

}
= tr

{
B1Q′BT

1

}
. (8.255)

Taking the derivative with respect to τ and using (8.254), we have

tr
{
C1R′CT

1

}
= −τ tr

{
B1Q′′BT

1

}
. (8.256)

Differentiating (8.250) with respect to τ results in[
A − 1

τ
B2BT

2 Q
]T

Q′′ + Q′′
[
A − 1

τ
B2BT

2 Q
]

− 2
τ

[
1
τ

Q − Q′
]

B2BT
2

[
1
τ

Q − Q′
]

= 0.

(8.257)

Since the matrix (A− 1
τ
B2BT

2 Q) is Hurwitz and the pair (A,B2) is stabilizable, (8.254)
implies that Q′′(τ ) ≤ 0 and, thus, from (8.256)

tr
{
C1R′(τ )CT

1

}
≥ 0. (8.258)

Now, using (6.74), (6.75), we can differentiate τ with respect to η and ρ to obtain

∂

∂η
τ (ρ,η) = 2erf−1(N)2

N2 > 0, (8.259)

∂

∂ρ
τ (ρ,η) = 1

N2 > 0. (8.260)

Thus, based on (8.258)–(8.260), we conclude that the partial derivatives in (8.246),
(8.247) are nonnegative. This conclusion is used to prove parts (i)–(iii) of the theorem.

Part (i): Note that γ 2(ρ,η) is bounded from below, and hence, its limit as ρ tends
to 0+ exists. Similarly, τ(ρ,η) > 0, and, thus, from (8.260), its limit as ρ tends to 0+
also exists. Using (6.74) and (6.75) and a few algebraic manipulations, it is possible
to show that

lim
ρ→0+ τ (ρ,η) = lim

N→0+

η
√

πerf−1(N)exp
(
erf−1 (N)2

)
N

= πη

2
, (8.261)

and, thus, with R(τ ) and Q(τ ) from (8.248) and (8.249),

lim
ρ→0+ γ 2 (ρ,η) = tr

{
C1R

(πη

2

)
CT

1

}
. (8.262)
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Then (6.80), (6.81), and (6.82) follow immediately from (8.262), (8.248), and (8.249),
respectively, using the notation

R̄η := R
(πη

2

)
, Q̄η := Q

(πη

2

)
. (8.263)

It follows from Theorem 6.7 that the solution of (6.81) and (6.82) exists and is unique,
with the property that R̄η ≥ 0, Q̄η ≥ 0, which proves (i).

Part (ii): In a similar fashion to part (i), note that the limits of γ 2(ρ,η) and τ 2(ρ,η)

as η tends to 0+ exist. From (6.77), as η tends to 0+, N tends to 1. From (6.74), as N
tends to 1, λ tends to 0. Thus,

lim
η→0+ τ (ρ,η) = ρ, (8.264)

and hence,

lim
η→0+ γ 2(ρ,η) = tr

{
C1R(ρ)CT

1

}
, (8.265)

which yields (6.83), using the notation γ 2
ρ0 := tr

{
C1R(ρ)CT

1

}
. Note from (6.72) and

(6.73) that finding R(ρ) is equivalent to solving the conventional LQR problem,
which proves (ii).

Part (iii): From (8.259) and (8.260), 1/τ(ρ,η) is monotonically decreasing in ρ

and η, and bounded from below by 0. Using (6.74) and (6.75), it is possible to show
that

lim
η→∞

1
τ (ρ,η)

= lim
ρ→∞

1
τ (ρ,η)

= 0. (8.266)

Since A is Hurwitz, it follows from (6.72) and (6.73) that

lim
η→∞γ 2(ρ,η) = lim

ρ→∞γ 2(ρ,η) = tr
{
C1ROLCT

1

}
, (8.267)

where ROL ≥ 0 is the solution of the Lyapunov equation

AROL + ROLA + B1BT
1 = 0. (8.268)

Thus, (6.84) follows immediately from (8.267) using the notation

γ 2
OL := tr

{
C1ROLCT

1

}
.

From (8.268), ROL is the open loop covariance matrix, and hence, γ 2
OL is the open

loop output variance. �

Proof of Theorem 6.9. Let (N ,Q,R,λ) be the unique solution of (6.72)–(6.75), and
let K be obtained from (6.70). We begin by establishing that the matrix (A + B2K)

is Hurwitz. Note that Q satisfies the Ricatti equation (6.72). Using straightforward
algebraic manipulations, we obtain∣∣∣1 − K (jωI − A)−1 B2N

∣∣∣2 = 1 + 1
τ

∣∣∣C1 (jωI − A)−1 B2

∣∣∣2 , (8.269)
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where τ = (ρ +λ)/N2. From (8.269), the Nyquist plot of −K (jωI − A)−1 B2N never
enters the unit disk centered at the point (−1,0) in the complex plane. Thus, A +
B2NκK is Hurwitz for all κ > 1/2. The result follows by setting κ = 1/N . Then, the
statements of the theorem are proved as follows:

Part (i): Note that xG is an equilibrium point of (6.85) if

AxG + B2satα(KxG) = 0. (8.270)

Since (A + B2K) is nonsingular, this equation implies that

xG + (A + B2K)−1B2[satα(KxG)− KxG] = 0. (8.271)

Premultiplying (8.271) by K yields

[1 −�]KxG +�satα(KxG) = 0, (8.272)

where

� = K(A + B2K)−1B2. (8.273)

Using the Schur complement, we have

1 −� = det[I − (A + B2K)−1B2K]
= det[(A + B2K)]det(A) ≥ 0. (8.274)

It follows that � ≤ 1, and hence, (8.272) is satisfied only if KxG = 0. Thus, from
(8.271), xG = 0 is the unique equilibrium.

Part (ii): The Jacobian linearization of (6.85) about xG = 0 is given by

�ẋG = (A + B2K)�xG. (8.275)

Since (A + B2K) is Hurwitz, the result follows from Lyapunov’s indirect method.
Part (iii): To prove (iii), we establish asymptotic stability of the origin via

Lyapunov function. Recall that (A,B2) is stabilizable and (C1,A) is detectable. Also,
note that the origin of (6.85) is asymptotically stable if and only if it is asymptotically
stable for the controllable and observable portion of its Kalman canonical decom-
position. Thus, assume without loss of generality that (A,B2) is controllable and
(C1,A) is observable. Then it follows from (6.72) that Q > 0. Consider the candidate
Lyapunov function

V(xG) = xT
G(εQ)xG, (8.276)

where

ε = N2

ρ +λ
. (8.277)

It is straightforward to show that

V̇(xG) = −xT
G(εCT

1 C1)xG − ε(ρ +λ)[2u
N

satα(u)− u2], (8.278)
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and thus,

V̇(xG) ≤ 0 (8.279)

if

|u| ≤ 2α/N . (8.280)

Clearly, this is equivalent to

|BT
2 (εQ)xG| ≤ 2α, (8.281)

and hence, V̇(xG) ≤ 0 for all xG ∈ X , where

X =
{

xG ∈ Rnx : xT
G

(
QB2BT

2 Q
)

xG ≤ 4α2

ε2

}
. (8.282)

Now, define the set S such that

S = {xG ∈ X : V̇ (xG) = 0
}

, (8.283)

and assume that the trajectory xG(t) belongs to S for all t. Then, from (8.278),
C1xG = 0 and since (C1,A) is observable, xG = 0. Thus, by LaSalle’s Theorem, the
equilibrium point xG = 0 is asymptotically stable and X is a subset of its domain of
attraction. �

Proof of Theorem 6.10. The proof is similar to that of Theorem 6.7. First, we use the
method of Lagrange multipliers to find the necessary conditions for optimality. To
verify the regularity of the contraints, let (K,L,M,Na,Ns, P̃,α,β) satisfy (6.96) and
(6.97), and for arbitrary symmetric matrices Q̃ and � = diag(λ1,λ2), define

�
(
K,L,M,Na,Ns, P̃,α,β

)
= tr

{[(
Ã + B̃2ÑC̃2

)
P̃ +P̃

(
Ã + B̃2ÑC̃2

)T + B̃1B̃T
1

]
Q̃
}

+ tr
{
�

[
diag

{
C̃2P̃C̃T

2

}
− 1

2
�
[
erf−1

(
Ñ
)]−2

]}
. (8.284)

Differentiating � with respect to α, β, and P̃, and the setting the result to zero yields

−2λ1α

2erf−1 (Na)
2 = 0, (8.285)

−2λ2β

2erf−1 (Ns)
2 = 0, (8.286)

(
Ã + B̃2ÑC̃2

)T
Q̃ + Q̃

(
Ã + B̃2ÑC̃2

)
+�C̃T

2 C̃2 = 0. (8.287)
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Since Na ∈ (0,1), Ns ∈ (0,1), and α,β > 0, it follows from (8.285) and (8.286) that
λ1 = λ2 = 0, which, from (8.287), implies that Q̃ = 0. It is straightforward to show
that, consequently,

∂�

∂K
= ∂�

∂L
= ∂�

∂M
= ∂�

∂Na
= ∂�

∂Ns
= 0, (8.288)

and, thus, the constraints are regular.
Consider the Lagrangian

�
(
K,L,M,Na,Ns, P̃,Q̃,α,β,λ1,λ2

)
= tr

{
C̃1P̃C̃T

1

}
+ tr

{[(
Ã + B̃2ÑC̃2

)
P̃ + P̃

(
Ã + B̃2ÑC̃2

)T + B̃1B̃T
1

]
Q̃
}

+ tr
{
�

[
diag

{
C̃2P̃C̃T

2

}
− 1

2
�
[
erf−1

(
Ñ
)]−2

]}
. (8.289)

and the partition

P̃ =
[

P11 PT
12

P12 P22

]
,Q̃ =

[
Q11 Q12

QT
12 Q22

]
.

Differentiating � with respect to K, L, M, Na, Ns, P̃, Q̃, λ1, λ2, α, β, and equating
the results to zero yields the necessary conditions for optimality

KP22 + Na

ρ +λ1

(
Q11PT

12 + Q12P22

)
= 0, (8.290)

Q22L −
(
QT

12P11 + Q22P12

)
CT

2
Ns

µ
= 0, (8.291)

QT
12PT

12 + Q22P22 = 0, (8.292)

K
(
P12Q11 + P22QT

12

)
B2 +

√
π

4
λ1exp

(
erf−1(Na)

2
)

×
(
erf−1(Na)

−3
)

, (8.293)

C2

(
P11Q12 + PT

12Q22

)
L +

√
π

4
λ2exp

(
erf−1(Ns)

2
)

×
(
erf−1(Ns)

−3
)

= 0, (8.294)(
Ã + B̃2ÑC̃2

)T
Q̃ + Q̃

(
Ã + B̃2ÑC̃2

)
+ C̃T

1 C̃1 + C̃T
2 �C̃2 = 0, (8.295)(

Ã + B̃2ÑC̃2

)
P̃ + P̃

(
Ã + B̃2ÑC̃2

)T + B̃1B̃T
1 = 0, (8.296)

KP22KT − α2

2erf−1 (Na)
2 = 0, (8.297)

C2P11CT
2 − β2

2erf−1 (Ns)
2 = 0, (8.298)

2ηaα − 2λ1α

2erf−1 (Na)
2 = 0, (8.299)

2ηsα − 2λ2β

2erf−1 (Ns)
2 = 0. (8.300)
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In the subsequent analysis we assume that P22 and Q22 are invertible, although
similar results can be obtained by using pseudoinverses. From (8.290) and (8.291),
we obtain

K = − Na

ρ +λ1
BT

2

(
Q11PT

12 + Q12P22

)
P−1

22 , (8.301)

L = Q−1
22

(
QT

12P11 + Q22P12

)
CT

2
Ns

µ
. (8.302)

Defining T := PT
12P−1

22 , it follows from (8.301) that

K = − Na

ρ +λ1
BT

2

(
Q11 − Q12Q−1

22 QT
12

)
T . (8.303)

Note from (8.292) that T−1 = −Q−1
22 QT

12, and, thus, from (8.302)

L = −T−1
(
P11 + PT

12P−1
22 P12

)
CT

2
Ns

µ
. (8.304)

Then, with

Q = Q11 − Q12QT
22QT

12, P = P11 + PT
12P−1

22 P12, (8.305)

(8.303) and (8.304) become

K = − Na

ρ +λ1
BT

2 QT , (8.306)

and

L = −Na

µ
T−1PCT

2 . (8.307)

By substituting (8.306) and (8.307) into (8.295) and (8.296), it is straightforward to
show that

M = T−1
(
A + B2NaKT−1 + TLNsC2

)
T . (8.308)

The equations (6.99)–(6.101) for the parameters K,L,M follow immediately from
(8.306)–(8.308), noting that T is a similarity transformation and does not affect the
the controller transfer function K(sI −M)−1L. The equations (6.102) and (6.103) for
α and β follow directly from (8.297) and (8.298), respectively.
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We now verify (6.104)–(6.111). Equations (6.104)–(6.107) follow by substituting
(8.306)–(8.308) into (8.295) and (8.296), where

R = PT
12P−1

22 P12, S = Q12Q−1
22 QT

12. (8.309)

Multiplying (8.290) from the right by KT , substituting into (8.293), and then using
(8.297), yields (6.108). Multiplying (8.291) from the left by LT and substituting into
(8.294) yields (6.109). Finally, (6.110) and (6.111) follow immediately from (8.299)
and (8.300).

We now argue that the ILQG problem (6.94) has a solution, that is, the minimum
exists and is attained. Note that (6.94) can be reformulated as

min
α,β

{
ηaα

2 +ηsβ
2 + min

K,L,M
σ 2

ẑ

}
. (8.310)

It is known from SLQG theory (Section 6.1) that, under Assumption 6.1, for every
α,β > 0, the triple (K,L,M) that solves

min
K,L,M

σ 2
ẑ , (8.311)

exists. Moreover, the achieved minimum is continuous in α and β. Thus, the function

qG(α,β) = ηaα
2 +ηsβ

2 + min
K,L,M

σ 2
ẑ (8.312)

is continuous for α,β > 0 and tends to ∞ as α → ∞ and β → ∞. Hence, qG(α,β)

achieves a minimum at some α∗ ≥ 0, β∗ ≥ 0. Let (K∗,L∗,M∗) be the minimizer of
(8.311) when α =α∗ and β =β∗. Then the quintuple (K∗,L∗,M∗,α∗,β∗) solves (6.94).

The ILQG cost (6.112) follows immediately from (6.99)–(6.103). Since the opti-
mization has an achievable solution, any solution of (6.104)–(6.111) that minimizes
(6.112) solves the ILQG problem. �

Proof of Theorem 6.11. Let (Na,Ns,λ1,λ2,P,Q,R,S) be the minimizing solution of
(6.104)–(6.111) and let K and L be obtained from (6.99) and (6.100). Similar to the
proof of Theorem 6.9, we first establish that (A+B2K) and (A+LC2) are Hurwitz.
Since P and Q satisfy (6.104) and (6.105), it is readily shown that∣∣∣1 − K (jωI − A)−1 B2Na

∣∣∣2 = 1 + 1
τ1

∣∣∣C1 (jωI − A)−1 B2

∣∣∣2 + λ2

τ1

∣∣∣C2 (jωI − A)−1 B2

∣∣∣2 ,

(8.313)

and ∣∣∣1 − C2 (jωI − A)−1 NsL
∣∣∣2 = 1 + 1

τ2

∣∣∣C2 (jωI − A)−1 B1

∣∣∣2 , (8.314)

where τ1 = (ρ + λ1)/N2
a and τ2 = µ/N2

s . Thus, (A + B2NaκaK) and (A + LNsκsC2)

are Hurwitz for all κa > 1/2, κs > 1/2, and the result follows by setting κa = 1/Na and
κs = 1/Ns.
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Part (i): The point [xG,xC] is an equilibrium of the system if

AxG + B2satα (KxC) = 0, (8.315)

AxC + B2satα(KxC)− L
(
y − satβ(C2xC)

)= 0, (8.316)

or, equivalently,

AxG + B2satα (KxC) = 0, (8.317)

Ae + L
(
satβ(C2xG)− satβ(C2xC)

)= 0, (8.318)

where e = xG − xC . Since (A + B2K) and (A + LC2) are nonsingular, we can write

xG + (A + B2K)−1B2satα (KxC)− (A + B2K)−1B2KxG = 0, (8.319)

e + (A + LC2)
−1L

(
satβ(C2xG)− satβ(C2xC)

)− (A + LC2)
−1LC2e = 0. (8.320)

Premultiplying (8.320) by C2 results in

(1 −�C)C2xG +�Csatβ (C2xG) = (1 −�C)C2xC +�Csatβ (C2xC) , (8.321)

where �C = C2(A + LC2)
−1L. Since

1 −�C = det (A + LC2)
−1 det (A) ≥ 0, (8.322)

it follows that �C ≤ 1. If �C �= 1, then (8.321) implies that C2xG = C2xC , which, from
(8.320), implies e = 0, that is, xG = xC . Then, it follows from (8.315), (8.319) and
the proof of Theorem 6.9 that xG = 0, and, necessarily, xC = 0. If �C = 1, then from
(8.321)

satβ(C2xG) = satβ(C2xC), (8.323)

which, from (8.318) implies that Ae = 0. Then, from (8.315)

AxC + B2satα (KxC) = 0, (8.324)

which, through the proof of Theorem 6.9, implies that xC = 0. Thus, from (8.323),
C2xG = 0, and it follows from (8.320) that e = 0. Thus, xG = 0 and the result is
established.

Part (ii): The Jacobian linearization of the system about the equilibrium
[xG,xC] = 0 is given by

�ẋG = (A + B2K)�xG, (8.325)

�ė = (A + LC2)�e, (8.326)

Since (A + B2K) and (A + LC2) are Hurwitz, the result follows from Lyapunov’s
indirect method.
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Part (iii): As in the proof of Theorem 6.9, assume without loss of generality that
(A,B2) is controllable and (C1,A) is observable. Consider the candidate Lyapunov
function

V(xG,e) = V1(xG)+ V2(e), (8.327)

where

V1(xG) = xT
G(ε1Q)xG, (8.328)

V2(e) = eTMe, (8.329)

where ε1 = N2
a/(ρ + λ1), and where, since (A + LC2) is Hurwitz, M is the positive

definite solution of

(A + LC2)
TM + M(A + LC2)+ I = 0. (8.330)

It follows that

V̇1(xG) = −xT
G(ε1CT

1 C1 + ε1λ2CT
2 C2)xG − ε1(ρ +λ1)[2u

N
satα(u)− u2], (8.331)

V̇2(e) =
(
eTAT + (satβ(C2xG)− satβ(C2xC)

)T LT
)

Me

+ eTM
(
Ae + L

(
satβ(C2xG)− satβ(C2xC)

))
. (8.332)

Thus, V̇1(xG) ≤ 0 if

|u| ≤ 2α

N
, (8.333)

and by the proof of Theorem 6.9, V̇1(xG) ≤ 0 for all xG ∈ X1, where

X1 =
{

xG ∈ Rnx |xT
G

(
QB2BT

2 Q
)

xG ≤ 4α2

ε2
1

}
(8.334)

Now, assume that xG = xC . It follows from (8.332) and (8.330) that

V̇2(e) = −eTe, (8.335)

if

|C2xG| ≤ β, (8.336)

and thus, V̇2(e) ≤ 0 for all xG ∈ X2, where

X2 =
{
xG ∈ Rnx |xT

GCT
2 C2xG ≤ β2

}
. (8.337)

Then, from (8.334) and (8.337), V̇(xG,xC) ≤ 0 for all (xG,xC) ∈ Y ×Y , where

Y = X1 ∩X2. (8.338)
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Now, define the set S such that

S = {(xG,xC) ∈ Y ×Y|V̇ (xG,xC) = 0
}

, (8.339)

and assume that the trajectory (xG(t),xC(t)) belongs to S for all t. Then it follows
from (8.331)–(8.335) that C1xG = 0 and e = 0. Thus, since (C1,A) is observable,
xG = xC = 0, and by LaSalle’s theorem, [xG,xC] = 0 is asymptotically stable and
Y ×Y is a subset of its domain of attraction. �

8.6 Proofs for Chapter 7

To prove Theorem 7.1, we need the following

Lemma 8.6. Let statements (i) and (ii) of Assumption 7.1 hold and r be such that
the Nyquist plot of the loop gain L = PC lies entirely outside of D(r). Then∥∥∥∥ FP

1 + NL

∥∥∥∥
2
<

2r
(2r + 1)N − 1

σzl , ∀N ∈ (
1

2r + 1
,1],∥∥∥∥ FPC

1 + NL

∥∥∥∥
2
<

2r
(2r + 1)N − 1

σul , ∀N ∈ (
1

2r + 1
,1].

Proof. First, we prove the existence of || FP
1+NL ||2, || FPC

1+NL ||2, and || 1+L
1+NL ||∞ for all

N ∈ ( 1
2r+1 ,1]. The first two norms exist if FP

1+NL and FPC
1+NL are asymptotically stable

and strictly proper for all N ∈ ( 1
2r+1 ,1]. The asymptotic stability follows from the

fact that FP
1+L and FPC

1+L are asymptotically stable (due to Assumption 7.1 (i)) and the
number of encirclement of −1+ j0 by L(jω) and NL(jω) are the same (due to the fact
that L(jω) is outside of D(r) and 1

2r+1 < N ≤ 1). The strict properness of these two
transfer functions follows from Assumption 7.1 (ii). Thus, || FP

1+NL ||2 and || FPC
1+NL ||2

exist for all N ∈ ( 1
2r+1 ,1].

Since, as it follows from the above, 1+L
1+NL is also asymptotically stable and,

obviously, proper, || 1+L
1+NL ||∞ exists for all N ∈ ( 1

2r+1 ,1].
Next, we show that∥∥∥∥ FP

1 + NL

∥∥∥∥2

2
≤
∥∥∥∥ 1 + L

1 + NL

∥∥∥∥∞
σyl , ∀N ∈ (

1
2r + 1

,1], (8.340)∥∥∥∥ FPC
1 + NL

∥∥∥∥2

2
≤
∥∥∥∥ 1 + L

1 + NL

∥∥∥∥∞
σul , ∀N ∈ (

1
2r + 1

,1]. (8.341)

Indeed, (8.340) can be obtained as follows∥∥∥∥ FP
1 + NL

∥∥∥∥2

2
= 1

2π

∫ ∞

−∞

∣∣∣∣ FP
1 + NL

∣∣∣∣2 dω

= 1
2π

∫ ∞

−∞

∣∣∣∣ FP
1 + L

∣∣∣∣2 ∣∣∣∣ 1 + L
1 + NL

∣∣∣∣2 dω
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≤ 1
2π

∣∣∣∣∣∣∣∣ 1 + L
1 + NL

∣∣∣∣∣∣∣∣2∞
∫ ∞

−∞

∣∣∣∣ FP
1 + L

∣∣∣∣2 dω

=
∣∣∣∣∣∣∣∣ 1 + L

1 + NL

∣∣∣∣∣∣∣∣2∞ σ 2
yl

. (8.342)

Inequality (8.341) is proved similarly.
In turn, || 1+L

1+NL ||∞, for each N ∈ ( 1
2r+1 ,1], is bounded as follow:∥∥∥∥ 1 + L

1 + NL

∥∥∥∥∞
= max

ω

∣∣∣∣ 1 + ReL(jω)+ jImL(jω)

1 + NReL(jω)+ jNImL(jω)

∣∣∣∣
≤ max

x+jy/∈D(r)

∣∣∣∣ 1 + x + jy
1 + Nx + jNy

∣∣∣∣ . (8.343)

For each positive c �= 1
N , the level set

{
(x,y) : | 1+x+jy

1+Nx+jNy | = c
}

is a circle given by

(
x + 1 + c2N(N − 1)

1 − c2N2

)2

+ y2 =
(

c(1 − N)

1 − c2N2

)2

. (8.344)

It is possible to show that the level set
{
(x,y) : | 1+x+jy

1+Nx+jNy | = c
}

is not entirely con-

tained in D(r) for all c small enough; that there exists a unique c = c∗ such that the
circle (8.344) is tangent to and contained in D(r); and that for all c > c∗, the level
set is strictly contained in D(r). This c∗ is an upper-bound for the right-hand side of
(8.343), that is,

max
x+jy/∈D(r)

∣∣∣∣ 1 + x + jy
1 + Nx + jNy

∣∣∣∣< c∗. (8.345)

The condition of tangency is:

(2r + 1)− 1 − c2N(N − 1)

1 − c2N2 = c(N − 1)

1 − c2N2 , (8.346)

that is,

c∗ = 2r
(2r + 1)N − 1

, ∀N ∈ (
1

2r + 1
,1]. (8.347)

Therefore, ∥∥∥∥ 1 + L
1 + NL

∥∥∥∥∞
≤ 2r

(2r + 1)N − 1
, ∀N ∈ (

1
2r + 1

,1], (8.348)

which, along with (8.340) and (8.341), completes the proof.

Proof of Theorem 7.1. First, we show that α ≥ β(e,r)σul implies∥∥∥∥ FPC
1 + N1L

∥∥∥∥
2
≤ α√

2 erf−1(N1)
, (8.349)

where

N1 = 2r + (1 + e)
(1 + e)(2r + 1)

>
1

2r + 1
. (8.350)
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Indeed, rewriting α ≥ β(e,r)σul using (8.350) and (7.9) yields

α ≥ β(e,r)σul

= √
2(1 + e)erf−1

(
2r + (1 + e)

(1 + e)(2r + 1)

)
σul

= √
2(1 + e)erf−1(N1)σul . (8.351)

Then, from Lemma 8.6, (8.350) and (8.351), we obtain∥∥∥∥ FPC
1 + N1L

∥∥∥∥
2
≤ 2r

(2r + 1)N1 − 1
σul = (1 + e)σul ≤ α√

2 erf−1(N1)
.

Next, we show that the quasilinear gain N of the system of Figure 7.1(c)
corresponding to a given α > β(e,r)σul exists and, moreover, N ≥ N1. Define a
function

h(x) =
∥∥∥∥ FPC

1 + xL

∥∥∥∥
2
− α√

2 erf−1(x)
. (8.352)

Then, as the gain N is defined by∥∥∥∥ FPC
1 + NL

∥∥∥∥
2
= α√

2 erf−1(N)
, (8.353)

x = N solves h(x) = 0. For x = 1, due to the fact that erf−1(1) = ∞, we can write:

h(1) =
∥∥∥∥ FPC

1 + L

∥∥∥∥
2
≥ 0. (8.354)

From (8.349), we obtain
h(N1) ≤ 0. (8.355)

Since, h(x) is continuous in x, from (8.354) and (8.355) we conclude that there exists
N ∈ [N1, 1] satisfying (8.353).

Finally, using Lemma 8.6, we show that σy ≤ (1 + e)σyl :

σy =
∥∥∥∥ FP

1 + NL

∥∥∥∥
2
≤ 2r

(2r + 1)N − 1
σyl

≤ 2r
(2r + 1)N1 − 1

σyl

= (1 + e) σyl . (8.356)

This completes the proof. �

Proof of Theorem 7.2. Sufficiency: From (7.24) and (7.25),

KaF
(

Ka

∥∥∥∥ P (s)C(s)
1 + P (s)C (s)

∥∥∥∥
2

)
= 1. (8.357)

It follows from (8.357) that (7.19) is a solution of (7.23). Thus, a-boosting is possible
with the boosting gain Ka.
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Necessity: a-Boosting is possible with the boosting gain Ka. Thus, (7.19) and
(7.23) hold. Clearly, substituting the former into the latter yields (7.24) and (7.25).

�

Proof of Theorem 7.3. It is straightforward to show that the function

h(x) = xerf
( c

x

)
(8.358)

is continuous and monotonically increasing ∀c > 0, with the property that

h(0) = 0 (8.359)

and

lim
x→∞h(x) = 2√

π
c. (8.360)

Hence, (7.28) admits a positive solution if and only if

2√
π

c > 1, (8.361)

which is equivalent to (7.30). Moreover, any positive solution of (7.28) must be
unique because h(x) defined in (8.358) is monotonically increasing. �

Proof of Theorem 7.4. Observe from Figure 7.7(c) that

KaNa = KaF
(∥∥∥∥ P (s)C(s)NsKsKa

1 + P (s)NsKsNaKaC (s)

∥∥∥∥
2

)
(8.362)

and

KsNs = KsG
(∥∥∥∥ P (s)

1 + P (s)NsKsNaKaC (s)

∥∥∥∥
2

)
. (8.363)

Subtituting

KaNa = KsNs = 1 (8.364)

into (8.362) and (8.363) yields (7.23) and (7.35), which establishes the separation
principle. �
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Epilogue

This volume has extended major ideas and results of linear control theory to systems
with nonlinear actuators and sensors. Namely, the linear frequency domain methods
(based on the frequency of harmonic inputs) are extended to the quasilinear fre-
quency domain (based on the bandwidth of random inputs). The linear time domain
methods are extended to quasilinear ones by introducing tracking quality indicators
(instead of overshoot and settling time) and by modifying the root locus technique
(e.g., the saturated root locus). The LQR/LQG methodology has been extended
to SLQR/SLQG (where the “S” stands for “saturated”). Although not included in
this volume, the H∞ and LMI techniques have also been extended to systems with
nonlinearities in sensors and actuators.

In addition, new problems, specific for LPNI systems, have been formulated and
solved. These include Instrumented LQR/LQG, where the optimal controller and
instrumentation are synthesized simultaneously, and the problem of performance
recovery, where the performance losses due nonlinear instrumentation are either
contained to a desired level or eliminated altogether.

What made these results possible?

1. The method of stochastic linearization provided a tool for reducing the
nonlinear systems addressed in this volume to quasilinear ones.

2. The methods of linear control theory could be applied, with some modifica-
tions, to the quasilinear systems mentioned above.

3. The resulting relationships and techniques, as it turns out, are quite similar
to those of linear control theory.

What is left for future developments in the QLC area? Plethora of problems!
To mention a few:

A. As far as the method is concerned, stochastic linearization has not been
justified analytically, and only numerical/experimental evidence of its accu-
racy is available. We believe that, in fact, it can be justified (as rigorously
as the method of harmonic balance/describing functions).

275
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B. As far as the control-theoretic issues are concerned, this volume addressed
only odd nonlinearities. Non-odd ones are also encountered in practice.
Therefore, one of the fruitful directions for future research is the devel-
opment of a quasilinear control theory for feedback systems with non-odd
instrumentation.

C. Today, practicing engineers apply, almost exclusively, the methods of lin-
ear control. It is an important task to make QLC methods available and
conveniently applicable in practice. This could be enabled by developing a
user friendly toolbox, which would place the QLC methods literally at the
designer’s fingertips.

We have no doubts that these open problems will be “closed” in our or other
colleagues work. This, undoubtedly, would lead to other problems in the never
ending and rejuvenating process of scientific and engineering discovery.



Abbreviations and Notations

Abbreviations

ILQR instrumented LQR
ILQG instrumented LQG
LC linear control
LHS left-hand side
LMI linear matrix inequality
LPNI linear plant/nonlinear

instrumentation
LQG linear quadratic Gaussian
LQR linear quadratic regulator
NRRO non-repeatable runout
QLC quasilinear control
RHS right-hand side
RL root locus
RRO repeatable runout
RS random sensitivity
S saturated
SLQG saturated LQG
SLQR saturated LQR
SRL saturated RL
SRS saturated random sensitivity
TD trackable domain
wss wide sense stationary

Notations

1(t) unit step function
diag diagonal matrix
D(r) disk of radius r
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dz� deadzone function
E expectation
epar

ss steady state error with
respect to parabolla

eramp
ss steady state error with

respect to ramp
estep

ss steady state error with
respect to step

erf error function
fri friction function
I0,I1,I2,I3 quality indicators
ks,k+

s system types
Mr resonance peak
N quasilinear gain
qz� quantization function
R Euclidean space
RS(�) random sensitivity

function
Rdc random d.c. gain
R�BW random 3dB bandwidth
RMr random resonance peak
R�r random resonance

frequency
relα relay function
satα saturation function
sat standard saturation function (α = 1)

SRS(�) saturated random
sensitivity function

SRdc saturated random d.c. gain
SR�BW saturated random

3dB bandwidth
SRMr saturated random

resonance peak
SR�r saturated random

resonance frequency
S(s) sensitivity function
sign sign function
tr trace of a matrix
u�(t) slanted step function
w white Gaussian process
�zz covariance matrix
σx standard deviation of x
ζ damping ratio
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� 3dB bandwidth
ωBW 3dB bandwidth
ωr resonance peak frequency
ωn natural frequency
� SRL termination point
� SRL truncation point
|| · ||2 2-norm
|| · ||∞ ∞-norm





Index

absolute stability, 2
admissible domain, 134, 136
antiwindup, 73, 161
application

hard disk servo design, 88, 141
hard disk servo design, LPNI, 100, 159
MagLev, 217
servomechanism design, 75
ship roll damping, 178, 195

bandwidth, 82
random, 82, 135
saturating random, 96

bisection algorithm, 10, 33, 170, 176, 186, 191
boosting

a-boosting, 211
s-boosting, 211
simultaneous, 214

clipping, 97
computational issues, 29, 33, 84, 88

d.c. gain, 82
random, 82, 135
saturating random, 96

describing functions, 2, 22
diagnostic flowchart, 99
disturbance rejection, 114, 167

fundamental limitations, 114, 124
with nonlinear actuator, 36
with nonlinear actuators and sensors, 44
with nonlinear sensor, 37
with rate saturation, 128

domain of attraction, 172, 187, 192

equation
disturbance rejection quasilinear gain, 36, 38, 48
Fokker-Planck, 10, 53
Lyapunov, 29, 51, 176
multiple solutions, 46, 149

reference tracking quasilinear gain, 32, 37, 52
Riccati, 116, 176
SLQG synthesis, 174
SLQR synthesis, 169
transcendental, 20

exogenous signals
disturbances, 4
references, 4

filter
Butterworth, 80

filter hypothesis, 55
function

deadzone, 26
friction, 27
Lyapunoc, 228
Lyapunov, 70, 229
piecewise-linear, 27
quantization, 28
relay, 26
saturation, 6, 23
saturation with deadzone, 27
saturation with quantization, 28

gain
quasilinear, 4, 6, 22, 29
stochastically linearized, 4

Gaussian process, 20
colored, 79
wide sense stationary, 20

Gaussianization, 55

harmonic balance, 2
higher order systems, 141

Jacobian linearization, 5, 7, 22
jumping phenomenon, 48

Lagrange multiplier, 241, 252
large deviations, 48, 154
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Linear Plant/Nonlinear Instrumentation, 1
LQG, 167

instrumented (ILQG), 13, 167, 182
instrumented (LQG), 188
saturated (SLQG), 12, 167, 173

LQR, 8, 167
instrumented (ILQR), 13, 167, 182
saturated (SLQR), 8, 12, 167

performance
limitations, 171, 186
verification, 173, 177

performance recovery, 13, 204
by redesign, 213
complete, 13, 209
partial, 13, 204

Problems
Analysis, 3, 106, 131
Complete performance recovery, 3, 219
Narrow sense design, 3, 162, 198
Partial performance recovery, 3, 219
Wide sense design, 3, 198

Quasilinear Control, 1

rate saturation, 114, 125
bandwidth, 126
modeling, 126

reference tracking, 66
random, in linear systems, 79
random, in LPNI systems, 90
with nonlinear actuator, 31
with nonlinear actuators and sensors, 40
with nonlinear sensor, 37

resonance frequency, 82
random, 82, 135
saturating random, 96

resonance peak, 82
random, 83, 135
saturating random, 96

root locus, 134
calibration, 157

classical, 11
saturated, 11, 134, 143

rule of thumb, 207, 213, 216

S-origination point, 150
S-poles, 144
S-termination point, 146
S-truncation point, 156
sensitivity function, 81

random, 10, 80, 84, 135
saturating, 92
saturating random, 10

sensor
quantized, 40

separation principle, 191, 214
slanted step, 109
stability

exponential, 172, 177, 187, 192
global asymptotic, 229, 230
global exponential, 172
Popov criterion, 173
semi-global, 169, 172
verification, 172, 177, 187, 192, 214

steady state error, 66
with respect to parabola, 73
with respect to ramp, 73
with respect to step, 68

stochastic linearization, 1, 4, 6, 20, 22
accuracy, 53, 215
state space equations, 49

system types, 4, 10, 67, 74

termination points, 134
trackable domain, 4, 10, 66, 67, 69
tracking error variance, 66
tracking quality indicators, 10, 66, 79, 86, 90

I0, 98
I1, 86, 98
I2, 86, 98
I3, 86, 87

transient performance, 66
truncation points, 134
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